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PREFACE 


The subject of electromagnetic theory as formulated by James 
Clerk Maxwell has become classical, and it is hardly possible to 
add basically new material. Yet, the astounding developments in 
physics and electrical engineering have shown clearly that the 
utilization of electromagnetic phenomena has not reached the 
point of saturation. For this reason, a book giving a rather com¬ 
prehensive survey of the methods of analysis and of results ob¬ 
tained with them should prove of value to the student and the 
teacher in advanced courses as well as to the professional engineer 
and the physicist in the research and development laboratory. 

Now, it has become clear that the scope of electromagnetic 
theory and its applications to problems of interest to the engineer, 
the physicist, and the applied mathematician is much too great 
to be covered in one volume of practical size. Fortunately, the 
subject may be rather naturally divided into two fundamental 
branches: one dealing with static electric and magnetic fields and 
leading to methods of solving the family of potential equations in 
various forms; the other dealing with the dynamic interaction of 
electric and magnetic fields and leading to methods of solving the 
family of wave equations in various forms. This division has been 
followed here, and the first volume presents a survey of the methods 
of mapping the distribution of static electric and magnetic fields. 

Many authors who have dealt with this subject have had a 
tendency to present a particular version or viewpoint, or to 
emphasize one particular method of analysis. Admirable as such 
treatises may be by tliemselves, they are less suitable for use in 
graduate courses where emphasis must lie upon guidance to a 
basic understanding of different ways of reasoning and of formulat¬ 
ing ideas. Graduate study must concern itself primarily with 
basic concepts, of which there are always but a few; it should 
demonstrate the connection between them through generic prin¬ 
ciples and should lead to the critical understanding of their full 
implications. Only when this aim has been reached—illuminated 
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by constructive applications—can one speak of mastery of the 
subject. 

In order for the graduate teacher in engineering or applied 
science to achieve this aim it is imperative that the basic facts 
upon which theory rests and from which it receives support and 
confirmation be presented in broad strokes; and it demands a 
presentation not of mathematical detail of existence theorems, but 
of illustrative examples which demonstrate the variety of formula¬ 
tions and applications of the few principles, so frequently disguised 
under the names of specific ^^laws.'’ Of course, as in any quantita¬ 
tive treatment, mathematics must be used as the most precise 
and most satisfying means of expression, and it is quite necessary 
to recognize, and conveniently refer to, the proofs of existence and 
of uniqueness of solutions which have been developed by pure 
mathematicians. The burden of this great debt to the mathema¬ 
ticians has been lightened only because of the tremendous stimula¬ 
tion of mathematical research through the incessant need for new 
solutions. 

The recognition of the fundamental importance in electrical 
engineering of well-founded field concepts in all advanced de¬ 
velopment and design, as well as in research, has led to the require¬ 
ment of a course in electromagnetic theory in nearly all major 
graduate schools. Where this course is given by the Department 
of Physics, mathematical theory may predominate, and where it 
is given by the Department of Electrical Engineering, design 
information may be emphasized. In order to combine the em¬ 
phasis on the basic aspects common to all potential fields with a 
comprehensive treatment of the available analytical and practical 
methods of field plotting, this volume has been organized in a 
somewhat unconventional manner. Instead of the usual vertical 
division into electrostatics, magnetostatics, and electrokinetics, a 
horizontal division of the subject matter is used. Thus, all the 
physical relationships are established first, and the methods of 
actually obtaining static field distributions are demonstrated sub¬ 
sequently. This avoids considerable repetition and leads to a 
clearer understanding of the fact that methods of analysis are in¬ 
dependent of the specific branch of application, and that nomen¬ 
clature is frequently accidental and by no means the essence of 
knowledge. It is, of course, assumed that the reader possesses a 
general knowledge of the electromagnetic field as normally gained 
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in a pertinent undergraduate course and that he is familiar with 
the principles of vector notation. To be sure, the field-mapping 
methods are generally formulated in specific coordinate systems as 
conditioned by the geometry of the fields studied; but the vector 
notation proves of definite advantage for the presentation of the 
basic relations in electric, magnetic, and other fields, as treated 
in the first three chapters. 

Following the summary of the basic physical relations, the com¬ 
parative physical quantities in six branches of physics and engineer¬ 
ing are listed in table 9.1, which serves as the key for the translation 
of field solutions in any one branch into solutions of analogous 
problems in the other branches. Chapter 4 deals with the simple 
applications of the superposition principle, such as systems of 
point and line charges, line currents, and simple geometries of 
spatially distributed charges and currents. For more complicated 
geometries, it is frequently—though not always—simplest to map 
the field distributions experimentally; the experimental methods 
that have been used successfully are described in Chapter 5, 
including the analogies utilized in the electrolytic trough. As al¬ 
ternatives to the experimental procedure, graphical and numerical 
field-plotting methods are taken up in Chapter 6 with emphasis 
on the practical phases of actual applications; rather extensive 
treatments are given of the uses of electrical and magnetic images 
and of inversion—methods which are not always sufficiently em¬ 
phasized. Next, the use of analytic functions for the solutions of 
two-dimensional field problems is shown in Chapter 7, and in 
particular the extremely powerful methods of ^‘conjugate” functions 
and of conformal mapping, wdiich are amply demonstrated. 
Finally, Chapter 8 gives the mathematical treatment of three- 
dimensional field problems, involving by necessity a thorough 
discussion of orthogonal coordinate systems that is supported by 
many illustrations wffiich—it is hoped—will make it easier to 
visualize clearly the geometrical aspects. 

In order to aid a teacher in organizing the material into feasible 
courses, several suggestions are offered in line with courses which 
have been taught by the author. For the first part of a course on 
Electromagnetic Theory dealing with static fields one might com¬ 
bine Chapters 1 and 2 and section 8 of Chapter 3 with selected 
examples from Chapters 4 and 6 and section 25 of Chapter 7. For 
a one-semester course in Applications of Functions of a Complex 
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Variable one might take the material of Chapter 7, sections 25 to 
28. Again, for a course in Classical Boundary Value Problems 
dealing with the potential equation, one might combine section 
9 with the two-dimensional applications in section 29 and Chapter 
8 on three-dimensional applications. To satisfy individual re¬ 
quirements, still other combinations are possible. 

Fortunately, it is no longer necessary to apologize for the use 
of the rationalized MKS system of units in a book dealing with 
electromagnetic theory and its applications. There might, how¬ 
ever, be criticism of the fact that the engineering notation V — 1 = j 
has been carried into the classical realm of analytic functions. 
This fact should not be construed as a serious offense, for notation 
is not the essence; rather, it should be taken for what it is, a 
choice necessitated by the severe conflict of i — V — 1 with the 
symbol for the instantaneous value of current i = Im sin cci, which 
is internationally standardized and customarily defined as the 
imaginary part of 'vith the effective (root mean square) 

value I = all of which will occur frequently in Volume II. 

The original suggestion of a small volume on mapping of fields 
was made in 1935 by the late V. Karap(‘tofT, Cornell University, as 
Chairman of a Sub-Committee on Monographs of the Committee 
on Electrical Insulation, National Researcli Council. A crude 
draft of the manuscript had the benefit of his criticisms as well as 
those of J. F. H. Douglas, Marquette University, and H. Poritzky, 
Schenectady. World War II interfered with tlui plans for this 
monograph. Furthermore, the various graduate courses gi\'en 
by the author at the Polytechnic Institute of Brooklyn slowly 
changed the original conception of the monograph to the rather 
different one of this volume. The contact witli many graduate 
students has had a strong educational influence upon me, and I 
wish to acknowledge to them my deep appre(*iation. Certainly 
through their persistent questioning and their gratifying response, 
they have made teaching the delightful profession it is. I am 
greatly indebted also to a number of my colleagues, especially to 
Paul Mariotti, who assisted in the preparation of the drawings; 
to Professor William R. MacLean, who read parts of the manu¬ 
script and made constructive suggestions; and to Professor Charles 
A. Hachemeister, who read most of the proof and made many 
helpful comments. As the preface occupies a prominent place in 
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the book, I am very happy and grateful that I could enlist for its 
composition the invaluable assistance of Professor Leo E. Saidla, 
head of the Department of English. Finally, I take great pleasure 
in acknowledging the encouragement and support which I received 
from President Harry S. Rogers in writing this book. 

Ernst Weber 

Brooklyn, New York 
April, 1950 
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NOTES FOR THE READER 


The symbols of field quantities are tabulated in Appendix 1. 

To transform the relations from the rationalized MKS unit 
system to other unit systems, consult Appendix 2. 

A brief review of vector analysis is given in Appendix 3. 

Equations are numbered consecutively in each section; refer¬ 
ences to equations in different sections carry the section number, 
thus (5*4) means equation (4) in section 5. 

The Bibliography in Appendix 4 lists only books to which several 
references are made in the text; such references, e.g. Attwood,'*^ 
p. 243, give the page and the author, the superscript indicating 
number 2 of section A of the Bibliography. 



1 . THE ELECTROSTATIC FIELD 


1. FUNDAMENTAL RELATIONS 
IN THE ELECTROSTATIC FIELD 


From primitive observations, electrostatics divides all materials 
into only two groups, conductors and insulators. The first group 
is endowed with infinite mobility of electric charges such that any 
redistribution occurs in an unobservably short time. The second 
group has zero mobility of electric charges; any redistribution 
occurs in an uninterestingly long time. Admittedly, this is a radi¬ 
cal division, but it leads to a much simpler theory of the electro¬ 
static field than would be possible otherwise. In addition, the 
results are of direct practical value, and deviations in specific 
cases can readily be indicated. 

The basic quantitative relationship of electrostatics is Coulomb’s 
law of force action between two charges Qi and Q 27 


Fe 


1 Q1Q2 


( 1 ) 


The charges are assumed to be confined to very small regions (point 
charges) so that the distance r can be identified as the distance 
between centers, and e is the absolute dielectric constant of the 
homogeneous infinitely extended medium in which the force Fe is 
measured; one usually expresses e = e^Sr, where s,, is the absolute 
dielectric constant of free space (vacuum) (see Appendix 2 for 
unit relations). The relative dielectric constant Sr is the numeric 
value generally found in the tables of material constants. Through¬ 
out this volume, only isotropic dielectric media will be considered, 
so that 8 is always assumed to be independent of direction. 

j 
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The study of electrostatics, then, is primarily concerned with 
the equilibrium distribution of charges on the various conductors 
comprising a particular system, under the influence of this Coulomb 
force. If the charge Q 2 is very small, so that it causes a negligible 
and only local distortion of the field of charge Qi, it can be used as 
a probe for the exploration of the force field of charge Qi. From 
(1), the limit value for vanishing Q 2 


hm — = El 


_1_ Qi 

47r6 


( 2 ) 


is then interpreted as the electric intensity or field strength of 
charge Qi. In the case of a single positive point charge, the field 
strength E has radial, outward direction, in vector notation (see 
Appendix 3 for a brief review of vector analysis) 


El 


J_ 

47re 



(3) 


where r/r serves to indicate the radial direction. In the case of 
any general distribution of a total charge Q, one can subdivide it 
into small elements Qa, consider each to be a point charge, and by 
use of the principle of superposition obtain the resultant field 
vector E at any point P 


17 1 ^ Qa 

/ 47re«=ira^ 


(4) 


where the are the radius vectors from the charges Qa to the 
point P. 

If one places a very small charge Q into the electric field of any 
number of charges Qa, and if one is permitted to disregard the effect 
of Q upon the charge distribution of the Qa, then such a small charge 
is again called a probe charge, since it can well serve to probe 
or explore the electric field of the charge assembly by means 
of the force action upon it, which is given by (2) as, ^E. Left 
free to move, at very low speed, this probe charge will trace the 
direction of the vector E in space and the path described is called 
a. field line or also line of force; it has the vector E everywhere as 
tangent. Defining the path element as ds, its components dx, dy, 
dz must be proportional to those of E, so that 

dx ^ dy ^ dz 

E^" Ey^ E^ 


(5) 
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which is the differential equation of the field lines. Since for any 
point charge the field lines diverge radially for positive sign and 
converge radially for negative sign, there can be no closed field 
lines. 

Carrying a small charge Q 2 over any finite path P 1 P 2 within 



the field of a single point charge located at the origin as in Fig. 
1 • 1 requires the work 

ri\ rPi 

W = Jf F, • ds = Q 2 Jf, E • ds (6) 

However, E has only radial direction, so that E • ds = £? dr and 
hence with the use of (2) 

F = Q2Q1 

47re\r2 ^i/ 

The work is thus independent of the path; it depends only on the 
end points, and is therefore zero for a closed path. One can im¬ 
mediately generalize this fact because of (4) and characterize the 
electrostatic field as a conservative field. This means also, as seen 
from (6), that the line integral of the vector E vanishes for every 
closed path; all field lines emanate from, and terminate on, charges. 
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On the other hand, a line integral is independent of the path if 
the integrand represents a complete differential. This requires 
that the components of E can be identified as the derivatives of 
a single, scalar function the electrostatic potential. Vectorially, 

E = —grad (7) 


and for the single point charge the potential function becomes at 
once from the above 


$ = 


47r6 r 


( 8 ) 


where r is the distance from the charge center. Since (7) defines 
only the derivatives of any arbitrary constant could be added 
in (8). For any number of point charges in a single medium e, 
superposition again holds and one has 


4 > = 


— i: — 

47r6 Ta 


(9) 


subject to some arbitrary constant. Obviously, the scalar sum¬ 
mation involved in (9) is more convenient than the vector sum 
required in (4). The surfaces obtained for constant values of 
potential are called equipotential surfaces and are equally as 
characteristic for the field structure as the field lines; in fact, they 
form with the latter an orthogonal system of surfaces and lines. 
The objective of field mapping is precisely the evaluation of this 
orthogonal field geometry in quantitative terms. 

Returning to the concepts of conductors and insulators in the 
ideal sense, it must be clear at once that conductors can have charges 
only on the surface and must have constant potential throughout 
their interior; any potential variation would cause a field vector 
and, therefore, a force action until a surface charge distribution is 
established which maintains constant potential. Conversely, any 
charge in the interior of the conductor would be a source of field 
lines which could be maintained only by a potential difference. 
Any conductor surface is, therefore, an equipotential surface, and 
the field lines terminate perpendicularly to it. 

An insulator or dielectric, on the other hand, will normally not 
carry any charges at all; it will serve primarily to separate charged 
conductors. In certain instances, space charges produced by 
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thermionic or other emission, by glow discharges, or by arcs can 
exist within insulators. Assume again a single point charge Q in 
a homogeneous dielectric; then (2) will give the field strength as 
depending on the dielectric constant e. However, Jhg.jpiaatity' 
eS = P is independent of the dielectric and appeam as denaity-of 
the charge were it distributed uniformly over the surface of a sphere 
^f radius r. It is de si gnated aan.:vectQr-caUeddigifeg flux dmsity 
(or electric displacement), 

D = eE (10) 

for homogeneous dielectrics for which e is a constant. Again 
generalizing for many point charges, the integral of D^n over any 
closed surface S gives then the sum of all charges contained within 
this surface (Gausses dielectric flux theorem), 

jfjTD-ndS =r (11) 

no matter what their distribution. For a continuous space charge 
distribution of finite volume density p, the right-hand side of (11) 
is better written as the integral over the volume r bounded by the 
closed surface S. Transforming also the left-hand surface integral, 
one has then 

fff (divD),Ir .fffv-Ddr 

Applying this relation to very small dimensions one concludes that 

div D = V‘D = p (12) 

or any space charge is a source or sink of the vector D independent 
of the dielectric medium. 

In isotropic dielectrics, with no space charge, div D = 0 
and the vectors E and D have the same direction according to 
(10), so that the field lines of the vector E can also be interpreted 
as di electri c flux lines^ being tangential to the vector^D^t every 
point. Since the total dielectric flux coming from a charge Q is 
numerically equal to the charge, one can conceive of a chosen 
number of flux lines to represent the charge value. In the case 
of several charges, the flux lines will then quantitatively represent 
the dielectric flux distribution. For conductors of arbitrary shape 
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in a uniform dielectric, D is normal to the surface and its value is 
identical with the surface density of charge, 

D^Dn = (T (13) 

This follows from (11) since no electric field can exist within the 
conductor. The flux lines bounding a finite surface element bS 
which carries a charge a bS = bQ form a flux tube which will lead 
to an element bS' on another conductor where it delimits a charge 
(^bQ) = y bS\ These flux tubes are a valuable aid in the vis¬ 
ualization of the field geometry if no space charge is present (see 
Fig. 3-1). 


2- ANALYTICAL THEORY , 

OF THE ELECTROSTATIC FIELD 

On the basis of section 1, the general problem of electrostatics 
can be formulated as the evaluation of the field distribution in 
dielectrics and of the surface charge distribution on conductors 
subject to certain known potential or field strength values des¬ 
ignated as boundary conditions. Actually, potential values as 
such are arbitrary, as pointed out in section 1; only potential 
differences can be measured, so that, to any solution of the elec¬ 
trostatic potential function, an arbitrary constant could be added. 
Usually, one chooses some reference conductor such as ground to 
be of zero potential in order to simplify numerical computations. 

As already indicated, solution of electrostatic field problems 
usually becomes more convenient with the use of the scalar elec¬ 
trostatic potential. As defined in (1*7), the electric field strength 
E can be expressed as the negative gradient of the potential. 
Introducing this into relation (I’lO) and then substituting into 
(1*12), one has 

V-D = -V-(6V^>) = p (1) 

or also [see Appendix 3, (21)] 

V$-Ve + eV2<I> = --P (la) 

This represents the most general differential equation for an in¬ 
homogeneous isotropic dielectric, wherein the variation of e must be 
known. Though this genera) case has little practical value, it 
readily permits specialization for several important cases. 
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Special Cases of the Electrostatic Problem, a. If the 

dielectric is homogeneous (e = cons), and without space charge, 
the differential equation (1) becomes Laplace*s eqvxitim, or simply 
the potential equation 

VH = 0 ( 2 ) 


This special case is the most important one and admits quite readily 
of analytical, graphical, as well as experimental, solutions; most 
of the mapping methods pertain to it. 

If one considers a single dielectric bounded entirely by conductor 
surfaces with charge distributions cr, it is possible to conceive of 
the individual surface charge elements a dS as point charges in the 
sense of (1*9) and to write at once a formal solution of (2) in the 
form of the integral 



47r6 




(3) 


which has to be extended over all the conductor surfaces. Since 
on conductor surfaces, as seen from the dielectric, o- = D,. = eEn 
in accordance with (1 • 13), one can write (3) also in the form 


1 rr?^js.=i rr?^ " 

47r JJ r 47r JJ dn r 


(3a) 


which shows that the entire potential distribution is determined by 
the knowledge of the normal potential gradient on the conductor 
surfaces! A potential problem in which the values of the normal 
component of the field gradient are given on the bounding con¬ 
ductor surfaces is called a boundary value problem of the second kind, 
and (3a) represents the explicit solution for the special case that 
En 9^ 0. Though (3) and (3a) are formal expressions of great 
value in the analytical theory of the electrostatic field, as for 
example in general existence proofs of solutions in potential theory, 
they do not have comparable practical value because boundary 
values are rarely specified in the above manner. 

However, (3a) points out that Laplacian potential functions 
have exceptional qualities of regularity. Indeed, any function 
Vy 2 ) which has continuous second order derivatives in x, y, 
and z that satisfy the Laplace equation (2) is called a harmonic 
function within the region where that is true. Harmonic functions 
can, therefore, always be interpreted as potential solutions, and 




8 


The Electrostatic Field 


[Ch. 1 


any potential solution must be a hannonic function or a finite or 
even infinite sum of harmonic functions. Moreover, such func¬ 
tions can be expanded near any point within the region of their 
definition into convergent power series, which characterizes them 
as analytic functions^ so that the Laplace equation (2) can have 
only analytic solutions! It is this great regularity of behavior 
which has led to the various powerful methods of potential theory; 
for mathematical details see Kellogg.^^® 

b. If the'dielectric is homogeneous (e = cons), but with space 
charge, the differential equation (la) reduces to 

V2«> = - ^ (4) 

6 

which is called Poisson^s equation. This type of differential equa¬ 
tion finds its most useful application in vacuum tube or gaseous 
discharge problems. A formal solution of it is represented by the 
superposition of a volume integral over all space charge elements 
p dr conceived as point charges upon any solution of Laplace^s 
equation, for example in the form (3) with the known surface 
charge distribution a 



where r is the distance from the point at which ^ is being computed 
to the charge elements. Though (5) can be evaluated in some very 
simple cases, in most instances that is not possible. If the space 
charge density p is given as an explicit function of the space coordi¬ 
nates, then the solution is found best as the superposition of a 
Laplacian potential function and a particular integral of the in¬ 
homogeneous differential equation. In the practically important 
problems, however, the space charge density p is a function of 
the potential itself, so that (4) becomes a non-linear differential 
equation; these problems will not be considered further since their 
scope goes far beyond conventional potential theory. 

c. If the dielectric is inhomogeneous and without space charge, 
the general differential equation (la) reduces to 

ev2$ + Ve-V<^ = 0 (6) 

which can be solved in simpler cases if the variation of e is given. 
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This differential equation is of importance in cable problems where 
the dielectric might be subjected to temperature gradients causing 
a variation of the dielectric constant, as well as in certain capaci¬ 
tance measurements where humidity and pressure variations might 
cause a variation of the dielectric constant. 

The Boundary Conditions of the Electrostatic Field. As 
shown in section T,* aircon3uc^^ field 

must be equipotential surfaces; the specification of the potential 
values on the conductors, therefore, constitutes a convenient set 
of boundary conditions in the case of a single dielectric. Problems 
of this type are generally designated as boundary value problems of 
the first kind. Instead of the potential values, one could also assign 
the total charge values for the conductors, or give potential values 
for some and total charge values for the remaining conductors. 

As pointed out above in connection with (3a), knowledge of the 
normal potential gradient on the boundaries of the electrostatic 
field region also defines the potential distribution uniquely except 
for an additive constant €»o which can be interpreted as an absolute 
reference potential and which, for convenience, can be chosen as 
zero. Boundary value problems which specify the normal gradient 
value over the boundary surface of the field region under con¬ 
sideration are said to be of the second kind. Instead of normal 
gradient values, one could also specify charge densities on con¬ 
ductor surfaces. 

The specification of potential values over certain areas of the 
boundary surface of the field region under consideration and of 
normal gradient values over the other areas leads to a boundary 
value problem of the mixed kind; though these are infrequent in 
purely electrostatic field problems, they arise often in connection 
with stationary current flow and similar flow problems (see section 
9). 

If several different dielectrics are present, then it is necessary 
to solve the differential equation (lo) (or the pertinent special 
forms) for each individual dielectric. In addition to the above 
boundary conditions on the conductor surfaces, continuity condi¬ 
tions at the boundary surfaces of any two dielectrics have to be 
satisfied in order to link all individual solutions so as to form the 
complete solution of the electrostatic field distribution. 

Application of Gausses dielectric flux theorem (1 • 11) to the small 
cylinder of height dA —> 0 enclosing the charged surface element dS 
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in Fig. 2'1, which might be the boundary surface between two 
different dielectrics, leads to 



D-ndS = D 


n2 


dS2 — Dnl dSi — (7 dS 


In the limit of vanishing dh 

Dn2 ^nl ~ ^ ( 7 ) 

which is one general boundary condition for dielectrics. Usually, 


/ 



Fig. 2*1 Boundary Condition for the Dielectric Flux Density. 


no surface charge exists, so 

I 



Fig. 2 • 2 Boundary Condition 
for the Electric Field Strength. 


that continuity of the normal com¬ 
ponent of the dielectric flux density 
is required. 

The existence of the scalar poten¬ 
tial function ^ in (1'7) was inferred 
from the fact that the line integral of 
the electric field strength E vanishes 
for any closed path. If this rela¬ 
tion is applied to a boundary sur¬ 
face of two dielectrics and choosing 
the path of integration as shown in 
Fig. 2*2, one immediately obtains 
as d/i —» 0 


Eti = Et2 (8) 

the second general boundary condi- 
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tion. Et stands for the field components parallel to the boundary 
surface at the point P. 

A dielectric completely surrounded by other dielectrics must 
satisfy, therefore, boundary conditions involving only the deriva¬ 
tives of the potential function. If no surface charge exists, the 
combination of the two boundary conditions (7) and (8) leads to 

Pt2 _ ^ ^ 

En2 Si Enl 
or 

tan «! = — tan a 2 (9) 

22 

if the angles of the field vectors with the normals to the boundary 
surface are designated by ^2 and ai, respectively. Relation (9) 
is analogous to SnelFs la^v of refraction in optics and is frequently 
called the law of refraction of the electrostatic field lines. It is 
of particular value in the graphical field plotting methods. 

Elec tric jPolarization* The characterization of a dielectric 
medium by the constant s is satisfactory as long as no inquiry is 
made into the structural aspects of the medium which might be 
responsible for s. To obtain a hypothetical concept of the nature 
of a dielectric, one can separate the dielectric flux density (1*10) 
into tw^o components, one which could be thought of as existing 
in free space, the other as the particular modification caused by 
dielectric matter, namely, 

D = e()E -f- (e — eo)E ~ sqE + P (10) 

where the quantity P is designated as electric polarization. 

The effect of this separation upon the differential equation for 
the potential in a uniform dielectric is obtained by using (10) in 
(M2): 

div D = p = 6o div E + div P 
Introducing E = —from (1-7) 

p = —eoV^$ + div P 

one has also 

= — — (p — div P) 

So 

The dielectric can therefore be interpreted as a fictitious space 
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charge distribution of volume density p' = — div P existing in free 
space. If one excludes any real space charge by setting p = 0, 
then the uncharged dielectric medium can be represented only by 
a distribution of very small dipoles (see section 10), quadripoles, 
etc., which for small finite volume elements always have zero total 
charge, but which produce locally very strong dielectric flux densi¬ 
ties. Without an externally applied electric field, it is assumed 
that these elemental units which are generally identified as 
molecules have random orientation so that over finite small 
volume elements also P = 0. The application of a static electric 
field causes orientation of the dipoles and appearance of P. Ob¬ 
viously, withoutdefining the underlying structure, P cannot be 
evaluated. 

If one considers, then, a uniform dielectric of volume t and con¬ 
stant e in free space exposed to an electric field Eo, one can represent 
the dielectric by the same volume t filled with fictitious space 
charge p = —div P. Since the actual structure can only include 
satiated charge complexes like dipoles, there remains on the surface 
of the volume r a layer of “bound’^ charge with a density a which 
can be defined from the continuity condition (7) if combined with 
( 10 ), 

-Dn2 -Dnl = <7 = 6o(-En2 -®nl) + 7^n2 Pn\ 

As seen from (3a), the normal component En on conductors, or 
correspondingly the difference of the normal components in the 
two adjoining dielectrics, defines the potential values; thus, with 
the above, 

En2 - £nl = - [<r - (P„2 - Pnl)] = " (<T + «r') (12) 

So So 

and cr' = — (Pn 2 Pni)- In the absence of true charge, the total 
contribution to the resultant potential existing outside or inside 
the dielectric is therefore similar to (5) 



Obviously, P must depend on Eq, the impressed field; if this field 
Eo is not rigidly fixed, but subject to modification by the presence 
of the dielectric, then mere superposition does not hold and (13) 
is only a first step in the solution. 
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3. ENERGY AND FORCES 
IN THE ELECTROSTATIC FIELD 


For any finite assemblage (or system) of electrical charges, the 
total algebraic sum can be either zero or different from zero. In 
the first case, the system is called a complete system, all the field 
lines terminate on charges within the system, no field lines go into 
infinity, and the total dielectric flux through any closed surface 
surrounding the system is zero. In the second case, the system 
is incomplete in finite space; however, one can assume any very 
large spherical surface as carrying the opposite and equal of the 
resultant charge of the finite system since the total dielectric flux 
through any closed surface surrounding the system will be equal 
to the charge enclosed. The system together with the closed 
surface then will again be complete, and the field lines going into 
‘^infinity^^ are usually identified with stray capacitances. 

The Ideal Condenser. The simplest complete system is that 
of two conductors in infinite space with equal and opposite charges. 
If the potential difference between the conductors is given, F 12 = 
4>i — ^ 2 y ^vith > ^ 2 f and if the charges on the conductors are 
Qi > 0, and Q 2 = — Qi, then the capacitance of the system is 
defined as the ratio 


Qi _ Qi 

V12 ^1 - ^2 


( 1 ) 


This capacitance is a purely geometric characteristic of the elec¬ 
trostatic field and its distribution, and is indicative of the linear 
relationship between the field quantities. 

The arrangement, called a “condenser,'' stores an electrostatic 
field energy equal to the work required to build up the charges on 
the conductors. Since the transfer of a charge element dQ requires 
an amount of work given by (1*6) and (1*8), 

dW = (#1 - <^ 2 ) dQ (2) 


the total work becomes with (1) above 


W = 


0 C ^ 2 C 


and therefore the field energy 




( 3 ) 
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In this expression, all quantities are integral quantities, directly 
amenable to measurement. 

The Influence of Ground. Generally, the concept of the ideal 
condenser is abstract because of the inevitable surroundings which 
will exert influence upon the field distribution. Consider first the 
simplest case, the influence of ground upon the charge distribution 
on two conductors. Obviously, if the ground is assumed, as is 
usual in electrostatic problems, to be an ideal conductor of poten- 



Fig. 3*1 The Influence of Ground upon the Electrostatic Field of Two 

Conductors. 


tial zero (see beginning of section 2), charges will be induced in it, 
and field lines will span between ground and the other two con¬ 
ductors. Each conductor, therefore, will carry a total charge 
which will be bound partially by the other two conductors 
(see Fig. 3 • la). For conductor 1, for example, the charge will be 
Qi = Qio + Qi 2 - Of course, the concept of ground could be re¬ 
placed by that of a very large closed shield representing the 
inevitable surroundings and making the system a complete one. 

One can now define only capacitance coefficients (or partial 
capacitances or also direct capacitances as defined by Campbell— 
see footnote 2, p. 17) such as 


Qio 

4>i — 4>o 


= C 


10 , 


Q\2 

4>1 — $2 


= Ci2, 



(4) 


and because of the indicated charge values in Fig. 3 • la, one will 
immediately conclude that Coi = Cio, C 02 = C 20 , C 12 = C 21 , or 
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that the “matrix’^ of possible capacitance coeflBcients 

0 Coi Co2 
Cio 0 Ci2 

C ^20 (^21 0 

is symmetrical about the main diagonal. Physically, only 



= 3 independent capacitance coefficients^ exist; this 

(O — dbjl 

corresponds to the circuit equivalent of three condensers as shown 
in Fig. 3 • 16. 

The total charge on conductor 1 can now readily be expressed 
as the sum of the partial charges bound by all possible potential 
differences from conductor 1 to the other two conductors, namely, 


Qi = Qio + Qi2 — Cioi^i — <^o) + Ci2(^i — <^ 2 ) (5) 


and the algebraic sign of the partial charge is that of the potential 
difference. 

The total field energy stored in the electrostatic field becomes 
the sum total of that of the three individual condensers, namely, 

We = y2 CioFu." + C12F122 + M C02F02" 

( 6 ) 

= V2 QioFio + 3 ^ Q12F12 + Q02F02 


Systems of Conductors in a Homogeneous Dielectric. 

Assume a system of n conductors in a uniform, homogeneous dielec¬ 
tric with ground as the {n + l)st conductor with index 0. The 
matrix of capacitance coefficients Ca^ will now have (n + 1) rows 
and columns and be a direct extension of that given for two con¬ 
ductors and ground. The total number of different capacitance 


coefficients is now 


(n + 1)! n{n + 1) 
2! (n ~ 1)! "" 2 


with all Caa = 0, and 


the total charge on any one conductor in the system can be found 


by the superposition of the products of all the mutual capacitance 


^The number is given as the combination of n different things taken r 

at a time without reference to their order; this is nCr = 

or the number of combinations; see Eshbach: Handbook of Engineering 
Fundamentals^ p. 2-21; John Wiley, New York, 1936. 


n! ^ 

r\ (n — r)! \r/ 
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coefficients and the respective potential differences, 

Qa ~ ““ a = 0, 1, 2, • • •, 71 (7) 

/ 5-0 

in direct analogy to (5). This expression also shows how the 
mutual capacitance coefficients of a system can be determined 
experimentally by means of ballistic galvanometers. The charges 
are measured after a known potential difference has been impressed 
between one conductor and ground to which all the remaining con¬ 
ductors are connected. Starting with conductor 1, and taking the 
ground potential ^>o = 0, the charge values will be from (7) 

Qi = E Qa = -Cai^i for a = 0, 2, 3 ,- • 71 

^=0 

Measurement of the ti + 1 charges (after disconnecting from 
ground so as to avoid charge redistribution in the system) gives 
(ti + 1) capacitance coefficients. Repetition of the procedure 
with rotational selection of conductors 2, 3 , • • • , etc., will give all 
other capacitance coefficients. 

The total electrostatic energy of the system is again the sum 
of the field energies of all individual partial condensers. Because 
of the fact that the matrix terms to the right of the main diagonal 
comprise all the different capacitance coefficients, one can write 
this sum as 

We=li: E E (8) 

This relation is most useful as it contains only measurable quanti¬ 
ties and can be directly applied to engineering problems. 

In quasi-electrostatic fields, with potentials applied to the con¬ 
ductors, which are sinusoidally varying in time, the charges will 
also vary sinusoidally. Since the time rate of change of a charge 
is equivalent to a current, one obtains by differentiation of (7) 
with respect to time the concept of partial charging currents, 

dO ^ d ^ 

/« = ^= EC'„^-^-«.^) = (9) 

Clt P aO 

The charging currents lap can be measured very readily, and thus, 
with known applied potentials, an easy experimental determination 
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of the capacitance coefficients is possible.^ The procedure is quite 
similar to that outlined above. 

Maxwell’s Coefficients of Induction and of Potential. 

For some applications it is convenient to reformulate the linear 
relationship between charges and potential differences, as given 
in (7), as relations between charges and individual conductor 
potentials, even though these potential values are not absolutely 
known. Thus, (7) can be rewritten 

Qa — (H Ca^ + II ( —C'a/s)^3 
V-0 / ^-0 

= E a = 0, 1, 2,* • *, n (10) 

where the ka^ are the coefficients of induction originally defined by 
Maxwell,^^^ Vol. I, p. 108. From (10) one can take the relations 


L Ca0 = Ca, 

/s«o 


kci0 ~ Ot — 0, 1, 2,* • *1 71 (lOu) 

(0f*a) 

The kaa are the coefficients of self-induction, or the self-capaci¬ 
tances of the conductors, whereas the fca /3 are the coefficients of 
mutual induction and always have a negative sign because they 
characterize induced charge values. 

Because the system is complete, the total charge on ground (or 
on the enclosing shield) must be given by 

Qo “ H Qa 

«*■! 

Introducing here Qa from (10) and also using (10) with a = 0, 

n n / n 

Co = Z = - Z { Z Kp^p 

0mO a«l V“0 

one can express the coefficients of induction between ground and 
the n conductors 

n 

ko/S = S kafi 

a»l 

*K. W. Wagner, E,T.Z., 33, 635 (1912); G. A. Campbell, Bell System 
Techn. Jl, 1, 18 (1922); also in Collected Papers by G. A, Campbell, p. 169; 
American Telephone and Telegraph Company, New York, 1937. 
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The system (10) contains, therefore, only n unknown charges 
but (n + 1) unknown potentials. However, absolute values of 
potentials are unknowable, so that one usually introduces here 
$0 = 0 and redefines the potentials $« as potential differences to 
ground. This reduces (10) to 

Qa = L A^a/3% a = 1, 2, • • •, n (11) 

/9=1 

71 

with “ (n + 1) different coefficients of induction because 

The system (11) can readily be inverted, i.e., the potentials can 
be expressed in terms of the charges 

n 

$a = Z a = 0, 1, 2,- • *, n (12) 


where the are the coefficients of potential originally defined by 
Maxwell,Vol. I, p. 108. The coefficient systems ka^ and 
are mutually related as coefficients of systems of linear equations; 
they are best expressed by means of determinants 




(_l)a+^ 


(^) 
A (5) 




A (AO 


(13) 


where the A(s) and A{k) are the complete coefficient determinants 
of the Sa/S and /Ca^, and where the Ma 0 are the respective minors 
obtained from the A by cancelling the ath row and pth column. 

One can also express the electrostatic field energy of this com¬ 
plete system in terms of the potential and charge values. In¬ 
creasing the charge value of the ath conductor at potential 
by bringing a small increment dQa from zero potential requires a 
work according to (2) of value dWa = $« dQa. Applying small 
charge increments to all conductors of the system by taking them 
from zero potential gives 

dWe = i: dQa (14) 

a =1 


or with (12) 


dFe = E ( E Sa^Q^ dQa 

a=l V=1 / 

= E ^ E ^a/3 (15) 

^*1 \a»l / 0^1 
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The two forms (14) and (15) are summations over the same range 
and can therefore be combined to give 

dWe^li. [«>« dQa + Qa d^a] = ^ L d($aQ«) 

SO that 

We = li: ^aQa (16) 

By means of (10) and (11) one can readily show the identity with 
relation (8). On the other hand, using (10) or (12), one also has 

We = -T. E = « E E ^a^QaQ^ (17) 

^a=l/3=l -^a=l/3=l 

Integral Forms for Electrostatic E nergy . In more general 
cases of systems of conductors in a space with various insulating 
media as well as space charges, integral relations for the total 
energy can be developed. On the basis of (14) one can define for 
a space charge dQ — p dr, and for a surface charge dQ — a dSy 
and thus replace the summation in (16) by integrations: 


to be taken over the entire field space and over all conductor 
surfaces. 4> is the local value of the electrostatic potential. If 
one knows the charge and potential distributions, it is thus fairly 
easy to compute the total electrostatic energy. For a system of 
conductors in a homogeneous dielectric without space charge, this 
expression reduces obviously to (16) since the conductor potentials 
are constant. 

In the specific case of a finite system of conductors within a 
single uniform dielectric bounded by a very large spherical surface, 


the surface integral 



taken over the entire dielectric 


can be transformed by Green's theorem (see Appendix 3), 




[sV$ V4> + e4>V24.] dr 


(19) 


into a volume integral throughout the dielectric. Because at very 
large distance # —»0 as 1/r, and d^/dn —»0 as 1/r^, the surface 
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integral will vanish for the very large sphere and leave only the 
integrals over the conductor surfaces with normals pointing into 
these conductors. Introducing 

-V4> = E, -eVf* = D, v24> = - ^ 

and reversing the normal direction to be outward with respect to 
the conductors, one obtains 

ff iD.dS.fff ED 

Since Dn = on the conductor surfaces, comparison with (18) 
leads at once to the alternative form for the electrostatic field 
energy 

^e = lfffEDdT ( 20 ) 

where the integral has to be extended over the entire space occupied 
by the electrostatic field. This form permits, according to 
MaxwelFs point of view, the interpretation as if the field energy 
be distributed throughout space with a local density 3^E*D, 
entirely determined by the field vectors E and D; the hypothetical 
nature of this interpretation has to be kept in mind, however. 

It can be shown^ that equation (20) holds for any electrostatic 
system, whatever the nature and number of different dielectrics 
may be, as long as the vectors E and D satisfy all the boundary 
conditions and E = —grad 4> in each medium. 

Forces in a System of Conductors. Assuming first an ideal 
condenser with charge, potential, and energy relations given by 
(1) and (3), one can consider two specific cases of mechanical 
action, the one in which the charges are kept constant, and the 
other in which the potentials are kept constant. The first case 
arises when the conductors, after receiving their charges, are 
isolated from the source; any decrease of their effective distance 
expressed as an increase of the capacitance will reduce the poten¬ 
tial difference and, therefore, decrease the stored energy. This 
means that the conductors, if left free to move, will tend to convert 
field energy into mechanical work by an attractive force supplied 
by the system; conversely, an external force acting to increase the 

* See references Livens^and Strattou-^^® in Appendix 4. 
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distance will also increase the potential difference and the field 
energy. The second case above arises if the two conductors remain 
connected to a source of constant potential difference; any decrease 
of their effective distance will now increase the charge accumulation 
and therefore increase the field energy. This means, however, 
that the source has to supply not only this increase in field energy 
but also the mechanical work needed to move the conductors with 
respect to each other; by the law of conservation of energy this 
mechanical work is equal to the increase in field energy, since for 
a freely movable conductor it would be supplied by the system 
itself out of its field energy.** 

If now an isolated system of rigid conductors is given with known 
charge values, the required force or torque to cause any change of 
a geometric positional element 677 (linear or angular displacement) 
of any conductor can be calculated by the principle of virtual work, 
expressing the rate of mechanical work as the negative rate of 
change of the stored potential energy We> For fixed charge values 
one uses best the second form of (17) and obtains directly for the 
rate of work done by the system 


aFn^cch ^ 

dfi \ drj /cona 


^ a=0 ^=0 



( 21 ) 


which represents a force action in the direction of 8 r} if 8 rj is a linear 
displacement, or a torque if 8 r) is an angular increment. If 
dWeldv is positive, external forces or torques have to deliver work 
(negative); if dWe/drj is negative, the electrostatic system con¬ 
verts part of the field energy into mechanical work (positive). 
Using any other expression for the electrostatic field energy and 
observing the condition of fixed charge values, one will obtain the 
same result ( 21 ). 

On the other hand, if the potentials of a system of conductors 
remain fixed by permanent connections of the conductors to energy 
sources and a change 8 rj of a geometrical positional element rf 
(distance or angle) takes place, then in order to maintain these 
potentials, energy Wa (positive) has to be supplied by the sources 
at the rate 
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of which one half is used to cover the increase in field energy and 
the other half to cover the rate of work needed to produce the 
change St?. If dWe/drj is negative, then —dWs/drj indicates the 
rate of energy delivered back to the source. The actual force or 
torque producing St? is, of course, the same as in (21), since the 
same initial potential-charge relations are presumed, so that 

dTTmpch _ 1 
dr] 2 drj 

or also 

(d^\ ^ 

\ dr] J 

4>a = cons \ dT? 

An alternative form to (22) is obtained by using expression (8) 
for the electrostatic field energy. 


), 


Qa = cons 


(23) 


2 dr] dr] ^a=Ofi=a-^l or] 


(24) 


which involves the more commonly used mutual capacitance coeffi¬ 
cients; the signs of Wa as source energy and TFmoch mechanical 
work of the system are the same as in (21) and (22). Electro¬ 
static instruments relying upon force actions between suital)ly 
arranged fixed and movable conductors present a wide field of 
pertinent practical applications. In many instancies, simplifying 
approximations are possible by inspection of the actual field dis¬ 
tribution. 

Stresses in the Electrostatic Field. As visualized by 
Faraday and analytically formulated by Maxwell, the force action 
in the electrostatic field can be directly related to the field lines. 
Thus, one can introduce a stress per unit area of magnitude 
in the direction of the field lines upon a surface element 
taken perpendicular to the field lines, and a pressure per unit area 
of the same magnitude perpendicular to the field lines upon a 
surface element parallel to the field lines. This imagined system 
of forces accounts for Coulomb’s force law and permits ready 
evaluation of force actions on the boundary surfaces of different 
media. 

In the special case of a conductor, the vector E is always per¬ 
pendicular to the surface of the conductor, so that there will be 
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only a normal stress per unit area of magnitude fn = }^ED, the 
same value as the local density of the electrostatic energy stored 
in the field. Obviously, there will be no resulting force in the case 
of spheres and cylinders with uniform charge distribution. 

For a boundary surface between two insulators, the normal 
force per unit area will be given by the sum of the differences of 
normal stress and normal pressure on the two sides of the boundary 
surface. One thus has (without surface charge) 

fn = -y2{EvnD,n ~ E^rM + MiEuDit ” E2lD2t) 

= M(£i — £ 2)^1 • E 2 (25) 

if use is made of the boundary conditions (2*7) and (2*8). This 
force urges medium 1 towards 2, and the total force is readily found 
by the proper surface integral. 

These forms do not take into account electrostriction, the 
property of certain dielectric materials to expand or contract in 
an electric field. A rather complete account of the more advanced 
theory is found in the references Livens"^^^ and Stratton^^^, 
Appendix 4. 


4- CRITICAL FIELD VALUES 

One of the most obvious objectives in electrostatic design is to 
obtain forms of insulators and electrodes which will withstand all 
the electrical stresses that sound operation and occasional fault 
may impose. In order to decide upon the reliability and factor 
of safety from this point of view, any design must be checked with 
respect to criteria pertaining to the critical values of electric 
field sti’ength and dielectric losses. For uniform field distributions 
as exist between plane electrodes, more or less definite values of 
breakdown field strength can be found experimentally; table 4*1 
gives a summary of these values for a number of gases, liquids, 
and solids of general interest. For non-uniform field distributions, 
the field strength values—though significant—are not by themselves 
decisive criteria of breakdown. Theories have been developed, 
however, which attempt the formulation of generally useful criteria 
and which take the homogeneous field usually as the starting point. 
It will, therefore, be of interest to summarize briefly the relation¬ 
ships established for the occurrence of ionization, corona, and 
breakdown of the various insulating materials. 



Dielectric Properties of Insulators* 


24 


The Electrostatic Field 


[Ch. 1 


*+•■8 -o 

I it's I I 

®l?ll 

c8 


111 111 


o o 

I I 

' ' XX 


a> ^ ea 
C2 -r w 


O O o o W 

tH ^ rH (O A 

XXX X2 8 

50 T-J 1-1 p 

cci >5 


I ^ |) i 


ss 

1-^ 1—4 

11-25 

S2 


g§55 


.2 *> 
^ J § 

Ip I 


1-4 lO 

N w c4 50 


S 3 

In. rH lO 00 

ci CO « ci »o 


i a g.|S 





Sec. 4] 


Critical Field Values 


25 


X ' X 


22X22 ' xgox I XXX 
CM CM o lo ^ 1-t eo 


« ^ U9 ^ N 

^ ^ ..4 oe 

O O O O O O 

T—< tH i-H tH rH 

X X X X X X 

CO 00 CO CM CM »H 


O O O O O 03 

2 1 -H ^ rH 1-1 oS 

2 X X X X X 1 


S S2 


^OiOQ f^CMiOQ 


o8 

'f 

^ 1 

'0 

s ^ 

0 

d'S 

r 

% 1 

0 

0 

13 

1 

!•& 

-<! _§ 

Ph 

Si 

!'§ •■ 

2 S 00 
«*-• ^ 

Xi 

& 

^§2 

'08 

•J sa 

^ bOHH 

a 


^ g '0 

0 

0 


? § § 

2 |S 

.s 

1 1 

a £ - 



'i 0^ - 
1:2 o 
I ^ > 
.2 S 5 
^ §2 
^ 2« 

o> -S _: 
s 2 o 
T >5 > , 


05 05 rt< 

s s as 

i>. lO iO CO CO 
>0 


CO lO 

CM CO CO i> 

o o o o o 

^ xo ^ ^ ^ 

lO^cqiqciiOTjjp lOCMpp 

TfCMCO^CM'<^*iOCOiOCM COcd>^ 


S ^.9 


S 00 

'ts' 4) § 

I s -s ^ 




^ > § s s. e 


^ cS o3 ^ ^ O O (h 

p^o,pmi4 


^ ^ 2 ‘2 N 

? « 'S S 

o o S ^ 


^ a ^ ^ 

>1 .g ^ 

§ 111 

art PS ® 


I:;": ■ 
J 

Jp'! 

|li.i 

I S« i 
=« -s I 

Ja § ^ ' 
i® in 
* **-• ^ 

0 -J 

s .2 hJ 

i^S' 
^ < 
O o3 4 

^ 5|- 
S 2^ : 

^■5,^ ' 

'i &•“ " 

‘■^ ® 'S ' 

*3 2 ' 

* ir 

t-* P 4 


d 

u teaa r= .s 



26 


The Electrostatic Field 


[Ch. 1 


Vacuum. The most ideal insulator is true vacuum which, 
entirely devoid of electricity as well as of matter, is subject neither 
to ionization nor to breakdown. There are, however, the possi¬ 
bilities of electric and thermionic emission of electrons or ions 
from the surfaces of the surrounding conductors^ and insulators. 
According to Schottky’s theory,^ the purely electrostatic removal 
(cold emission) of an electron from the metal should require a 
field strength at the surface of the metal of about 10® volt/cm, a 
tremendously high value. Experimental evidence of cold emis¬ 
sion® indicates qualitative agreement; quantitative relations are, 
however, very difficult to establish on account of the extreme sensi¬ 
tivity of the measurements to contamination of the vacuum by gas 
absorbed in the metal surface.^ 

Thermionic emission of electrons from a metal surface requires 
a thermal energy larger than a critical value called the ^Vork 
function,’’ which depends on the location of the electron within 
the metal. If, therefore, a metal is heated in vacuum, a current 
will be observed whose saturation value depends on the absolute 
temperature of the metal.^ 

In general, breakdown of vacuum as an insulator will be caused 
by the simultaneous action of thermionic and electric field emis¬ 
sion; the latter will be usually small, except where inhomogeneities 
or improper design may raise the local field strength to excessive 
values.® 

Gases. Even under normal conditions, air, the most natural 
insulator, shows a fairly constant ion content with slight local 

^ See the excellent summary, ^‘Electron Emission,” by J. W. McNall, in 
Industrial Electronics Reference Booky Chapter 2; John Wiley, New York, 
1948. 

^ W. Schottky, Zeiis. f. Physik, 14, p. 03 (1923); R. H. Fowler and L. W. 
Nordheirn, Proc. Royal Soc.y (A) 119, p. 173 (1928). 

® For example, R. A. Millikan and C. C. Lauritsen, Phys. Rev., 33, p. 598 
(1929); F. Rother, Ann. d. Physik, 81, p. 317 (1920); A. J. Ahearn, Phys. 
Rev., 44, p. 277 (1933); C. M. Slack and L. F. Ehrke, Jl. Appl. Phys., 12, p. 
165 (1941). 

* A. J. Ahearn, Phys. Rev., 60, p. 238 (1936); E. W. Muller, Zeits.f. Physik, 
106, p. 541 (1937). 

® O. W. Richardson: The Emission of Electricity from Hot Bodies; Longmans 
Green, New York, 1916; A. L. Reimann: Thermionic Emission; John Wiley, 
New York, 1934; T. J. Jones: Thermionic Emission; Methuen, London, 1936. 

W. Anderson, Trans. A.I.E.E., p. 1315 (1935); discussion 66, 
p. 831 (1936). 
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variations. Because of the normal process of recombination, one 
must assume a definite and constant rate of ion production; 
measurements have shown this to be approximately^ 

Over land 8.1 to 9 ions/cm®/sec 

Over sea 4.3 

In brick buildings 12 to 14 “ 


The causes for this ionization are various; they may be radium 
emanation or 7 -radiation from the interior of the earth, or they 
may be cosmic radiation from the universe. An electric field will, 
therefore, act to accelerate these ions or electrons and cause addi¬ 
tional ionization. As long as the rate of recombination equals the 
rate of ion production, a stable condition will persist. On the other 
hand, if this equilibrium is disturbed by a sudden increase of the 
electric field, by strongly ionizing impurities, or by any other factors 
increasing the rate of ionization, a discharge current will form with 
dark glow, possibly leading to corona and eventual breakdown. 

For a plane, uniform condenser with distance d between the 
electrodes, J. S. Townsend® found that, if a be the rate of ioniza¬ 
tion (i.e., the number of ion pairs created by an ion moving over 
a unit path) for negative ions or electrons, and ^ that for positive 
ions, the ionization current density J can be related to the satura¬ 
tion current density Js that exists before ionization takes place by 


{a - 
a - 


( 1 ) 


Infinite current or breakdown will then occur when the denomina¬ 
tor becomes zero, or 

( 2 ) 

Now, the rate of negative ionization, a, can be shown to depend 
primarily upon the free path of the electrons and the field strength.^ 
Since the free path is inversely proportional to the pressure of the 
gas, one can deduce the semiempirical formula 

p exp ion pairs/cm (3) 

^McLennan, Phil. Mag., 24, p. 520 (1912); see also Schumann,p. 8 
and Thomson and Thomson,p. 156. 

® J. S. Townsend, in Handbuch der Radiologic, Vol. 1, 1919; see also Schu¬ 
mann,Cobine,*^^^ and particularly Maxfield and Benedict,p. 277. 

®For measurements see F. IL Sanders, Phys. Rev., 44, p. 1020 (1934). 
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in which the constants 4 and Scan be determined experimentally for 
all gases. For air the numerical values are^® A = 13.2, B = 0.278, 
if P is given in millimeters of mercury, and E in kilovolts/centi- 
meter. On the other hand, ionization by positive ions takes place 
only close to the cathode surface, so that it is better described by a 
surface ionization number 7 .^^ The breakdown criterion (2) for 
plane electrodes can therefore be written in the more practical form 

where P is the pressure of the gas in millimeters of mercury, and 
d the distance of the electrodes in centimeters; (a/P) is given by 

(3), and In^l + is shown in Fig. 41 as a function of P/E. 

Relation (4) permits the general evaluation of either the break¬ 
down field strength E or the critical distance d for plane electrodes 
with satisfactory results. Table 4*1 gives measured values of 
the breakdown strength for plane electrodes for several gases. 

On the basis of Townsend^s theory and a very great number of 
experimental data, W. O. Schumann®"^^ was able to deduce a 
valuable and completely general empirical criterion for breakdown 
valid also for non-uniform field distributions. He found that the 
integral of a, the rate of negative ionization along any field line in 
a given field configuration, must be less than a constant value to 
insure stable operation. Application of this criterion to several 
simple electrode configurations has given results'"' in excellent 
agreement with experimental data. For practical numerical com¬ 
putations, especially in studying the influence of various geometric 
parameters of the electrode arrangement, this criterion can be used 
for normal pressure and temperature in the simplified form'^ 

£ {E- dx^K (5) 

Knoll, Ollendorff, and Rompe,®®^ see Table g29, p. 70; see also curve in 
‘^Electrical Conduction in Gases,” by D. E. Marshall, Chapter 4 in Industrial 
Electronics Reference Book; John Wiley, New York, 1948. 

W. Schottky, Zeits. f. Physikj 14, 63 (1923); Maxfield and Benedict,®^® 
p. 292. 

12 D. W. Ver Planck, Trans. A.I.E.E., 60, p. 99 (1941); J. G. Hutton, 
Trans. A.I.E.E., 66, p. 1674 (1947). 

Davis, Proc. A.I.E.E., 33, p. 528 (1914). 
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where Eq = 24.5 kv/cm, K = 47.6 (kv)^/cm, and E is measured 
in kilovolts/centimeter. The integration has to be performed 
only over that part ad^ of the ‘'most dangerous^^ field line, for 
which E ^ Eq, The accuracy of the numerical results is quite 



0 5 10 15 20 25 30 

f 

Fig. 4*1 Plot of the Function against P/E. P = pressure in 

millimeter of mercury; E = field strength in kilovolts per centimeter. 
(Redrawn by permission from Gasentladungsiahellen^ by M. Knoll, F. Ollen¬ 
dorff, and R. Rompe; J. Springer, Berlin, 1935.) 

satisfactory for most practical purposes, especially since all 
measurements of dielectric strength are subject to a modifying 
factor of probability, explained by Rogowski^^ as the sudden 
change from lower to higher current densities in the conducting 
path preparing the breakdown of a gas. Using the criterion (5), 
one w’ould plot as abscissa the distance along a field line chosen so 
as to give the largest contribution to the integral, then plot 

W. Rogowski, Arch. f. Elekirot.^ 26, p. 643 (1932); see also G. L. Nord, 
Trans. A.I.E.E., 64, p. 955 (1935). 
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{E — EqY ordinates, and integrate over the area to the point 
where this curve intersects the axis of abscissa. If this is done 
for various voltage values, interpolation will lead to the voltage 
which satisfies equality in (5) and thus constitutes the critical 
voltage for breakdown. 

For a few simple geometries in air, more direct empirical relations 
have been developed for the onset of visual corona and breakdown. 


TABLE 4-2 


Critical. Field Strength Values of Air in Simple Geometries 


Critical Field Strength Values (kv/cm) for 


Electrode 
Arrangement 
Two Parallel 
Like Wires 


■LJ 

a ^ 

1 


n 

) k 

L-2c- 

T 


Visual Corona 
(E') 

El’ = 29.8 (^1 + 


Concentric 

Cylinders 



Sparkover 

(E") 


- < 30, El” = El' 


a 


^ 30, E^ 


n 


< 


30 (1 + 


0.01 

Va 



jp ff ip f 

^ Jill 


Two Like 
Spheres 





s < OMVa, El" > El 
0.54\/o < s < 2a, 

JP ff _ JP f 

JLl = zi 1 


Table 4*2 summarizes these criteria for air as given by Peek®^® 
for normal atmospheric conditions. If the field strength at the 
point 1 of the electrode arrangement reaches the value correspond¬ 
ing to El in the table, visual corona must be expected, and if it 
reaches a value corresponding to sparkover must be expected; 
for spheres with spacing s > 2a, the sparkover occurs at the same 
critical field strength Ei as for s = 2a. 
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If a solid insulator (porcelain, glass) is used in conjunction with 
air, its surface is boundary surface of two media of considerably 
different dielectric constants. The evaluation of the distribution 
of the electrostatic field is then more complex, and the additional 
danger of flashover^® occurs, i.e., breakdown of the air between 
the electrodes along the surface of the solid insulator. This danger 
is most pronounced if the field lines are parallel to the boundary 
surface.^® It is, therefore, advisable, in combinations of air and 
solid insulators, to design the boundary surfaces so that the field 
lines are perpendicular to these boundary surfaces, at least in the 
proximity of the metal conductors. 

Though most relations have been deduced specifically for air, they 
are valid for all gases in the same manner except for an appro¬ 
priate change of the constants (see Knoll-Ollendorff-Rompe®^^). 

Liquids. If a steady potential difference is applied to a liquid 
or solid insulator, a current will result which is very small in good 
insulators and becomes fairly large in poor insulators. Obviously, 
then, there is no strictly electrostatic field, but rather a combina¬ 
tion of the electrostatic and the electric conduction fields, which 
will slightly modify the analytic solution of the potential dis¬ 
tribution. For low voltages, however, especially in the range in 
which the insulators are being used in electrical apparatus, this 
distortion of the true electrostatic field is small and can be neglected. 
At higher potential differences the resulting distortions become 
important and deteiTnine the behavior of the insulator. 

A closer investigation of the current shows that shortly after 
a d-c voltage has been applied to an insulator, the current will 
decrease at first fairly rapidly and practically exponentially; 
further decrease is slower and a definite final value is reached only 
after considerable time.^' To explain the observed time variation 
of the current, several theories have been advanced; the most 
plausible one, which has been confirmed by experiments on liquid 

See Peek®i5; J. J. Torok and W. G. C. Ramberg, Trans. A.I.E.E., 48, 
p. 239 (1929); Schwaiger^^^^. 

V. Fields and C. L. Caldwell, Trans. A.I.E.E., 66, p. 656 (1946); 
W. W. Pendleton, Trans. A.I.E.E., 66, p. 1324 (1947). 

B. Whitehead and R. Marvin, Trans. A.l.E.E.y 48, p. 299 (1929); 
J. B. Whitehead, Trans. A.I.E.E.j 60, p. 692 (1931); A. F. Joff^, Ann. d. 
Physiky 72, p. 461 (1923); H. Schiller, Zeits.f. techn. Physik, 6, p. 589 (1925); 
Arch. f. Elekirot.j 17, p. 600 (1927); H. Schiller, Ann. d. Physiky 83, p. 137 
(1927); A. Gemant, E.T.Z.y 64, p. 468 (1933); also Gemant^^^ 
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and solid insulators, assumes a progressive establishment of space 
charge near the electrodes so that the potential distribution becomes 
distorted. A stable condition is reached when the local ionization 
and the local reaction of the space charge are in equilibrium. 
This effect is known as polarization and gives rise to the so-called 
absorption current. One would expect this polarization to decay 
after the external potential difference has been removed, so that 
a similar component of the discharge current should be measured. 
Although many solids indeed show a release of the total collected 
charge, giving the impression of a reversible absorption current, 
most of the common liquids as well as a number of solids return 
less charge than they receive, and show the characteristics of a non- 
reversible absorption current. This is explained by an electrolytic 
cleaning-up process; it is assumed that during the charging period 
the space charges reach a saturation value, regular electrolysis sets 
in, and the electrolytic products are dissipated, thus purifying the 
insulator and rendering it of higher dielectric strength. 

The final current is due either to occasional free electrons 
(present from some external cause of ionization, as X-rays or 
cosmic rays), or to partial internal dissociation producing ions 
(partial electrolysis caused by inhomogeneities). It is very 
characteristic of the electrolytic type of conductivity in liquid and 
solid insulators that the equivalent conductivity increases with the 
temperature and causes higher losses at high temperatures, a 
fact which is important in electrical design. It can be explained 
by the increased thermal agitation, causing a higher rate of dis¬ 
sociation which finally can result in actual decomposition.^® 

As in gases, so also in liquids, there will always be present an 
initial ionization caused by extraneous sources. A strong elec¬ 
trostatic field will maintain and increase this ionization by collision 
of the swiftly moving positive or negative ions with the molecules 
and atoms of the liquid. Ionization by collision is usually 
accompanied by luminosity (corona), since the occasional recom¬ 
bination of an electron and a positive ion releases the ionization 
energy in the form of infrared or even visual radiation. Experi¬ 
ments on oil by Gemant^® demonstrate the scintillations by 
photographic record in an electrophotograph. The rate of ioniza- 

^ J. B. Whitehead and E. E. Miner, Phys., 6, p. 380 (1936); J. B. White- 
head and B. P. Kang, Jl, Appl. Phys., 11, p. 596 (1940). 

A. Gemant, Zeite./. techn, Physik, 9, p. 398 (1928) and 18, p. 184 (1932). 
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tion, at lower field strength at least, seems to be proportional to 
the field strength, 

a = C(E — Eq) (6) 

where Eq is the lower limit of field strength required for ioniza¬ 
tion, and C is a constant depending upon shape and spacing of the 
electrodes. For sufiiciently high field strengths, ionization by 
collision increases very rapidly, ^'avalanche’^-like, and can reach 
a stable condition by forming a space charge close to the anode, 
as was verified experimentally by Gemant.^^ 

If the ionization becomes progressive, the conductivity might 
increase without limit and breakdown might occur. A general 
direct criterion for this stability of ionization is not known, al¬ 
though it seems well established that the building up of the 
space charge is a main contributory factor to the final break¬ 
down of a liquid. A criterion developed by Dreyfus^^ for sharp- 
edged copper electrodes states that, in order to avoid breakdown, 
the integral along any field line of the field strength from the 
electrode with the highest field strength to the point a where the 
field strength falls below the asymptotic value for plane electrodes 
of large spacing must be less than a critical voltage characteristic 
for the liquid, namely, 

J E, ds < Fcrit (7) 

Although this criterion is based upon the electrostatic field dis¬ 
tribution and, therefore, does not take into account the space 
charge reaction, it implies the general experience that not the local 
field strength, but, rather, a field zone, is characteristic for the 
electrical stability. Without a .specific knowledge of the value 
Fcrit, relation (7) will primarily lead to the formulation of the 
dependence of breakdown upon the shape and spacing of the 
electrodes. A few (critical measurements will then rapidly lead 
to a knowledge of Fcrit for the specific material and configuration, 
making a general design criterion possible. 

All practical insulating liquids have a certain content of moisture 

A. Nikuradse, Ann. d. Physik, 13, p. 851 (1932); see also Gemant®^^, 

p. 122. 

A. Gemant, Phys. Zeiis.y 30, p. 33 (1929); J. Slepian, Electr, Worlds 91, 
p. 761 (1928); J. B. Whitehead, Electr. Worlds 94, p. 1083 (1929). 

22 L. Dreyfus, Arch. f. ElektroL, 13, p. 121 (1924). 
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and air, each acting in a different manner to reduce the dielectric 
strength of the liquid. Since water has a very high dielectric 
constant, small droplets will polarize and move into the densest 
region of the electrostatic field; if there are many small droplets 
of water, they may form dielectric bridges from one electrode to 
the other, which, of course, is equivalent to breakdown on 
account of the much higher conductivity of water as compared 
with other liquids. 

Air inclusions tend to ionize very rapidly^^ because the low 
dielectric constant of air causes a very high local field strength. 
As foci of progressive ionization, they not only can spread an 
avalanche of ions through the liquid, but also cause local heating 
and distortion of the field distribution, as well as initiate chemical 
changes,^® which reduce considerably the dielectric strength of 
the insulating liquid. 

Solids. In solid insulators the problem of ionization is es¬ 
sentially identical with that of electrical breakdown, since any 
appreciable ionization will be progressive. However, the break¬ 
down of a solid insulator can be described as electric or thermic 
according to the prevailing characteristics summarized below. 


Breakdown of solids is 


purely electric 


purely thermal 


if the breakdown voltage is 

highly dependent | not dependent 

on inhomogeneities in the electrostatic field 
little dependent | extremely dependent 

on temperature 

little dependent | highly dependent 

on the conductivity of the insulator 
little dependent | extremely dependent 

on the duration of voltage application 


See references on high-voltage cables, particularly Dunsheath®"*. 

F. W. Peek, Gen. Elec. Rev., 18, p. 821 (1915); A. Gemant, Wise. Veroff. 
a. d. Siemens-Konzern, 7, part 2, p. 305 (1929); P. Dunsheath, Jl. I.E.E., 
73, p. 321 (1933). 

Slepian, Electr. World, 91, p. 761 (1928); J. B. Whitehead, Eleclr. 
World, 94, p. 1083 (1929). 
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The theory of thermal breakdown is based on the thermal 
instability of certain inhomogeneities in the insulator in which 
heat is generated by the dielectric losses at a larger rate than can 
be transferred by the insulator to its surroundings. A first 
approximation assumed a conducting canal of inhomogeneities^® 
through the insulator, from which heat was transferred to the elec¬ 
trodes only; a more complete treatment assumed an infinitely 
extended homogeneous thin insulator with heat conduction to the 
electrodes only, whereby the electrodes might have equal or dif¬ 
ferent temperatures and thus impose a temperature gradient 
upon the insulator.The resulting foimulas for the highest 
permissible voltage applied to an insulating plate give proportion¬ 
ality with the thickness for high field strengths, and values inde¬ 
pendent of thickness for fairly low values of field strengths. A 
very large number of experimental data check the quantitative 
results of the theory.For applied a-c voltages, secondary 
effects have to be considered also, such as variation of the apparent 
conductivity,^^ non-linearity in current voltage relations, and 
periodic dielectric losses which arc independent of temperature. 

The theory of electric breakdown is based on a mechanical 
breakdown of the crystal stnicture caused by excessive local field 
strengths. Since the ideal crystal structure did not give satis¬ 
factory results,the hypothesis of inhomogeneities was intro¬ 
duced, especially the assumption of fine cleavage openings in the 
crystal. This assumption led to rather satisfactory values for 
the electrical breakdown voltage^ ^ and its variation with the 
thickness of the substance. One can conclude from many experi¬ 
ments on typically inhomogeneous crystals that there is a definite 
breakdown field strength w^hich is a reproduceable constant of the 
material and is of the order of 2 to 5 X 10^ volts/cm for porcelain 
and sodium chloride, respectively. 

26 K. W. Wagner, Trans, A,I.E,E,, 41, p. 288 (1922). 

2^ W. Rogowski, Arch. f. Elektrot.f 13, p. 153 (1924); Th. Kdrmdn, Arch, 
f, Elektrot., 13, p. 174 (1924); V. Fock, Arch. f. Elektrot., 19, p. 71 (1927); 
P. H. Moon, Trans, A.I.E.E., 60, p. 1008 (1931). 

26 L. Inge, N. Semenoff, and A. Walther, Zeits. f. Physik, 32, p. 273 (1925); 
s&me, Arch. f. ELektrot.y 17, p. 433 (1926); Schwaiger^^^; V. M. Montsinger, 
Trans. A.I.E.E., 64, p. 1300 (1935). 

2»T. W. Dakin, Trans. A.I.E.E., 67, p. 113 (1948). 

66 W. Rogowski, Arch. f. Elektrot.f 18, p. 123 (1927); A. Sinekal, Arch. f. 
Elektrot.f 18, p. 525 (1027); see also Schwaiger®^^. 

61 G. E. Horowitz, Arch. f. Elektrot.f 18, p. 535 (1927). 
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For entirely homogeneous crystals and amorphous substances 
an ionization theory similar to Townsend's theory for gases was 
developed by Joff6^^ and shows satisfactory agreement with 
experimental tests. The breakdown field strength in this case is 
higher, but still a constant for the substance, and of the order of 
1 to 3 X 10^ volts/cm for glass^^ and quartz, respectively. 

Since test data on breakdown of solid dielectrics always show 
a considerable spread, probability considerations have been intro¬ 
duced in order to predict with reasonable safety breakdown of large 
area samples from tests on comparatively small samples.^^ 

PROBLEMS 

1. Find a charge arrangement which produces the potential distribution 

^ ^ ; is the solution unique? (Stratton,p. 162.) 

47re r 

2. Demonstrate the validity of (2-3) and (2*3a) by means of Green’s 
theorem (Appendix 3). Hint: take in Gree.n’s theorem <l> as 1/r and exclude 
r = 0 by a very small sphere, counting its surface as one part of the boundary 
surface of the uniform dielectric. 

3. Extend the demonstration in 2 to the validity of (2*5). What restric¬ 
tions must be placed upon the space charge density p? 

4. Compute the electric field inside and outside a si)here of radius a which 
is uniformly polarized. The electric .field causing the polarization P is homo¬ 
geneous throughout space (assume free space), has the same direction as P, 
and has value ^o- Establish the equivalence with a uniform dielectric sphere 
in the homogeneous field Eq (see section 21) and find the equivalent relative 
dielectric constant of the sphere in terms of Eo and P. 

5. A sphere of radius a in free space carries on its surface a double layer 
of electric charge, i.e., it has on the two faces of its boundary surface equal 
and opposite charge densities <t. What is the pot(;ntial outside and inside 
the sphere? Hint: consider the radial distance between the charge densities 
as ba and very small compared with all finite distances; introduce the solid 
angle dSl subtended by a surface element dS at the point of observation P. 

6. Demonstrate that tlie potential of a double layer of charges density <r, 
small surface 56’, and charge separation ba is given in free space by 54> = a ba 
bil/^TTZvi where bil is the solid angle subtended by the surface bE at the point 
of observation. Apply this as approximation to the {)otent,ial of a parallel 

A. Joff6, J. KurchatofT, and K. Sinjelnikoff, Puhl. of Af./.T., No. 117, 
Vol. 62, 1927. 

D. Kenney, A. M. Luery, and J. D. Moriaty, Trans. A.I.E.E.j 61, 
p. 404 (1932). 

M. C. Holmes, JL Franklin Inst., 211, p. 777 (1931); L. R. Hill and P. 
L. Schmidt, Trans. A.I.E.E., 67, p. 442 (1948). 
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plate condenser at very large distances from it. Show the analogy to the 
electric dipole in section 10. Show that the potential difference between the 
faces of the double layer is given by — 4>2 *= <r Sa/st,. 

7 . What is the maximum charge that a smooth conducting sphere of 
radius a can hold in air under normal conditions without exhibiting corona 
effects? 

8. Accepting a stress per unit area of magnitude J^E • D in the direction of 
the electric field lines, show that two like charges of opposite sign attract 
each other in accordance with Coulomb’s law (1*1). Hint: utilize the 
synmietry of the field distribution; see also section 10. 

9. Accepting a pressure per unit area of magnitude J^E-D normal to the 
direction of the field lines, show that two like charges of same sign repel each 
other in accordance with Coulomb’s law (1*1). Hint: utilize the symmetry 
of the field distribution; see also section 10. 

10. Given a fixed system of n conductors and ground (or grounded envelop¬ 
ing shield) in a single, uniform dielectric, assume that potentials are applied 
to the individual conductors with respect to ground and that charges Qa are 
measured. If then potentials are applied, charges Qa will result whereby 

— YlQa^ct (Greeii’s reciprocation theorem). Prove this relation; 

u a 

utilize (3-11) or (3*12). 

11. In order to determine the charge induced by an electron in one of the 
electrodes of a vacuum tube, one can apply Green’s reciprocation theorem 
from the preceding problem to the following two conditions: (a) all electrodes 
are grounded excej)t the one in question, to which voltage V is applied with 
respect to ground and a small conducting but uncharged sphere is placed at 
the position of the electron; {b) all electrodes are grounded, and the electron 
charge e is applied to the small conducting sphere. Show that the induced 
charge on the electrode in question is Q' — — where $ is the potential 
existing under (a) on the small sphere. Apply this to a plane parallel diode. 
Apply it to a coaxial cylindrical diode. 

12. The uniqueness theorem states that the potential function as a harmonic 
function is uniquely detca mined within a closed, regular region t of a dielectric 
by its values on the boundaiy surface of this region. Prove this by applying 
Green’s theorem (Appendix 3) to the difi’erence of two potential functions 4>i — 
^ 2 , each function satisfying the Ijaplacian (or Poisson) differential equation and 
taking on the same value <I>() on the boundary surface. 

13. Extend the proof in problem 12 to a finite number of finite conductor 
surfaces embedded in a homogeneous and isotropic dielectric of infinite extent 
without space charge. 

14. The potential function 4> as a harmonic function is uniquely defined 
(except for an additive constant) within a closed, regular region t of a dielectric 
by the values of its normal derivative on the boundary surface. Prove this, 
following the outline given in problem 12. 

15. Extend the proof in problem 14 to a finite number of finite conductor 
surfaces embedded in a homogeneous and isotropic dielectric of infinite extent 
without space charge. 

16. Extend the proof in problem 14 to a finite number of finite conduc- 
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tors embedded in several different dielectric media without space charge. 
(Smythe,^^^ p. 57.) 

17. In an electrostatic field, the electric charges on fixed conductors embed¬ 
ded in an isotropic dielectric of fixed e are so distributed over their surfaces 
that the electrostatic field energy is a minimum (Thomson’s theorem). Prove 
this by applying (3*20) to two different sets ^>, E, D and E', satisfying 
div D = div D' = p, and maintaining the same total charge on each conductor; 
the first set as electrostatic field solution must satisfy in addition curl E = 0, 
or E = — and = cons on all conductors. Hint: take the difference of 
the respective field energies and demonstrate it as an essentially positive 
quantity. (Abraham—Becker,^ ^ p. 89.) 

18. The electrostatic potential cannot have a maximum or a minimum value 
at any point of the field free of electric charge. (Observe that analytic func¬ 
tions satisfy an analogous condition; see section 25). Demonstrate this by 
application of (1*11). (Sm 3 rthe,^““ p. 13.) 

19. Earnshaw’s theorem asserts that an electric charge, subject only to 
electric forces, cannot be in stable equilibrium. Demonstrate this by means 
of the proof for 18. (Smythe,^^^ p. 13.) 

20. Demonstrate that the introduction of an uncharged conductor into an 
electrostatic field produced by a system of conductors with fixed charges 
decreases the field energy. Hint: use a similar approach to that in problem 
17 with both field sets corresponding to true electrostatic fields l)ut extended 
over slightly different volumes. (Stratton,-^p. 117.) 

21. Compute the potential distribution everywhere in free space produced 
by a uniform space charge distribution confined to a sphere of radius o. Can 
one define a capacitance of this sphere? 

22. Demonstrate that for a homogeneous sphere of radius a, the ratio of 
surface potential to total charge is independent of the manner in which the 
charge is distributed radially throughout the sphere (assuming that the charge 
density is only a function of the radius and that the dielectric constants ej and 
So for inside and outside medium, respectively, are constant). 

23. Two conductors above ground and isolated from it form a condenser. 

If a potential difference V = — ^>2 is applied between them, what are the 

individual potentials to ground in terms of Maxwell’s potential coefficients? 
In terms of the capacitance coefficients? 

24. Two conductors above ground are connected and have a potential 
difference V applied between them and ground. What are the individual 
charges collected on these conductors in terms of Maxwell’s potential coeffi¬ 
cients? In terms of the capacitance coefficients? 

25. Given two conductors 1 and 2 above ground, three measurements are 
made: (a) voltage V is applied between 2 and ground with 1 isolated and 
charge Q 2 is registered; (5) 2 is disconnected and left isolated, V is applied 
between 1 and ground, and charge Qi' is registered; (c) 1 is now disconnected 
and left isolated, V is again applied between 2 and ground, and the new charge 
Q 2 " is registered. Taking ground at zero potential, find all the potential 
coefficients in terms of the charges. Find all the capacitance coefficients. 
Find the induced potential values in the three experiments. 
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5 FUNDAMENTAL RELATIONS 
IN THE MAGNETOSTATIC FIELD 


Although the magnetic effects were studied first in connection 
with natural ores and loadstones, the basic relations can be more 
readily formulated quantitatively by studying the magnetic effects 
produced by steady current flow. In this sense, then, Ampere^s 
law of force action between currents becomes the basis of magneto¬ 
statics comparable in importance to the Coulomb law of electro¬ 
statics. Indeed, Ampere^s law is most suitable to point out the 
basically different physical aspects of the magnetostatic field; in 
its simplest form for two parallel currents it defines an attractive 
or repulsive force of value^ 


JL hh 1 

27r 


( 1 ) 


where conventionally the positive sign is chosen for like currents 
which attract each other; it is well to observe that this is contrary 
to the convention established for the force between two electric 
charges. In using (1), the currents are assumed to be confined 
to very thin wires parallel over the length I which itself is large 
compared with the distance r between the centers of the wires; 
IX is the absolute permeability of the homogeneous, infinitely 
extended medium in which the force Fm is measured (see Appendix 
2 for unit relations). One usually expresses fx = /x^^/xr, where /Xy 
is the absolute permeability of free space (vacuum), and ixr the 

^ See the interesting account by A. M. Ampere, Ann. de chimie ei de phys.^ 
16, pp. 59, 170 (1820). 
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relative permeability; the latter is the numeric value generally 
found in the tables of material constants. The basic arrangement 
in this magnetic force experiment is essentially two-dimensional, 
and the interacting currents are parallel vectors in space; this 
explains the presence of the factor 27r [as compared with iir in 
(1*1) for the truly three-dimensional case] and explains the varia¬ 
tion with inverse distance (as compared with inverse square of 
distance in the Coulomb law). Throughout the book, only 
isotropic magnetic media will be considered, so that jjl can always 
be assumed to be independent of direction. 

If the current I 2 is very small, so that it causes a negligil)le and 
only local distortion of the field of current /i, it can be used as a 
probe for the exploration of the force field created by current /i. 
From (1), the limit value for vanishing 1 2 and unit length 


r M r> 

hm — =- = 

j 2 _>o hi 27r r 


(2) 


should be interpreted as the magnetic field strength^ of the very 
long line current h] actually, it is more usually called magnetic 
flux density. As a vector, its direction is normal to both the current 
vector Ii and the radius vector r from the current to the point P 
(see Fig. 5-1) and forms with these in the order given a right- 
handed orthogonal triplet. One can, therefore, also write vecto- 
rially 1 


27r 


(3) 


where r/r serves to indicate the radial direction. For the single 
line current, this will define the vector B everywhere tangential 
to circles with 0 as centers. The vector character has been as¬ 
sociated here and throughout this section directly with the current 
because of the very small cross-section of the conductor; more 
precisely, one could introduce a separate unit vector to emphasize 
the current as scalar cross-sectional integral of current density as 
is done in the next section. 


^ That the vector B enters into all force relations of the magnoti(^ field has 
been repeatedly pointed out in some of the advanced books on ole(;tromagnetic 
theory; see Livens"^^® and Stratton^^^ in the reference list of Appendix 4, 
also R. W. King: Electrornagnelic Engineering^ Vol. I; McGraw-Hill, New 
York, 1945. 



Sec. 5] 


Fundamental Relations 


41 


Now, quite differently from the electrostatic case, the force 
action of the field Bi upon current I 2 is actually perpendicular to 
both these vectors and forms an orthogonal triplet with them in the 
right-handed order I 2 , Bi, F„j, so that vectorially one can write 
for (1) with (2) if one refers the action to unit length 

fm = (4) 

leading to attraction along the center line if both currents have the 
same direction, and to repulsion if they flow in opposite directions. 





Fig. 5 • 1 Magnetic Field of a Single Line Current. 


Instead of analogy between electrostatics and magnetostatics one 
finds here a strong difference which is, of course, related to the fact 
that charges are scalar quantities, whereas currents are space 
vectors; charges are centers of convergence or divergence of elec¬ 
trostatic field lines, whereas currents are axes of circulation of 
magnetic field lines. 

Moving the small current I 2 very slowly parallel to itself over 
a path P 1 P 2 in the field of the current Ii, while maintaining I 2 and 
its source constant, requires the work 

pP2 pPi 

W =J^ F,n’ds ~ ^l2><Bi*ds (5) 

The length I could be interpreted as vector in the same direction 
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as I 2 , so that one can rewrite (5) as 

r%P^ 


W 


J f*P2 

I IxBi-ds = 

Pi 


where 4^^ is defined as the magnetic flux 

f*p2. 




= £ 'dsxl Bi =ffB„ 


dS 


( 6 ) 

( 7 ) 


through the area described by the motion of the conductor. 
This magnetic flux vanishes for any closed surface, which is 
demonstrated in the simplest manner by integrating (3) over the 
surface of a sector of a cylindrical annulus. Thus, the field is of 
the conservative type; motion over any closed path must give 
zero result for work done. 

If, however, the magnetic flux through any (reducible) closed 
surfaces vanishes, then the vector B cannot have any sources or 
sinks, or 

V B = div B = 0 (8) 

For a system of n parallel line currents of very great length in 
an infinite insulating medium the resultant vector B can readily be 
evaluated by means of superposition of the individual current 
contributions from (3) 

B = — ^ la^Ta (9) 

a =1 


where the are the perpendicular vectors from the line currents 
to the point of observation P. Such a system is, of course, two- 
dimensional in nature, i.e., the field distribution is the same in 
any plane orthogonal to the system. If one then defines field lines 
as the curves which have at every point the vector B as tangent, 
one has 


dy ^ dx 

By Bx 


( 10 ) 


as the differential equation for the two-dimensional case. Since 
the field lines circle around the conductors, and since the vector 
B has no divergence, there will be only closed field lines. 

Most materials have a permeability close to that of free space; 
diamagnetic materials have permeabilities slightly smaller, weakly 
'paramagnetic materials have permeabilities slightly larger, than 
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that of free space. There is, however, a very important group of 
metals and their alloys which have very high permeabilities. Since 
iron is the outstanding representative of this group, they have 
been referred to ferromagnetic; recently, certain alloys of weakly 
paramagnetic metals have been found also to possess high per¬ 
meabilities. This whole group will, therefore, be designated better 
as strongly paramagnetic. 

For many practical purposes of field mapping, it appears 
desirable to consider a sharp distinction between highly magnetic 
and non-magnetic materials and to assume an infinite value of 
permeability for the first group, and the value for free space for 
the second group which combines both the diamagnetic and weakly 
paramagnetic materials. This seems the much more advisable, 
because all the highly magnetic materials show strong non¬ 
linearity of the relation between H and 5, (the so-called saturation 
effects) and, additionally, exhibit strong influence of the past 
magnetic history of the particular sample, making it well-nigh 
impossible to treat these materials analytically. 

6. ANALYTICAL THEORY 
OF THE MAGNETOSTATIC FIELD 

The general magnetostatic problem is the evaluation of the 
magnetic field distril)ution produced by given configurations of 
the electric current. The magnetic field itself is characterized by 
the vector B, which has physical properties quite different from 
those of the corresponding vector E of the electrostatic field. In 
this book no attempt will be made to treat the non-linear aspects 
of magnetic phenomena. 

The Magnetostatic Potential. As shown in section 5 and 
indicated in Fig. 5 1, the magnetic field lines of a single very long 
line current are circles. The line integral of the vector B along 
a circular field line of radius r is, therefore, using (5 *2), 

f'B ds = ^ f —rd<t> = tilx ( 1 ) 

Jc 2w J-t,=o r ' 

and, indeed, any other simply reducible (see Appendix 3) path 
linking with the current will give the same result; the vector B 
is thus of the rotational (circuital) type. Since the line integral 
does not vanish, one cannot introduce a general scalar function 
as correlated potential function. If, however, a closed path C' 
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is chosen which does not encircle the current, the line integral along 
C' does vanish. One can thus rescue the scalar potential concept 
if one makes sure by proper choice of a “barrier'^ surface that no 
possible path of integration can link with the current. For a 
partial current loop this barrier surface is indicated in Fig. 6*1; 
it is prohibited ever to cross this double surface. All the field 
lines are then conceived to “start^’ at the side of higher potential 
value and to terminate at the side of the lower potential value. 



In introducing thus a restricted definition of a scalar potential, 
one might as well take cognizance of the fact that the line integral 
(1) depends on the magnetic characteristic of the medium, namely, 
the permeability /ut. It is convenient, then, to define a new vector 

H = i B (2) 

usually called the magnetizing force (though it certainly is not a 
force and not even directly responsible for mechanical force actions) 
or magnetic intensity. With this definition, (1) becomes 

^Hds = I (3) 

where I stands for the entire current flow through the closed path C. 
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(Frequently one writes the right-hand side as NI and means the 
total number of turns, each carrying the same current L) 

In regions outside of currents and properly provided with 
barrier surfaces over all current loops, one can then define 

H = -grad 7 = -V X^H ds = JFi - iFg (4) 

where (F is the magnetostatic potential analogous to 4>, the elec¬ 
trostatic potential, defined by (1-7). The magnetostatic poten¬ 
tial difference (3^i — 3^2) is frequently called magnetomotive force 
or mmf in analogy to the electrostatic use; for singly closed line 
integrals of the type (1), this mmf becomes identical with the total 
current linked by the closed path. Its value is independent of 
the path if it links the current only once or if it is replaced by a 
line integral with terminal points on the two sides of the barrier 
surface. 

Because of (5-8) and (2) and (4) above, one can now deduce 
V-B = ~V-(MVy) = 0 (5) 

or also 

+ =0 (5a) 

This represents the most general differential equation for inhomo¬ 
geneous media, wherein the variation of /x must be known. (Only 
the case of magnetically isotropic media is treated here, other media 
being omitted as beyond the scope of this monograph.) Com¬ 
parison with (21a) indicates the close analogy between JF and the 
electrostatic potential ^ in media without space charge. 

For magnetically homogeneous media the permeability is con¬ 
stant, and (5a) reduces to the Laplace eqvxition 

= 0 ( 6 ) 

which is identical with (2*2) for the electrostatic potential and, 

as there, is the most important case admitting readily of analytical, 
graphical, as well as experimental, solutions; most of the mapping 
methods pertain to it. Any solution of (6) must again be a har¬ 
monic function, and must be analytic—just as the electrostatic 
potential function in section 2—in the regions outside of the 
current-carrying conductors and the properly constructed barrier 
surfaces. Unlike the electrostatic case, however, a formal solution 
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cannot be given readily in terms of surface or volume integrals of 
physically observable magnetic distribution functions. 

The Boundary Conditions of the Magnetostatic Field. 
Assuming a boundary surface between two magnetically different 




/ 



Fig. 6 • 2 Boundary Condition for the 
Magnetic Flux Density. 


materials as indicated in Fig. 
6 • 2, one can apply the relation 
(5*7) to the closed surface 
presented by the very small 
cylinder of height dh 0. 
One obtains 

= Bn2dS2 — Bni dSi = 0 

and in the limit for vanishing 
dh, 

Bn2 = Bn, (7) 



This states that the normal component of the magnetic flux density 
is continuous through any boundary surface. 

The application of (3) to a very small rectangular path of 
integration across the boundary surface as indicated in Fig. 6*3 
leads to 

jTH ds = Ht^ds^ - HtJsz = J-dhxds (8) 


if Ht designates the tangential component, and if one disregards 
the contributions of the normal components of H because dh 0. 
The right-hand side is again the total current flow through the 
closed path C and will vanish as dh is made to vanish unless the 
current density in the boundary surface itself is infinitely large. 
In the latter case, one defines 

lim (J dh) = K (9) 

dh—^O 

as density of the current sheet, a concept analogous to surface charge 
density and particularly convenient in simplifying the description 
of distributed windings in machines, thin inductance coils, and the 
like. With the concept (9), the second general boundary condi¬ 
tion becomes 




( 10 ) 
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where Kp is the component normal to Ht in the boundary surface. 

In magnetostatic problems, the boundary conditions usually 
pertain to the field vectors and only rarely involve given values 
of the magnetostatic potential; they appear therefore frequently 
in the form of general boundary value problems. For iiC = 0, in 


/ 



Fig. 6*3 Boundary Conditions for the Magnetizing Force. 

the absence of a current sheet along the boundary surface, one 
can combine (7) and (10) by taking the ratios on both sides, 

Bn2 _ ^ni 

1^2 ’ Ht, 

If one introduces the respective permeabilities and the angles a,, 
a 2 of the field vectors with the surface normals, one obtains 

Ml 

tan oc\ ~ tan (11) 

M2 

the law of refraction of magnetostatic field lines. This is of par¬ 
ticular value for graphical field plotting. 

If one applies the law of refraction to a boundary surface between 
a highly magnetic and a non-magnetic material of permeabilities 

Pi and /X 2 respectively, (~ tan will be a very small quantity 
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for practically all angles ai less than 7r/4. This means, in turn, 
that tan a 2 and, therefore, a 2 will be very small, or the field lines 
in the non-magnetic material will be nearly perpendicular to the 
surface of the highly magnetic material. In practical problems 
one frequently assumes then the surfaces of highly magnetic 
materials as equipotential surfaces for which (F = cons, much like 
the conductor surfaces in electrostatics. This is further supported 
by the fact that the contribution of a highly magnetic material to 
the line integral (3) is very slight for reasonable values of flux 
densities. One thus can formulate certain magnetostatic problems 
as boundary value problems of the first kind and directly substitute 
electrostatic problems, for which solutions might already be 
known. 

The Magnetic Vector Potential. Since the vector B cannot 
have sources or sinks under any conditions, it is possible (see 
Appendix 3) to associate with it a vector potential A such that 

VxA = curl A = B (12) 

This vector potential can, in turn, be related to current density 
J if one rewrites (3) in terms of surface integrals. The line integral 
can be transformed by Stokeses theorem (see Appendix 3), and 
the current 1 through the closed curve C can be defined as the flux 
of the current density vector J, 

jfjf (curlH)dS = jfjf JdS 

Because this relation to Stokes's theorem holds for any simple 
reducible surface S, the integrands themselves must be equal, 
giving with (12) 

curl H = J = Vx^-VxA^ (13) 

or also for general inhomogeneous media (non-isotropic media 
will again be considered beyond the scope of this monograph), 

- VxAxV ( - ) + - VxVxA = J (14) 

\M/ M 

Comparing this vector differential equation with the scalar poten¬ 
tial equations (2*1) and (6*5), one appreciates all efforts to define, 
even though for limited use only, the magnetostatic potential 7. 
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Of course, for homogeneous media (14) reduces to 

VxVxA = mJ (15) 

the vector equivalent of Poisson’s equation (2*4). If we now 
select the Cartesian coordinate system, because it is the only one in 
which the three unit vectors are completely symmetrical, each of 
constant magnitude and direction, we can interpret 

VxVxA = V(V-A) - (V*V)A (16) 

where W = is the usual Laplacian operator. It is customary 
at this point to stipulate 

V A = div A = 0 (17) 

because A is only mathematically defined, not measurable as a 
physical quantity and, in fact, only known through its coordinate 
derivatives by (12). The condition (17) essentially amounts to 
adjustment of A by addition of the gradient of an arbitrary scalar 
function this does not affect the relation (12) since VxV^ s 0. 

With (16) and (17), the basic differential equation for the vector 
potential becomes in the Cartesian coordinate system 

V^(iAx + 1 l4z) = + jJv + k/*) (18) 

simply a set of three independent scalar potential equations of 
the Poisson type. Each one of these can now be treated exactly 
like (2*4), and the formal solution results 

A.iA. + iA. + kA, = f-^fffldr + -^ffjdS (19) 

where J is the cross-sectional density and K the current sheet 
density; this integral expression can, of course, again be used 
independently of the particular coordinate system. For given 
current distributions in an infinite medium of constant permea¬ 
bility, one can therefore find the vector potential by direct 
integration (see Figs. 6*4 and 6*5) inside the current-carrying 
conductors as well as outside. One can also find solutions by super¬ 
position of the solution of the homogeneous vector differential 
equation and any particular integral of the inhomogeneous one. 
It must be borne in mind that (18) holds only in the Cartesian 
system; in any other coordinate system one must return to the 
more general form (15) as also emphasized in Appendix 3. Since 
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the vector potential equation (15) is not generally separable with 
respect to the components in non-Cartesian coordinates, the 



Fig. 6*4 Vector Potential Produced by Current Filament of Volume 

Distribution. 



Fig. 6*5 Vector Potential Produced by Current Filament of a Current Sheet. 

integral solutions (19) are of particular significance. For general 
methods of treating the form (15) see Smythe,^^^ p. 260. 

If there are several magnetically different media, one has to 
find analytic solutions of the Poisson equations (18), or more 
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generally of (15) for each medium independently, derive the field 
vectors B and H, and satisfy the boundary conditions (7) and 
(10). Because of the formal analogy between (19) and the scalar 
integral expression (2-5), one can readily formulate the boundary 
conditions for the vector potential itself as requiring the continuity 
of both the normal and the tangential components 

^ni ~ ^7129 ^ti ^ At2 ( 20 ) 

This follows from the fact that the scalar potential function is 
continuous everywhere except at a layer of dipoles, across which 
it assumes a finite discontinuity; similarly, (20) will hold at all 
boundary surfaces except where the equivalent of a magnetic 
dipole layer exists. 

Current Filaments. In many applications, it is possible to 
define the volume elements dr in (19) as thin filaments parallel 
to the direction of the current density J, namely dr = dS*ds, 
where both dS and ds point in the direction of J and where dS 
defines a surface element normal to J, whereas ds is the filament 
length. Without current sheets, the solution (19) can thus be 
written by interchanging the positions of J and ds 



If then the cross section of the conductor is very small compared 
with any distance r from the point of observation P (see Fig. 6*4), 
one can further evaluate the cross-section integral giving the total 
current J, and one has 



a much simpler line integral indicating that the elemental contribu¬ 
tion to the vector potential gives a vector dA in the same direction 
as the filament. One must expect, of course, that oo as one 
comes very close to the filamentary conductor. 

The form (21) lends itself readily to the direct evaluation of 
the magnetic flux density B. With the curl operation applied to 
both sides, it can be taken under the integral sign because all 
quantities are continuous, 

B = VxA = A/^Vx— 

47r J r 
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Now V means differentiation with respect to (x, y, z), whereas the 
integration variables are (x\ y\ z') and ds contains only the latter 
set. Thus 



.v(i)«ls = 


r 

4" dsx-o 


One thus obtains the generalized form of the law of Biot and Savart 



ds^r 


( 22 ) 


As with the vector potential, so also with the magnetic flux density: 
as one approaches the filament, B will become infinite. The 
expressions (21) and (22) can therefore be well used to find the 
field quantities at some distance from the conductors considered 
as filaments, but one cannot actually admit zero cross section. 

Flux Linkages. In a formal manner, one can get the total 
magnetic flux through a closed filament loop C produced by its 
own current with (12) as 


the line integral of the vector potential extended over the loop. 
For a filament of zero cross section this expression will have little 
value, since A —^ oo along the path of integration. If, on the 
other hand, one admits the finite cross section of the real conductor 
then the flux concept becomes indefinite, at least in the form given 
in (23). 

However, for a finite cross section or a current sheet one can 
compute the vector potential A according to (19) anywhere in 
space with finite values. If one now subdivides the current flow 
into filaments J dS as in Fig. 6*4 or A ds' as in Fig. 6*5 and com¬ 
putes for each one the flux according to (23), the integrals over the 
respective cross sections will then constitute the magnetic flux 
linkages A in the two cases 

where the inner integral remains a function of the location of the 
filaments within the conductors. The division by the respective 
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currents I and is necessary to restore proper dimension, since 
(24) really signifies an average value of the magnetic flux. 

In a similar manner, the flux of the vector B through the filament 
loop C can be used for the inner integral in (24), if B itself is the 
total flux density produced by the conductor of finite cross section. 
This requires return to the more general solution (19) for the vector 
potential and application of the curl operation to it. As done in 
the derivation of (22), one can take Vx under the integral sign and 
apply it to (1/r) only, since neither the vector densities J and K 
nor the elements dr and dS depend on the coordinates of the point 
of observation where B is evaluated. Thus, one has 



where, of course, r/r can be replaced by the unit vector in the 
direction of r. 

Magnetization. The characterization of a magnetic medium 
by the constant /i is satisfactory as long as no inquiry is made into 
the structural aspects of the medium that might be responsible 
for pt« To obtain a hypothetical concept of the nature of a mag¬ 
netic material, one can separate in the magnetic intensity H the 
contribution which can be thought of to exist in free space from 
that thought to be caused by the presence of the magnetic 
material. Unlike the electrostatic case, however, one has here 

H = -B-(---)b = -B-M (26) 

fto Vo M/ W 

in accordance with (21), where in most instances fi > /iq, but where 
occasionally < no (diamagnetic substances). Since B defines 
the directly observable force actions, it is H that logically carries 
the influence of the medium; M is designated the magnetization 
or magnetic polarization analogous to P, the electric polarization 
(see section 2). 

The effect of this separation upon the differential equation for 
the magnetostatic potential function JF in a uniform magnetic 
medium is obtained by taking the divergence of (26) and observing 
(5-8) 

div H = —div M 
so that from (4) one has at once 

= div M 


(27) 
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or the magnetization vector provides a source field for the magne¬ 
tostatic potential, much as div P provides for the electrostatic 
potential in (2-11). The magnetic material can therefore be 
interpreted as a fictitious distribution of volume density of mag¬ 
netism Pm! = —div M existing in free space. Since there is no 
observable free magnetic quantity, pm' can only mean a distribu¬ 
tion of very small dipoles (see section 13) which for small finite 
volume elements always represents zero total magnetism, but 
which produces locally very strong magnetic intensities. These 
dipoles are equivalent to very small current loops which are 
assumed to have random orientation when no external magnetic 
field is applied, so that over finite small volume elements also 
M = 0. The application of a static magnetic field causes succes¬ 
sive orientation^ of small domains of dipoles and appearance of 
M. Obviously, without first defining the underlying structure, 
M cannot be evaluated. 

If one considers, then, an isotropic magnetic material of volume 
r and constant p in free space and exposed to a magnetic field Bq, 
one can represent this material by the same volume r filled with 
fictitious magnetism of density pm' = —div M. The orientation 
of the dipoles caused by Bo will also leave on the surface of the 
volume T an extra field which appears to come from a fictitious 
surface density of magnetism <Tm^. This can be defined from the 
normal components of the magnetic intensity H in the same manner 
as the electrostatic field gradient E defines the fictitious surface 
charge of polarization, since the normal component of the gradient 
completely specifies the potential distribution as shown in (2*3a). 
From (26) one has, observing (7), 

Hn 2 Hni ~ {Mn 2 ^n\) ~ O’m (28) 

The total contribution to the resultant magnetostatic potential 
existing outside or inside the material is, therefore, in analogy to 
(2-13), 



Obviously, M must depend on Bo, the impressed field, so that (29) 
is only a formal solution in the general case. 

^ F. T. Bitter: Introduction to Ferromagnetism; McGraw-Hill, New York, 
1937; S. R. Williams: Magnetic Phenomena; McGraw-Hill, New York, 1931. 
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The separation (26) of the contributions to the magnetic intensity 
can be used also with the vector potential A from (12) and (19). 
Applying the curl operation Vx to (26), one has with (14) 

curl H = J = — VxB - VxM 

MO 

so that with (12) one obtains 

VxVxA = VxB = /ioj + Mo curl M (30) 

Comparison with (15) shows at once that the effect of the magnetic 
medium can be represented as an equivalent current density 
j' = curl M, distributed throughout the volume of the magnetic 
material. The interchange between pm', the volume density of 
magnetism in the magnetostatic potential field, and the current 
density in the vector potential field illustrates once more the 
ready conversion of the respective concepts. 

Considering as before an isotropic magnetic material of volume 
T and constant p in free space and exposed to a magnetic field Bq, 
one can represent this material by the same volume r filled with 
fictitious current flow of density j' = curl M. For a formal 
solution one can then use (19), in which pj is to be replaced by 
poj' as indicated by (30) and where pK must be replaced by the 
surface discontinuity of the tangential components of B in accord¬ 
ance with condition (10). From (26) one has 

Ht, -Hc, = - {Bt, - Bt,) - {Mt, - Mt,) 

MO 

= - {Bt, - Bt{) - K' 

Mo 

and since no real current sheet density exists, the left-hand side 
must be zero. This leads, therefore, to the fictitious current sheet 
density K' and thus to 



as the total contribution of the material to the resultant vector 
potential existing outside or inside the magnetic material. Again, 
J' and K' must depend on Bq, so that (31) can only represent a 
formal solution in the general case where the magnetic material 
can react upon the impressed field, Bq. If one can assume con- 
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stant magnetization M throughout the volume r, then (31) reduces 
to the surface integral; a magnetized cylinder can therefore be 
considered the equivalent of a thin cylindrical coil carrying current 
of sheet density K^ The direction of K' is such that from its 
vector tip the difference Mt^ — if positive, has counterclock¬ 
wise direction. 


7- ENERGY AND FORCES 
IN THE MAGNETOSTATIC FIELD 

Considering any system of steady current distributions, then the 
algebraic sum total of currents through a very large cross-sectional 
surface (plane or curved in space) can be zero or different from 
zero. In the first case, the system is called a complete system, and 
all the currents flow in closed loops and permit definitions of 
fluxes and energies in finite terms; the second case presumes as 
part of the system wires of infinite length with no return, a 
physically impossible arrangement which will not be considered 
further. 

As emphasized previously, only linear relationships between 
currents and magnetic fields will be considered here; in all the 
following relations, y will therefore be assumed independent of 
the current. The extension to the non-linear relationship in an 

elementary manner is readily 
possible and is given in 
Attwood"^^; however, the eval¬ 
uation of the non-linear field 
distributions is extremely diffi¬ 
cult. 

The Single Current Loop* 

The simplest complete current 
system is a single current loop 
of simple geometry and arbi¬ 
trary conductor cross section. 
Since current has to be sup¬ 
plied by a source, it is neces¬ 
sary to effect an arrangement which minimizes the magnetic field 
of the leads, as for example twisting of bifilar wires or a coaxial 
cable as indicated in Fig. 7*1 in simple line drawing. 

The magnetic flux linkages are given by either expression in 
(6*24) and are proportional to the loop current I because of the 



ized. 
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linear relation (6*21) between current and vector potential. The 
ratio 

I = L (1) 

is called the inductance of the loop and is a purely geometric 
characteristic of the magnetic field and its distribution. One can 
actually give an explicit integral form if he observes that in 
(6*24) the two successive integrations are performed in mutually 
perpendicular directions and can therefore be combined into a 
volume or a surface integral, respectively, over the conductor 

Since A is itself given as an integral over the same cross section by 
(6*19), one has 

Knowing the current distribution, one can therefore directly 
evaluate the inductance of the loop. 

This loop is capable of storing a magnetic field energy equal 
to the work required to build up the magnetic field. Assuming 
a small virtual displacement ds of the loop, and applying it first 
to one of its filaments exposed to a field B, one obtains with 
adaptation of (5*0) for the virtual work on this filament 

8W = (J dS)8^,^ or {K ds')b^^ 

where is the flux through the small area covered by the 
filament in its translation 8s. For the virtual work on the total 
loop one has to integrate over the conductor cross section and has 

8W = I8A (4) 

utilizing (6*24). If the magnetic field is produced by the current 
of the loop itself, then 6A can be produced only by a variation of 
the current with time so that one must introduce the induction 
law and account for the losses. The total magnetic field energy, 
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however, can be evaluated from (4), so that with (1), barring any 
deformation, 

= r IL SI = YzLP = a2 (5) 

t/z'=o 2 jl/ 

quite analogous to the electrostatic relations in (3*3). Again as 

there, all the quantities are in¬ 
tegral quantities and are amen¬ 
able to measurement. 

Two Current Loops. If 
two current loops with currents 
I\ and I 2 are in close proximity, 
magnetic flux of one will link 
with the other. Computed any¬ 
where in space, the expression 
for the resultant vector poten¬ 
tial A will contain one term de¬ 
pendent on /i and another de¬ 
pending on I 2 in accordance 
with the superposition principle 
of linear forms. The flux link¬ 
ages for the two loops \\ ill then 
be of the form 

Ai = Lili + L12/2 

A2 = L2/2 + L21/1 

One designates Li and L 2 as self¬ 
inductances of the two loops and 
Li 2 = L 21 = Af as their mutual 
inductance. These inductances 
are defined by (3) if one sets 
formally J = Ji + J 2 and identi¬ 
fies the resulting four terms as the appropriate self and mutual in¬ 
ductances. Li 2 and L 21 are identical because their definitions 
differ only by the interchange in the order of integration. To 
emphasize the partial linkage, one can rewrite the pair of relations 
(6) in the form 




Fig. 7*2 Resultant Magnetic Field 
of Two Current Loops. 


Ai = (Li - M)7i 4- M{h + h) 

Aa = (7/2 - iW)72 + A7(7i + h) 


( 7 ) 
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and define {Li — M) = (^2 — M) = 82 , as primary and 

secondary leakage inductance, respectively, considering the 
arrangement as the prototype of a two-winding transformer. 
M(Ii + I 2 ) = Am is then called the usefully linked flux, or main 
flux linkage. 

For the simple case of two circular loops. Fig. 7*2 might repre¬ 
sent a typical resultant field 
values Ii and / 2 . It is quite 
customary to take the field 
lines closing around only one 
conductor as representing the 
leakage flux lines of (7) and to 
take the lines passing through 
both loops as representing the 
main flux lines of (7). This 
interpretation is, however, in¬ 
correct,^ since the geometry of 
the field lines at every point de¬ 
pends on both currents simul¬ 
taneously, as does the vector 
potential; a few graphs would 
readily bear out that for differ¬ 
ent current ratios the resultant 
field distribution changes little 
whereas the flux contributions 
in (7) change rapidly. In 
order to restore correlation be¬ 
tween field distribution and the 
flux linkages according to (7), one must consider one current at a 
time, as for example 1 2 in Fig. 7*3, and relate it to the second 
equation of (7). 

The total magnetic field energy in the system is given by the 
sum of the two loop energies 

w„ = H/lAl + J^/2A2 = y2LiIi^ + Mhh -\-y2L2h^ (8) 

The center term is the mutual energy. Its value can be computed 
readily even if the loops degenerate into current filaments, since 

^ E. Weber, “What is Leakage?’^ Elektrot, und Masch., 48, p. 943 (1930); 
also E,T.Z., 61, pp. 1221 and 1267 (1930). 


distribution for assumed current 
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the contribution to the vector potential by one filament is, accord¬ 
ing to (6*21), 


Ai 


47r 



dsi 

r 


whereas the flux through the second filament is by (6*23) 



Aids2 == Mil 


(9) 


the integral being taken over the second filament. The self¬ 
energies can, however, be computed only for volume or surface 
distributions of currents. 

It should be noted that L\ and L 2 , the self-inductances, are 
quite independent of the presence of the other loop. This will be 
so in all cases where the current distribution is assumed to be 
known. 

System of Loops in Homogeneous Medium. The generali¬ 
zation from two loops to n loops is now readily made. The flux 
linkages for loop a will be 

n 

A-a = JL Lapip, a=l,2,--',n (10) 

fi=l 

and the total magnetic field energy becomes 

I^K = 5 i L L^&Iah (11) 

a quadratic function of the loop currents. Since La^ = there 
will be n(n + l)/2 different inductance values. 

The force or torque action in such a system caused by any 
change of a geometric element bi) (linear or angular displacement) 
can be calculated by the principle of virtual work. According to 
(4), the mechanical work hW can be expressed directly as the change 
of the magnetic field energy Ibk for a single filament. For fixed 
current values in the system (11), one has then for the mechanical 
action the positive rate of magnetic field energy 


dW naech 

drj 


, dWm 
drj 


= +2^ 
^ a=»l 


n 


E lah 


dr? 


( 12 ) 


whereas in the electrostatic case the negative rate of energy has 
to be taken as seen in (3*26). This is related to the fact that 
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currents of opposite sign repel each other, and that magnetic field 
energy has kinetic rather than potential character. 

Integral Forms of Magnetostatic Energy. The magnetic 
field energy for a finite system of loops of arbitrary individual 
cross sections in a homogeneous medium can be expressed either 
by (11) or, introducing the expressions (2) for the flux linkages, 
also as 

^”‘^1111 Iff 

where the integrals have to be extended over all the current loop 
volumes and current loop sheets of the system. The form of (13) 
can readily be compared with the analogous electrostatic energy 
expression (3*18), where scalar potential and scalar densities take 
the place of the corresponding vectors in (13). The vector poten¬ 
tial itself is obtained by (6*19), quite analogous to the expression 
for the scalar potential (2*5). 

By means of the vector analogue of Greenes theorem [Appendix 
3, (32)], one can transform (13) into a very simple volume integral. 
Let in the theorem V = W = A, the vector potential, and observe 

VxA = B, VxVxA = /ij 
and multiply by 1/2^; then it yields 

The surface integral is to be taken over the infinite sphere bound¬ 
ing the medium and all current loop sheets which represent 
internal boundary surfaces for the medium. The volume integrals 
are to be taken over all space within this very large sphere, whereby 
the second one will contribute only at places where J 0. 

Since, however, B —> 0 as 1/r^, and A —> 0 as 1/r, at very large 
distance from the finite loop system, the surface integral can be 
restricted to the current loop sheets. On these, A and Bn will be 
continuous, whereas Ht will have a discontinuity according to 
(6 10) of value K, the current sheet density; integrating over 
the surface of the sheet, therefore, only Ht will contribute 

jfjT (AxB)<iS -jfjfcA.K) dS 
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and by comparison with (13) one finds the alternative expression 
for the magnetic field energy 

to be taken over all space. This form again permits, according 
to Maxwell’s point of view, the interpretation as if the field 
energy were distributed through space with a local density • B, 
entirely determined by the field vectors. This expression can be 
shown to be valid for any magnetostatic system in which there 
are no permanent magnets. 

Stresses in the Magnetostatic Field. As in the electrostatic 
field, so here in the magnetostatic field Faraday’s visualization of 
force action as associated with the configuration of field lines was 
formulated by Maxwell, who introduced a stress per unit area of 
magnitude }/^HB in the direction of the field lines, and a pressure 
per unit area of the same magnitude perpendicular to the field 
lines upon a surface element parallel to the field lines. This 
imagined system of forces accounts for Ampere’s force law and 
permits evaluation of force actions on the boundary surfaces of 
different magnetic materials. Thus, the force normal to a bound¬ 
ary surface urging medium 1 towards medium 2 will be (without 
current sheet) the difference of the normal stresses plus the dif¬ 
ference of the normal pressures on the two sides of the boundary 
surface: 

/n = - ” ^2.^2,) 

Because of the continuity of Bn and Ht across the boundary, one 
can transform this into 

In — — -( ^ Bn^ + (mi 

^ \mi M2/ ^ 

= - (mi - M2)Hi • H 2 (16) 

These forms do not take into account the secondary effects of 
magnetostriction and do not apply strictly for ferromagnetic 
materials. A rather complete account of the more advanced 
theory is given in the references Livens^ and Stratton,^^^ 
Appendix 4. 
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PROBLEMS 

1. The barrier surface in Fig. 61 has a magnetostatic potential difference 
— 3^2 = / between its faces. Show that it can be interpreted, therefore, 

as a fictitious magnetic shell (magnetic double layer) of moment / = <r„i 6a 
per unit area, where <rm is the fictitious magnetic charge density and da the 
very small charge separation. Hint: refer to problem 6 of chapter 1 and use 
(6*4). 

2. Demonstrate the uniqueness theorem for the magnetostatic potential 
function of any number of current loops in free space, each loop furnished with 
an appropriate barrier surface. Hint: note the preceding problem and apply 
the method of problem 12 in chapter 1. 

3. Compute the magnetic field inside and outside a uniformly magnetized 
sphere of radius a. The magnetic field causing the magnetization M is 
homogeneous throughout space (assume free space), has the same direction 
as M, and has value Bq. Establish the equivalence with a uniform magnetic 
sphere in the homogeneous field Bq and find the equivalent relative permea¬ 
bility of the sphere in terms of M and Bq (see problem 4 in chapter 1). 

4. The measurement of the force action between the near ends of two long 
bar magnets leads to “Coulomb’s force law for magnetic poles.” Show that 
this law must have the form Fm — MOmiQm2/47rr2, where Qm are the magnetic 
quantities measuring the pole strengths, m the absolute permeability of the 
medium in which the measurement is made, ajid r the center distance of the 
magnetic poles. Hint: deduce the concept of “field strength” as in Coulomb’s 
law for electric charges and observe (5-4) as well as problem 1 above; see 
also magnetic dipole in section 13. 

5. Demonstrate that the formal solution (6-19) satisfies the condition 
(6-17) for finite distributions of J and K. 

6. Give the derivation of (6-25) from the formal solution (6-19) for the 
vector potential. 

7. In a region free of current flow and bounded by a closed surface the 
vector potentiiil is uniquely defined by its values on the boundary surface; 
demonstrate the uniqueness theorem for the vector potential. Hint: apply 
the vector analogue to Green’s theorem (Appendix 3) with P = Q = A — A^, 
where A and A' are two difTerent solutions each satisfying the differential 
equation VxVxA = 0 and the boundary condition. (Stratton,^p. 256.) 

8. Accepting a stress per unit area of magnitude in the direction 

of the magnetic field lines, show that two parallel like currents flowing in the 
same direction attract each other in accordance with Ampere’s law (5*1). 
Hint: utilize the symmetry of the field distribution. 

9. Accepting a pressure per unit area of magnitude J^ 2 H*B normal to the 
direction of the field lines, show that two parallel like currents flowing in 
opposite directions repel each other in accordance with Ampere’s law (5*1). 
Hint: utilize the symmetry of the field distribution. 

10. Given a fixed system of n conductor loops in a homogeneous and iso¬ 

tropic medium, assume that currents /« are flowing in the individual loop and 
that flux linkages Aa are measured. If then new currents are flowing, the 
corresponding flux linkages Aa are related by ^IcAa =“ (analogue 

(o) (a) 
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to Green’s reciprocation theorem; see problem 10 in chapter 1). Prove this 
relation; utilize (7*10). 

11. Find the expression for the torque exerted upon a single plane filament 
loop of current / in a uniform magnetic field Bo if the plane of the loop makes 
the angle d with the direction of Bq. Express the relation in vectorial form 
by introducing the magnetic moment of the equivalent magnetic shell. 

12. Find the general expressions for the force and the torque exerted upon 
a small circular filament loop of current / in a non-uniform magnetic field B. 
Using the concept of the equivalent magnetic shell, convert the expressions 
into vectorial form; compare with the analogous electric dipole problem in 
section 10. 

13. Find the force action between two identical filament loops of opposite 
current ±7, if they are placed parallel to each other at very small distance 
6a. Observe the direction of the force and compare with the analogous elec¬ 
trostatic problem of two charged conducting loops. 

14. Any filament loop of current I can be represented as a network of 
elementary filament loops, the contour of each of which carries the same current 
7. The force on each elementary loop of area dS is given by dF as found in 
problem 12. Demonstrate that the total force upon the actual loop can also 

be expressed by F = xB, where dl is the vector line element of the loop. 

(Smythe,A22 p 276.) 

15. On the basis of the experimentally confirmed force action (5-4) one 
can assume the force on any element 7 dl of a filament loop to be given by 
dF = 7 dlxB. Using this, demonstrate the validity of (7*4) for a finite current 
loop of finite cross section S. Hint: divide the current volume into filaments 
JdS, 

16. Formulate the general boundary conditions pertaining to the normal 
and tangential derivatives of the vector potential, excluding the pos.sibility 
of a magnetic shell in the boundary surface. 

17. Formulate the boundary condition for the magnetic vector potential 
if the boundary surface is a magnetic shell of moment mi per unit area. 

18. The magnetic forces act to increase the magnetic field energy as shown 
in (7*12), so that the latter is frequently interpreted as analogous to kinetic 
energy; considering it as potential energy, one must define it by U = —Wm> 
Show by means of Faraday’s law of induction V = —6<I>m/5i that the work 
done in a small actual (not virtual) displacement of a single filament loop, 
keeping the current 7 constant, is exactly compensated by the energy fur¬ 
nished by the supply voltage; the total work done on the circuit is thus zero. 
(Stratton,p. 119.) 

19. Show that a freely movable filament loop carrying current 7 will be 
in stable equilibrium in a magnetic field if the loop links the greatest possible 
magnetic flux. 

20. Given two filament loops carrying currents 7i and 72 in arbitrary rela¬ 
tive position and with individual supply voltages V i and V 2 . If the two loops 
attract each other and if the currents are kept constant, show that one half 
of the energy supplied by the sources is used for the mechanical work. Not® 
problem 18. (Smythe,^^^ p. 306.) 
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21. Find the vector potential and magnetic field produced by a plane 
current sheet of infinite extent with uniform parallel current flow of density K. 

22. Find the magnetic field in an infinite plane slab of magnetic material 
with permeability m 2 if on its two faces thin current sheets are applied carry¬ 
ing currents of densities ±K in opposite directions. Find the field outside 
the slab if the permeability there is m. 

23. Find the magnetic field far from a thin cylindrical bar magnetized 
uniformly parallel to its axis if the radius is a and the length 21 Define its 
magnetic moment and show the equivalence to a bar magnet. 

24. Demonstrate that for finite current distributions (7-4) can also be 
expressed as the volume integral of H*6B. Hint: use the first form of (7‘2) 
with fixed current value; observe (6*13) and Vx6A = 6B. 

25. Show that in ferromagnetic materials the hysteresis loss per cycle and 


per unit volume can be represented by the integral 



M*dB taken over 


one complete cycle of magnetization. 
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GENERAL FIELD ANALOGIES 


8- THE ELECTRIC CURRENT FIELD 


Chapter 1 has dealt with the electrostatic field in insulators 
(dielectrics). In conductors, the presence of a constant electric 
field causes a continuous migration of charges, usually electrons 
in metals, and ions in electrolytes. The flow rate of charges or 
the current 


I 


dt 


( 1 ) 


as measured through a stationary surface has the characteristics 
of the flow of an incompressible fluid, namely, that neither source 
nor sink can exist within the fluid itself. In terms of the density 
of the flow through unit area, designated by the vector J, incom¬ 
pressibility means 

jfjTjndS^O (2) 

or in accordance with Gauss’s theorem (see Appendix 3) 

div J = V*J = 0 (3) 

For stationary currents, Ohm’s law expresses the experimental 
fact that the potential difference ~ ^>2 (voltage) applied at the 
ends of a long conductor is proportional to the resulting current 
within the conductor, 

^1 — (|)2 = Fi2 = RI (4) 

with R defined as resistance. For long conductors (wires) of 

66 
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uniform cross section S, 
geometry, 


the resistance is simply related to the 



(5) 


where 7 is the uniform conductivity of the material and I the length 
of the conductor. This experimental fact can be translated into 




Fig. 8-1 Differential Form of Ohm's Law, 


a vector relationship by considering a volume element in an 
extended conductor of arbitrary shape. Referring to Fig. 8 * 1 , the 
elemental potential difference in the direction of current flow can 
be found by a Taylor series approximation as — [d^/dl) dl, the 
current of the element as J dSj and the resistance from (5) as 

-(dl/dS). Thus, (4) leads to 

y 



dl 

7 dS 


JdS 


( 6 ) 


or in general vector relation 

— grad 4> = —V^> = - J 
7 


(7) 


This can be readily verified by writing ( 6 ) for the three orthogonal 
directions of a coordinate system and taking the vector sum. 
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The negative gradient of the electric potential $ can be defined 
as the electric field strength E within conductors in the same manner 
as within dielectrics by (1*7), and one obtains 

J = tE ( 8 ) 

the differential form of Ohm^s law. Combining (7) with (3) 
yields, then, 

VJ = -V‘{yV^) = 0 

or also 

V^V7 + 7V^^ = 0 (9) 

the general differential equation for an inhomogeneous conductor, 
wherein the variation of y must be known. (Only the case of 
isotropic conductors is treated here.) 

For homogeneous media, y will be a constant and (9) reduces to 
Laplace^s equation 

VH = 0 (10) 

identical with (2*2) for the electrostatic field in homogeneous 
dielectrics. In a boundary value problem of the first kind with 
only two prescribed boundary potential values of a single medium 
(see section 2), the solution for the electric field strength E will 
be identical, therefore, whether this single medium be a dielectric 
or a conductor; in the first case, which is the ideal condenser of 
section 3, the electric vector E will be responsible for a dielectric 
flux density D = eE, whereas in the second case, it will be responsi¬ 
ble for a current density J = 7 E. The total dielectric flux 
between the two boundary potentials will be 

jQTd dS . .jOTe dS = C($1 - <J>2) 

whereas the total current flow for the conducting medium is 
ff J dS = yff E dS = I (*i - ^ 2 ) 

SO that for the same geometry one has 

CR = - (11) 

7 

Solving a condenser problem in electrostatics, one can immediately 
obtain the resistance between the same electrodes by application 
of ( 11 ). 
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The Boundary Conditions of the Electric Current Field. 

If several different conducting media are present, then it is neces¬ 
sary to solve the differential equation (10), or the more general 
form (9), for each individual conductor and to link these solutions 
by continuity conditions along the boundary surfaces. 



Fig. 8*2 Continuity of Current Flow across a Boundary Surface between 

Two Conductors. 


The basic condition (2), if applied to a small cylinder of height 
dh —> 0, as indicated in Fig. 8 ■ 2, leads at once to 



•n dS = «/n 2 d,S 2 — Jn\ dS\ = 0 


In the limit for vanishing dh 

J712 “ ( 12 ) 

which is one general boundary condition and states the con¬ 
tinuity of current flow across a boundary surface under stationary 
conditions. 

From the fact that the electric field strength is derived from 
the scalar potential ^ in the same manner as in electrostatics, one 
can deduce as in (2*8) 

Et^ = Et^ (13) 

the second general boundary condition. Et is the respective field 
component tangential to the boundary surface. 


70 General Field Analogies [Ch. 3 

The combination of the two conditions (12) and (13) leads to 

_ 72 Eti 
^712 7l ^n\ 

or 

Ti 

tan ai = — tan ot 2 (14) 

72 

if ai and a 2 designate, respectively, the angles of the field vectors 
with the normals to the boundary surface. Relation (14) is of 
particular value in graphical field plotting, defining the refraction 
of field lines. 

Dissipation into Heat. Since current is identified with the 
migration of charges, one can compute the work associated with 
current flow through a conductor. Moving a small charge dQ 
through the potential difference (4>i — ^> 2 ) requires the work 

dW = (4>i — ^ 2 ) dQ 

as indicated in (3-2). The time rate of work, or power, can be 
expressed with (1) as 

dW 

P = = Vi2l = RI^ (15) 

if one also utilizes Ohm’s law (4). This power must be expended 
to maintain the current flow through the conductor, and it appears 
as heat created by the ‘‘resistance” to the migration of the ele¬ 
mentary charges. The experimental proof was given by Joule, 
and (15) is usually called Joule's law. 

One can readily express (15) in terms of the characteristic field 
vectors if he applies this relation to the volume element shown in 
Fig. 8*1. With the resistance and current values as defined for 
(6), one has for the power loss in the volume element 

dP = {J dS)^ = - dr = E-J dr (16) 

y dS y 

and therefore for the total power dissipated in a conductor 

P=fffEJdr (17) 

which is valid for all media, even for non-isotropic media. This 
form permits the interpretation as if the dissipation would take 
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place with a volume density E * J, entirely determined by the field 
vectors E and J; the hypothetical nature of this interpretation 
has to be kept in mind, however. 

Concept of the Semiconductor or Semidielectric. Though 
for purposes of analysis it is convenient to admit only two classes 
of media, namely, ideal dielectrics and pure conductors, many 
materials exhibit a significant combination of both characteristics; 
such materials are then called semiconductors or semidielectrics, 
depending upon the characteristic one wishes to stress. 

The electric field distribution in semidielectrics is found by 
solving the Laplace differential equation for the potential <l> and 
satisfying all the boundary conditions. However, the field vector 
E now causes simultaneously electrostatic polarization and con¬ 
duction current, so that 

D = eE, J = tE (18) 

both apply. At the boundary surface of two semiconductors the 
conditions (12) and (13) have to be satisfied; the current flow 
must be continuous, since otherwise unlimited accumulation of 
charge would occur, contrary to the condition of stationary flow. 
Because of the existence of D, the respective boundary condition 
(2-7) 

Dni All = ^ (19) 

also must be satisfied, i.e., a surface charge density cr must appear 
of value 



obtained by combination of (18) and (12). Only if by chance 

i? = il 

72 7l 

will this surface charge disappear. 

9- OTHER PHYSICAL FIELDS 

The concept of a stationary field occurs in several other branches 
of physics and engineering, such as aerodynamics and hydrody¬ 
namics, conduction of heat, and gravitational theory.^ As far as 

^ E. Weber, ‘^Mapping of Fields,” Eledr, Eng,y 63, p. 1563 (1934). See 
also list of references in Appendix 4, C. 
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TABLE 

CORBESPONDENCE OP QUANTITIES 


Quantity 

Electrostatic Field 

Magnetostatic Field 

Potential function 

electrostatic potential 

y, magnetostatic poten¬ 
tial 

Potential difference 

<t>i — 4>2 ^ 

voltage (electromotive 
force) 

JFi - 72 

magnetomotive force 

Equipotential surface 

= cons (conductor 
surfaces) 

y = cons (usually iron 
surfaces) 

Potential gradient 

E = — grad$, electric 
field strength 

H = —grad JF, mag¬ 
netizing force 

Characteristic constant 
of medium 

e, absolute dielectric 
constant 

p, absolute permeability 

Associated field vector 

D = eE, dielectric flux 
density (displacement 
vector) 

B = pH, magnetic flux 
density (magnetic in¬ 
duction) 

Flux of the associated 

= j dSf dielectric 

= 1 Bn dS, magnetic 

vector 

flux 

J 

flux 

Total flux* 

^DndS = 0, electric 
charge within S 

fBndS^O 

Divergence of associated 
field vector 

div D = p, space charge 
density 

div B =s 0 

Basic differential equa¬ 
tion of the potential 
function 

= —p/e 

= 0 

Field transmittance 

C = -4>2) = 

^/F, capacitance 

- 72), 

permeance 


* Total flux is defined as the integral over a closed surface. 
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91 

IN Scalar Potential Fields 


Electric Current 
Field 

Stationary Tem¬ 
perature Field 

Fluid D 3 mainic 
Field 

Gravitational 

Field 

electric potential 

T, temperature 

velocity 

potential 

U, Newton^s po¬ 
tential (force 
function) 

4>i -*2 •‘J^Efds = 

Vf voltage (elec¬ 
tromotive 
force) 

- T 2 - 
^ Ut da, tem¬ 
perature dif¬ 
ference 

(^2 — 

», d», po- 

tential dif¬ 
ference 

po- 

tential dif¬ 
ference 

^ * cons (electrode 
surfaces) 

T = cons, 
isotherms 

^ = cons (equi- 
potential 
surfaces) 

U * cons 

E = —grad elec¬ 
tric field strength 

tJ sa —grad T, 
temperature 
gradient 

V =s 4 -grad 4>, 
velocity 

g » 4 -grad U, 
gravitational 
acceleration 

7 , electric conduc¬ 
tivity 

k, thermal con¬ 
ductivity 

p, mass density 
(incompressi¬ 
ble) 

7 — 1 /G, recip¬ 
rocal of gravi¬ 
tation constant 
0 

J = 7 E, current 
density 

J = fcU, heat 
power flow 
density 

F = pv, flow 
rate density 

^ “ Tg, gravita¬ 
tional mass 
vector 

I =Jjn dS, elec¬ 

0 

ii 

Q -jFndS, 

^ * J/n dS, flux 

tric current 

heat power 
flow 

flow rate 

of gravitational 
mass vector 

dS - 0 

-H, 

fPn dS - E. 

f/ndS- -4irM, 


heat power 
within 

efflux 

M masswithinS 

div J “ 0 

div J = space 
density of heat 
sources 

div F = e, space 
density of 
efflux 

div f « — 4tp, 
p mass density 

- 0 

<1 

to 

Ii 

1 

» 4-c/p 

« -4irGp 

G ~ //(4-1 - 4'2) - 
I/V, conductance 

G = Q/{Ti - Ti), 
thermal 
conductance 

G ^ Q/ (^2 — ^^i), 
hydraulic 
conductance 
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the phenomena admit the definition of scalar potential functions, 
their mathematical treatment is much alike; this makes it possible 
to deduce analogies and to translate solutions from any one field 
into any other field of applications. In this manner, though this 
book is primarily concerned with electric and magnetic fields, 
the solutions given can readily be interpreted for applications to 
other field problems. 

In order to assist in this translation, table 9 * 1 presents a survey 
of a number of branches of physics which admit of a unified 
mathematical treatment, utilizing the field concept. Each one of 
the branches of physics is characterized by a fundamental scalar 
satisfying the Poisson or Laplace differential equation, and a 
derived field vector which is defined as the (positive or negative) 
gradient of that scalar. As the table outlines in detail, there are 
additional analogous concepts for each branch, and the quantities 
in any one column can be considered entirely equivalent to the 
respective quantities (in the same line), for example, of the elec¬ 
trostatic field. It is necessary only to study in detail the solution 
of a problem in one branch in order to be able to predict for every 
other branch the similar solution with proper transposition of 
terms. 

The column of table 9*1 headed Electrostatic Field presents a 
summary of the relations discussed in section 2; the column 
headed Magnetostatic Field summarizes the relations discussed in 
section 6; and the column headed Electric Current Field sum¬ 
marizes the relations discussed in section 8. The relations 
presented in the other columns will now be briefly discussed in 
order to provide a better understanding of the terminology. 

Stationary Temperature Field. ^ Under stationary condi¬ 
tions, the flow of heat power is very similar to the stationary flow 
of electric current in conductors. Heat power will always flow 
from points of higher temperature to points of lower temperature; 
it can, therefore, be characterized by a vector density J which is 
measured in power per unit area. The vector J must, of course, 
point into the direction of greatest temperature fall; it is indeed 
proportional to the temperature gradient, 

J = grad T = —fc (VT) (1) 

^ See references in Appendix 4, C, b. For analogies to electrical problems 
see M. Avrami and V. Paschkis, Tram, A.LC.E.y 38, p. 631 (1942). 
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where k is the thermal conductivity of the conductor. Again, 
under stationary conditions, heat power can neither accumulate 
nor vanish locally (unless there are extraneous sources of heat). 
The flux integral of J over a closed surface must, therefore, be 
zero, and the vector J itself cannot have any divergence, 

divJ = V-J = 0 (2) 

Combination of (1) and (2) leads at once to the Laplacian differen¬ 
tial equation 

= 0 (3) 

pointing to temperature T as the scalar function analogous to the 
electrostatic potential <J>. A usual problem in heat conduction 
assumes certain metallic surfaces as isothermal, i.e., of constant 
temperature, and endeavors to find the total heat power flow from 
high temperature Ti to low temperature T 2 through the thermal 
insulation between the metals. This is a boundary value problem 
of the first kind, exactly like current flow between two equipoten- 
tial surfaces. If one defines the total power flow 

Q^ffjndS (4) 


through the cross section S, one can then evaluate a thermal rests-- 
tance 


Rih 



(5) 


and measure^ it in thermal ohms (actually °C/watt in the Giorgi 
system). The reciprocal quantity, thermal conductance,^ is 
included in tal)le 9 1. 

In many thermal problems relating to natural cooling of bodies 
by radiation, convection, and conduction of heat to the ambient 
medium, the boundary condition on the cooling surface defines the 
heat transfer to the ambient in terms of Newton's condition 





= at{Ti - Ta) 


( 6 ) 


® C. Hering, Metal, and Chem. Engg.y 9, p. 13 (1911); Electrical Engineers* 
Handbook J Electric Power, oditcd by II. Pender, W. A. Del Mar, and K. 
Mcllwain, p. 14-193; John Wiley, New York, 1936. 

^ More generally used and measured in watt/°C or Btu/°F; see W. H. 
McAdams: Heat Transmission: McGraw-Hill, New York, 1942. 
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Here, Ti is the temperature and {dT/dn)i its normal derivative 
on the boundary surface but within the cooling body; Ta is the 
ambient temperature (assumed constant); and at is the heat 
transfer coefficient. Since Ta is constant, one can introduce the 
temperature rise above ambient 

e^T -Ta (7) 

as main variable, rather than the absolute temperature values. 
This changes (3) to 

VH = 0 ( 8 ) 

with the boundary condition on the cooling surface 

This type of problem, usually referred to as a boundary value prob¬ 
lem of the third kindj has no analogue in the electric or magnetic 
fields; therefore, no direct solutions will be given here. 

Finally, there are thermal problems, of considerable importance 
for electrical design, in which distributed heat sources occur. 
The computation of the temperature rise of electrical conductors 
which carry current belongs in this group. Here, the flow vector 
J has as source the Joule heat h created by the electric current 
in unit volume; thus, 

div J = V-J = (10) 

and the combination with (1) leads now to 

-J. (11) 

rC 

a Poisson differential equation of the same type as the electrostatic 
space charge equation (2 *4). 

Fluid Dynamic Fields.^ The flow of incompressible fluids and 
gases without internal friction is, in first approximation, again 
very similar to the electric current flow. (Historically, the laws 
of electric current flow were patterned after the relations of fluid 
flow.) 

The flow density through unit area is defined at any point in 
space as the product of mass density p and velocity v of the fluid 

F = pv (12) 

® See references in Appendix 4, C, c. 
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For an incompressible fluid with no sources or sinks, the total 
flux through a closed surface must vanish, i.e., the vector F cannot 
have a divergence 

divF = VF = 0 (13) 

This relation becomes in Cartesian coordinates 

& Q B 

— (P»*) + — {pVy) + — (pl>*) = 0 

dx dy dz 

and is the well-known equation of continuity. If the fluid is 
also homogeneous, so that p is everywhere the same, one has from 
(13) 

div V = V*v = 0 (14) 

In irrotational flow, defined by 

curl V = Vxv = 0 (15) 

one can introduce a scalar potential function. It is customary to 
define a velocity potential 4>, such that velocity becomes the positive 
gradient 

V = +grad 4> = +V^ (16) 

and to consider the flow density vector F as an associated vector. 
The combination of (13) with (16) leads then at once to the Laplace 
differential equation for the velocity potential 

= 0 (17) 

For fluid flows bounded by solid guides, the boundary conditions 
are quite analogous to those of the electric current flow, namely, 
the normal component of F must vanish on the walls. The lines 
to which the velocity vector v is everywhere tangential are called 
stream lines; they form with respect to the equipotential surfaces 
an orthogonal system of gradient lines. 

If sources or sinks are included in the field region, then the total 
flux of vector F through a closed surface inclosing a source becomes 
the efflux E 

^TdS = E (18) 

and locally the divergence of F will not vanish. As in the electro- 
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static case, the potential equation then becomes the Poisson type 

v24> = + - (19) 

P 

where e is the volume density of the efflux E. Usually, one assumes 
point or line sources, introducing them as singularities in the same 
manner as point charges and line charges in electrostatics. 

Incompressible fluid motion can also include rotation about an 
axis or about a solid bod 3 \ In this case, curl v is still zero at 
every point, but the line integral of the vector v inclosing the axis 
of rotation is obviously not zero. This is exactly analogous to 
the magnetic field of line currents treated in section 0. As indicated 
there, one can salvage the concept of the scalar potential function 
by appropriately defining barrier surfaces as double layers of 
sources and sinks; no path of integration can penetrate this layer. 
One will proceed in a similar manner in fluid dynamics, defining 
the circulating flow also as vortex flow. General solutions in fluid 
dynamics consist, therefore, of a superposition of electrostatic and 
magnetostatic field solutions. 

Gravitational Fields.® The basic theory of electrostatic and 
magnetostatic phenomena was developed by Gauss in analogy to 
the gravitational theory,^ since all three rested upon force actions 
varying as the inverse square of the distance. One usually writes 
the attractive force between two masses rni and m 2 


F = 


G 


mi m2 


( 20 ) 


where G is the universal gravitational constant, of value 6.604 X 
m^/kg sec^ in the MKS system of units. Similarly to the 
point charge in electrostatics (section 1), one can let ni 2 be a probe 
mass of vanishing dimensions and deduce a field strength g, or the 
gravitational acceleration, as 


g = lim — = —G 

m2— +0 ^^2 


mi 


( 21 ) 


g is quite analogous to field strength E in (1*3), except for the 


® See references in Appendix 4, C, d. 

^K. F. Gauss: “General Theorem.** Concerning Attractive and Repulsive 
Forces Varying as the Inverse Square of the Distance” (original title in Latin), 
1826; see Collected Works. 
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negative sign in direction, which is occasioned by the fact that all 
masses have the same sign and attract, whereas like charges repel 
each other. The vector g defines the force lines as everywhere 
tangential to g, giving thus a direct visualization of the gravitational 
force field. 

As for any conservative force, the line integral of F over a closed 
path must vanish, which infers the existence of a scalar potential 
function U such that 


g = +grad U = +V?7 (22) 

Now, for a single mass point nii with its radial force lines, one can 
form the flux of g through a concentric spherical surface, and one 
obtains with (21) 

fgn-dS=-G4Trmi (23) 

It is customary to absorb the universal factor G in the associated 
vector 

f = |g (24) 

and thus obtain generally for the flux of this new vector 

(IS = —AttM (25) 

where M is the total mass within the closed reducible surface of 
integration. By Gauss’s theorem one can deduce from (25) 

div f = y-f = — 47rp (26) 

if p is the mass density of any arbitrary spatial distribution. This 
relation is again quite analogous to (1 • 12), except for the negative 
sign. 

The combination of (22) with (24) and (26) leads to 

V“C/ = -4irGp (27) 

the Poisson equation of the gravitational potential function valid 
within regions occupied by distributed mass. Outside of masses, 
(27) reduces, of course, to the Laplacian differential equation. 
Electrostatic problems can, therefore, very readily be interpreted 
as gravitational problems and vice versa. 
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1 . The electric resistance of a volume element is frequently written in the 
form dR «» dl/y dS. Why should this form be deprecated? How must it 
be interpreted and used in order to yield correct results? 

2. Prove that the electric current density in a given conductor distributes 
itself so that the joule loss or dissipation into heat is a minimum. Hint: 
assume two sets of current densities J = yE, j' = 7 E', both satisfying the 
condition of zero divergence to prevent accumulation of charge; the first set 
satisfies additionally E ^ —grad <t>. (See also Smythe, p. 228.) 

3. Since the electric current field can be derived from a Laplacian potential 
function, the uniqueness of the potential solution can be demonstrated in the 
same manner as in electrostatics. Formulate the theorem corresponding to 
problem 12 in chapter 1 for a conductor and prove it. 

4. Formulate the uniqueness theorem for a conductor corresponding to the 
analogous theorem for a dielectric defined in problem 14 in chapter 1 and prove 
it. 

5 . If one defines conductance G as the inverse of resistance Ry ( 8 * 11 ) can 
be written (C/e) = (C/ 7 ). Introduce and define conductance coefficients 
for a system of perfectly conducting electrodes within a homogeneous iso¬ 
tropic medium of conductivity 7 in analogy to the capacitance coefficients 
defined in (3*7); show how they can be determined by simple measurements. 

6 . Derive a lumped resistance analogue to an electrostatic problem of n 
conductors embedded in a uniform dielectric; note the preceding problem. 

7. Derive the analogue to Green’s reciprocation theorem in problem 10, 
chapter 1 , for a system of perfectly conducting electrodes within a homo¬ 
geneous and isotropic medium of conductivity 7 . 

8 . The integral expression (8*17) for dissipated power in a conductor of 
arbitrary shape is analogous to (3*20) for the electrostatic field energy. 
Convert it into the form P = PR by means of Green’s theorem, Appendix 3. 

9. Demonstrate that any assumed current distribution for a fixed total 
current in a conductor leads to a higher resistance than the current distri¬ 
bution that follows from the solution of Laplace’s equation (8-10). 

10. Demonstrate that the introduction of a perfectly conducting element of 
volume TO into a conductor of conductivity 7 decreases the resistance. Hint : 
assume two sets J = 7 E and = 7 E^ derived from complete solutions of 
the respective Laplacian differential equations, the first set giving for the 
original volume t, the second set giving for the volume (r — ro); note the 
similarity to problem 20 in chapter 1 . 

11 . Since the temperature field in a region without sources is a solution of 
the Laplacian differential equation, its uniqueness can be demonstrated in 
the same manner as in electrostatics. Formulate the theorem corresponding 
to problem 12 in chapter 1 for a finite regular region r in a uniform thermal 
medium and prove it. 

12. Formulate the uniqueness theorem for the temperature field in a thermal 
medium corresponding to the analogous theorem for a dielectric defined in 
problem 14 of chapter 1 and prove it. 

13. The heat exchange by conduction in a single thermal medium between 
several sources, each of different uniform surface temperature Tat can be rep- 
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resented by thermal conductance coefficients in analogy to the capacitance 
coefficients defined in (3*7); introduce and define these coefficients and show 
how they can be determined by simple measurements. 

14. Derive a lumped resistance analogue to the thermal system described 
in the preceding problem. 

15. Extend the proof in problem 12 to a finite number of finite heat sources, 
each with a different uniform fixed temperature Ta along its surface, embedded 
in a homogeneous and isotropic thermal medium of infinite extent in which no 
generation of heat takes place. 

16. Extend the proof in problem 15 to a fijiite number of finite heat sources 
embedded in several different thermal media in which no generation of heat 
takes place; consider the boundary conditions at all interfaces of the thermal 
media as the analogues to (8-12) and (8*13). 

17. Since the velocity potential in a region without sources is a solution of 
the Laplacian differential equation, its uniqueness can be demonstrated in 
the same manner as in electrostatics. Formulate the theorem corresponding 
to problem 13 in chapter 1 for a finite regular region r in an incompressible 
fluid and prove it. 

18. The flow of an incompressible fluid between several sources and sinks 
of different but individually constant values of velocity potentials can be 
represented by hydraulic conductance coefficients in analogy to the capaci¬ 
tance coefficients defined in (3*7); introduce and define these coefficients; 
derive the analogue in terms of lumped electrical resistances. 

19. Formulate the uniqueness theorem for the flow pattern of an incompres¬ 
sible fluid corresponding to the analogous theorem for a dielectric defined in 
problem 14 of chapter 1, and prove it. 

20. Find the gravitational potential distribution everywhere in space pro¬ 
duced by a sphere of uniform mass density p and of radius a. 

21. Find the gravitational potential distribution everywhere in space pro¬ 
duced by a sphere of total mass M of radius a, and with a density p(r) which 
is only a function of the radial distance. Demonstrate that the potential 
external to the sphere is the same as if the mass M were concentrated at the 
center of the sphere (point mass). Check the analogous results for electric 
charges. 

22. Derive for the gravitational potential the integral expression analogous 
to (2*5) for the electrostatic field. Demonstrate the validity by means of 
Green’s theorem from Appendix 3; observe the analogous problems 2 and 3 in 
chapter 1. 

23. Find the gravitational potential distribution ever 3 rwhere in space pro¬ 
duced by a sphere of radius a which is composed of two hemispheres of dif¬ 
ferent mass densities p\ and P 2 . 

24. Deduce the general boundary conditions for the vector f of the gravita¬ 
tional field defined by (9*24) and (9*26). 



4 - FIELDS OF SIMPLE GEOMETRIES 


Many of the very simple field solutions are also given in the 
elementary textbooks and treatises. For the sake of completeness, 
mention will be made of these simple cases with references to the 
appropriate literature. 


10- SYSTEMS OF POINT CHARGES 


The single point charge produces radial field lines with a field 
vector 


E 


4x6 ^ 


( 1 ) 


as originally deduced from Coulomb^s law in section L Of course, 
both this field vector and the associated potential 



4x5 r 


( 2 ) 


take on infinite values as r 0 so that strictly no physical reality 
can be attached to this concept of “point charge.” However, the 
vanishing dimension eliminates the problem of charge distribution 
and thus makes readily possible the evaluation of field distributions 
for systems of point charges by direct superposition of the indi¬ 
vidual contributions. 

Two Point Charges. Assume two point charges of values Qi 
and Q 2 ; the resultant field vector is the vector sum 


E 


47re 


Vi rz'' / 


(3) 


where Ti and fz are the radius vectors from the respective charges 
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to the point of observation P. Since the field distribution must 
be symmetrical about the line connecting the charges, it is con¬ 
venient to choose a cylindrical coordinate system as in Fig, 10 •! 



with its 2 -axis through the charges and with p = as 

the perpendicular distance from it. 

The field lines are then defined in accordance with (1*5) by 


The radius vectors are 


dz _ dp 


ri = u ^(2 + c) + Upp, r 2 = u ^(2 - c) + Upp 


(4) 

(5) 


with Viz and Up as unit vectors in the respective directions. Intro¬ 
ducing (3) into (4) and omitting the factor l/47rs since it cancels 
out yield 


dz 


dp 


^ Z + C — c 

—T" + <32 

Ti l2 


Qi + Q2 

ri r2^ 


Crosswise multiplication and collection of terms with the same 
in the denominator lead to 

^[pdz - {z + c) dp] + ^[pdz - (z - c) dp] = 0 (6) 

r-i r2 


d 



= \ [pdz — (z ± c) dp] 
P 


But 
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so that (6) becomes also 

which, when multiplied by p, is the complete differential of 
2 4- c z c 

Oi—+ 02- ==k (8) 

r2 

the integral of the field lines. Choice of the constant k leads to 
the individual field lines. For the actual evaluation of the field 
lines, this can be changed to a more convenient form by observing 
that cos Bi = (z + c)/ri and cos 62 = (2 — c)/r 2 , so that (8) 
becomes 

Qi cos + Q 2 cos 62 — k (9) 

Starting with a particular point P in the 2-p-plane, one can 
measure the angles Bi and B 2 and thus determine /c; one can then 
follow the field line through P by choosing different values of Bi 
and by computing the necessary angles B 2 from (9) for the specific 
k. Intersection of the radius vectors will give the successive points 
of the field line. 

The equipotential lines in the 2 -p-pIane are directly given by 



Assuming a specific value of the potential ^ and choosing a dis¬ 
tance ri, one can compute the necessary distance r 2 as 


r2 = 


_O2_ 

47re<I> — Qi/ri 


( 11 ) 


Thus, individual points along the equipotential line can readily 
be constructed. Obviously, the family of the equipotential lines 
and that of the field lines must be mutually orthogonal at all 
points, which usually is a welcome check. 

Good graphs of equipotential and field lines for Qi = — Q 2 and 
Qi = +Q 2 i respectively, can be found in Attwood,^^ Figs. 1*22 
to 1-24; in Jeans,^^^ Figs. 17 and 15, 16; in Harnwell,^® Figs. 
1 *23 and 1*22; in Ramsaypp. 36 and 37; and in Smythe,^^^ 
Figs. l-08a and 108b. In both charge arrangements, there is 
also symmetry about the plane 2 = 0 of Fig. 10-1. For like 
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charges, the equipotential surfaces close to the charges are almost 
spheres, become pear-shaped, merge into an hour-glass shape, and 
finally approximate spheres again but with centers at 0, as the 
values $ decrease in (10). For opposite charges, the equipotential 
surfaces close to the charges are also almost spheres, then become 
pear-shaped but with the pointed sections outward; the plane 
perpendicular to and bisecting the center line is also an equi¬ 
potential surface. 

One finds also graphs of charge arrangements Qi = — 4 Q 2 In 
Jeans,Figs. 19, 20; in MaxweU^^^ as an excellent plate at the 
end of the book; and in Ramsay,p. 38; of Qi = 2 Q 2 and Qi = 
— 2 Q 2 In Attwood,^^ Figs. 1*25 and 1-27, respectively; and of 
Qi = 4-4^2 again as an excellent plate in Maxwell.^^^ In all 
cases of unequal charge values, one finds a singular point on the 
axis at which the electric field E vanishes, or, since along the axis 
only Ez can exist, where Ez = 0. For a point P', Fig. lO’l, 

ri = c + z\ |r2| ^ c - J 

and, therefore, at this point, using (3) and (5), 

(C + z'f ~ (C - z'f 

For Ez = 0 one can solve the quadratic form and obtain 

z' — (17 T — 1 ) c (13) 

with the definition 

jj = ^ for like charges 

Qi ~ V2 

^ ^ for opposite chaises 

Qi + Q2 

The upper sign in (13) holds for like charges where z' < c, whereas 
the lower sign holds for opposite charges where z' > c; in the 
case |Qi| < IQ 2 I one can use the same definitions of 17 but must 
reverse the signs of the square root in (13). At the singular 
points, no force action can take place on a probe charge located 
there; however, it is easily showm, as in Jeans,'*’” that these are 
points of unstable equilibrium, no stable equilibrium being pos¬ 
sible in a purely electrostatic force field (Eamshaw’s theorem, see 


iQil > IQ 2 I (14) 
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Smythe^^^). Actually, for two positive charges the field vector 
along the axis points from both directions towards the singular 
point, whereas perpendicular to the axis it points radially out; 
for two negative point charges just the reverse is true. For two 
opposite charges, the singular point always occurs on the side of 
the smaller charge; if this is the positive one, then the field vector 
behaves as in the case of two positive charges; if it is the negative 
one, then the field vector behaves as in the case of two negative 
charges. From this, one deduces that the potential must have a 
saddle point. This means that the potential goes through a mini¬ 
mum along the axis if the field vectors there point towards the singu¬ 
lar point, and simultaneously it goes through a maximum in the 
direction normal to the axis. The reverse is true if the field vectors 
along the axis point away from the singular point. 

Conducting Planes and Point Charges. The field distribu¬ 
tion of two point charges of equal magnitude and opposite sign, 
as pointed out above, includes the plane of symmetry between the 
point charges as an equipotential surface. Conversely, then, one 
concludes that the field between a conducting plane and a point 
charge must be the same as between two equal point charges of 
opposite sign separated by double the distance between plane and 
given point charge; the generalized utilization of such analogies 
is called the method of images^ and will be more extensively treated 
in section 21. For the particular case of a conducting plane, Fig. 
10-2 indicates the field distribution in front of the conducting 
plane as one half of the field between the given charge +Q and 
the image •—Q. The potential distribution in the right-hand half 
space is given by 



where is an arbitrary constant available to adjust the absolute 
potential of the conducting plane. Along the plane 2 = 0, the 
field vector has the value 


E 


47re 


(16) 


The negative sign defines the direction into the conducting plane, 

^ W. Thomson: Papers on Electrostatics and Magnetism^ p. 73; Macmillan, 
London, 1872; first published in Cambridge and Dublin Math, JLj 1848. 
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and where p is the normal distance from the 25-axis. 

The induced charge density on the plane is given by 


(T — Dz/x^O 


2irr^ 


(17) 


and the integral over the entire plane 2 = 0 is readily shown to be 
—-Q. Rather complete treatment of this and similar uses dis- 



Fig. 10*2 Conducting Plane and Point Charge. 


cussed below is found in Bennett and Crothers,-^^ p. 184; in 
Jeans,p. 185; in Mason and Weaver,pp. 109-112; in 
Maxwell,Vol. I, p. 252, etc.; and in Ramsay,^^^ p. 116, etc. 

The force action on the given charge Q caused by its own induc¬ 
ing action upon the conducting plane can readily be computed as 
the force between it and its image. 


F == 


1 

4we {2h)^ 


(18) 


It is this force action which has to be overcome in the emission of 
electrons (where signs are just reversed) from metal surfaces by 
either thermionic or field forces; it was first introduced as image 
force by W. Schottky^ in the computation of the work function 

® W. Schottky, Zeits. f. Physik, 14, p. 63 (1923); see also A. L. Reimann: 
Thermionic Emission; John Wiley, New York, 1934. 


88 


Fields of Simple Geometries 


[Ch. 4 


of electrons. Obviously, this image force can have significance 
only for distances from the metal surface, for which it appears 
approximately like a mathematical plane. 

The extension to a point charge in a metallic corner as shown 
in Fig. 10 *3 is straightforward. In order to make the intersecting 



Fig, 10-3 Point Charge and Two Intersecting Conducting Planes. 


planes A and B of the same potential, it is necessary to place three 
image charges as indicated. The resultant potential at a point P 
will then be 


47 re \r r r 


---) 


+ % 


(19) 


Obviously, the induced charge distribution will have two maxima, 
one on each plane almost opposite the location of Q and slightly 
shifted away from the corner. The total charges on planes A 
and B are, respectively, 

2 (7 2 

Qa = - Q tan""^ 7 > Qb =- Q tan~^ - (20) 

T n Q 

and the sum total is again — Q. The force action, too, can be 
found by superposition of all three image forces. Actually, this 
example is only a special case of the more general one of two metal¬ 
lic planes intersecting at an angle ir/n, where n be any arbitrary 
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integer; the number of image charges is then ( 2 n — 1 ), sym¬ 
metrically located along the circle through the given charge. If 
n is not an integer, an infinite number of images results (see section 
26). 

Sphere and Point Charge. The equipotential surfaces of two 
point charges with opposite signs always include one sphere sur¬ 
rounding the smaller charge. 

This can be seen from (10) and 
Fig. 10 T if one takes <I> = 0, 
yielding 

Q2 
Qi 




( 21 ) 



which defines a spherical sur¬ 
face. Referring to Fig. 10*4, 

then, one can readily determine the radius R by selecting points P' 
and P" for which, respectively, 


A 2 Y R — a ^ + « 

\7j ^ b-R' \7) ” bTR 


( 22 ) 


Equating these expressions gives for the sphere 

< 23 ) 

One can solve for the location and radius of the sphere also directly 
in terms of the charge ratio a and the distance 2 c between the 
charges, 

c^2 2 

a = 2c “ 3 . 6 = 2c-- 2 ’ ^ = 2c ■ “ ^ (24) 

1 — a 1 — a 1 — a 


wherefrom a < &, if a < 1 , i.e., the sphere surrounds the smaller 
charge. 

Reversing the process, one can define the field distribution 
between a grounded sphere of radius R and a point charge Qi as 
described by the field between two point charges of values Q 2 
and Qi, where Q 2 as the image of Qi wdth respect to the surface of 
the sphere, has the value 

C2= -foi 


(25) 
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and is located on the axis at a = 'B?jh from the center of the 
sphere towards Qi. Figure 10*5 thus illustrates the field distribu¬ 
tion for a charge +Q located at a distance equal to the radius R 
from the surface of the sphere; in this case, the image charge is 
— according to (25) and is located at a = 72/2 to the left of 
C, the center of the sphere. The singular point of vanishing field 
strength is located at 2' = (3 + V8)c in accordance with (13) 



Fig. 10-5 Field Lines between Point Charge and Sphere for h = 272. 

and (14), whereby 2c = 6 — a = %R is the distance between the 
given point charge and its image. Good treatments of this and 
similar problems are found in Attwood,^^ pp. 153-156; in Jeans, 
p. 189; in Mason and Weaver,^^® p. 112; in Maxwell,^^^ Vol. I, 
p. 245; in Ramsay,p. 117; in Smythe,^^^ p. 114; and in 
Stratton,^^^ p. 201. 

From the resultant potential distribution 



obtained by combining (25) and (10), one can also obtain the 
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charge distribution on the surface of the sphere, expressed in terms 
of the angle 6 


a eE = 


Q 

47 r * R(b^ + R^ + 2Rb cos 6 )^ 


(27) 


Integrated over the sphere, this gives exactly Q2 = {R/b)Q in 
accordance with (25). Maximum and minimum charge densities 
are found for 0 = tt and 0 = 0, respectively, and their ratio 
becomes 


^rnax 

^niin 



(28) 


Even for b = lOi?, this will still be (11/9)^ = 1.82, indicating the 
strong local field concentration caused by point charges in three- 
dimensional geometries. 

If the sphere is not grounded, but carries an arbitrary charge 
Q' with a corresponding potential value different from zero, one 
can use direct superposition of the radial field of another point 

charge Q'' = («' +!«> ) located at the center of sphere. The 

total potential anj^-where in space will then be the combination 
of (26) and of the potential produced by Q", namely, 


= 


47r6 \ri 





) 


1 

r 


(29) 


where Qi is the value of the external point charge, ri and r2 are 
as indicated in Fig. 10 *4, and r is the distance from the center of 
the sphere. On the surface of the sphere, this gives now the poten¬ 
tial 



which, of course, could be prescribed instead of the charge Q^ 
The charge density on the surface of the sphere is the superposition 
of (27) and of the uniform density Q'^/AttR^ produced by 
For the special case that the sphere is insulated, its charge must 
remain zero, Q' = 0, so that Q" = iR/b)Qi. The surface charge 
is partly negative—opposite the positive point charge Qi —and 
partly positive.^ One can readily find the angle Sq which separates 
* See Attwood,-^^ p. 154, and Ramsay,p. 117. 
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these two zones, by putting the resultant charge density equal to 
zero, resulting in 

cos ^ {1 + - (1 — a^)^} (31) 


with a = \fafb = Rjh from (23). For small values of a, the 
binomial expansion of the second term yields the very simple form 
cos do = — or Sq ~ 94°13'. As the point charge recedes, the 
angle do defining the neutral zone approaches 90°. 

The Electric Dipole. If two equal charges of opposite sign 
approach each other indefinitely without merging, then Vi and r2 
in Fig. 10*1 can be closely approximated by the radius vector 
from the center 0 and, with reference to Fig. 10 *6, 


111 1 Z cos d 

ri r 2 r — 1/2 cos d r + 1/2 cos d 


(32) 


Thus, the potential function (10) becomes 


Q I cos 0 _ 1 1 

4irs 47r6 ^ 


(33) 


if one defines 


p = Ql 


(34) 


as the dipole moment, a vector pointing out of the positive charge 
along the axis of the dipole. The field vector E follows in the 
spherical coordinate system from (33) directly as [Appendix 3, 
(38)] 


Er 


__ p 2 cos d 
dr 4:7re 


F - 


p sin d 
Atte 


(35) 


Unlike a point charge, the dipole has an almost entirely local 
influence, its field lines concentrate between the two charges, and 
the field vector E decreases with the third power of the distance. 
Figure 10*6 indicates also the field distribution, where the field 
lines are defined by 

dr r dd 

Er ~ Ee 

which, upon integration, gives 

r = k sin^ 6 


(36) 
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where k is an arbitrary constant defining any individual field line. 
The equipotential surfaces are, from (33), 


I 11 

' \ \ \ V 



K'^/ \\if 


/ I I 

ry 


Fia. 10-6 Field Distribution of an Electric Dipole. Solid lines = field 
lines; dashed lines = equipotential lines. 


Choosing a set of values for 6, one thus computes the set of r- 
values defining the locus points for any constant value of f>. 

In a uniform electric field Eq, the dipole does not experience a 
resultant force; however, a torque 

T = pxEo (38) 

will be exerted, trying to align the dipole moment p with the 
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electric field line through its center. This property is utilized in 
the visualization of electric field lines by means of small crystallic 
needles (see section 16). In a non-uniform field, there will also 
be a resultant force action of value 

F = (p*V)E (39) 

since only the vectorial difference of the field vector E at the ends 
of the dipole can contribute. 

Good treatments of the electric dipole are given in Harnwell,"^^ 
p. 60; in Jeans,p. 51; in Mason and Weaver,p. 18; in 
Smythe,-^^^ pp. 6-10; and in Stratton,^^^ p. 175. 



Fig. 10’7 Several Collinear Point Charges. 


Several Point Charges. If several point charges are arranged 
along a line, or collinearhy, the field will be symmetrical about the 
line as axis. The resultant potential 4> and field vector E are 
readily found by superposition 


# = — E — ’ 

iirs („) r„ 


E = — y — t 


The general evaluation of field lines is readily possible in the same 
manner as for two point charges. Following (4) with the two 
components of E taken from (40) as sums (see also Fig. 10*7), 
one can deduce a relation like (6) by again collecting terms with 
the same namely. 



(41) 



95 


Sec. 10] Several Point Charges 

Integration yields then 

Qa cos da = k (42) 

(a) 

the equation of the field lines. The practical use of this equation 
is, however, rather limited, so that field distributions are actually 
found by graphical means; see for example Attwood'^^ for (+Q, 
-HQ)y Fig. 1 *26, and for (+Q, -Q, +Q, -Q), Fig. 1 -28. 
At large distances, the potential function of these collinear point 
charges can be expressed in terms of the quantities r, the coordi¬ 
nates of the point P with respect to the arbitrary origin 0. One 
has, for large values r, approximately 

= r j^l — 2 ^ cos 0 J ~ ^ ^ 

so that (40) becomes 

4> ~+ —cosA (44) 

47 rer („> \ r / 


If one now chooses the origin 0 so that with respect to it QaZa = 

(a) 

0 , i.e., so that it is identical with the center of gravity of the point 
charges, then the potential can be simplified to 


4) == 


1 

47rer 


ZQa 

(«) 


(45) 


Thus, at large distances, the potential of the collinear charges can 
be found as that of a single point charge equal to the sum total 
of all charges Qa, and located at the center of gravity which can 
be determined in the conventional manner with respect to an 
arbitrary origin by 


2^, 


HZaGa 

M _ 

ZQa 

(a) 


(46) 


where the Za are measured from the origin with proper algebraic 
sign. If the Qa = 0, then no center of gravity exists; one can, 
(«) 

however, find the two centers of gravity, one for all positive charges 
and the other for all negative charges and show that equal and 
opposite point charges located at the respective 
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centers of gravity, represent a dipole which approximates the 
actual field at large distances. 

For any arbitrary complex of point charges, (40) will still hold, 
but no general solution of field lines can be given. An excellent 
graph of three charges (+15, —12, +20) is found in plate IV of 



Fig. 10-8 Typical Geometric Relations for Space Arrangement of Point 

Charges. 


Maxwell.At large distances from the complex, the potential 
in (40) can again be expressed most simply in terms of the center 
of gravity of the point charges, since from Fig. 10*8 

fl o’"®" a fl ^0“ <1 1 

Ta = r 1 — 2 — cos 0a + I “ ) J = r 1-^ cos 0a (47) 

and thus 


1 

47rer 



1 + 


- cos 6a I 

r / 


However, 6a, as the angle between two vectors from the origin, 
follows the composition of the respective direction cosines,^ so 
that 


cos 6a = 


roa 


^ _^y±y 

r roa r z^a r 


^See for example: Eshbach, Handbook of Engineering Fundamentals, p. 
2-71; John Wiley, New York, 1936. 
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Choosing the reference point 0 such that with rrference to it 
HQaXcc = HQaVcc = = 0 

then one obtains (45) again with the same interpretation. The 
center of gravity with respect to an arbitrarily chosen origin has 
then the coordinates® 






Vo = 


HyaQa 



(48) 


11- QUASI POINT CHARGES 

The concentration of the electric charge in a mathematical 
point is a matter of computational convenience; nothing is 
changed as far as the outside field is concerned if one assumes a 
small, finite radius a of the charge and a distribution either uni¬ 
formly over the surface with the density a = Q/4^Tra^, or uniformly 
over the volume, with the density p = 3Q/47ra®. In either case, 
the potential on the surface of the sphere has now associated with 
it a definite value obtained from (10*2) by putting r =* a 


4>a 


j9^ 

47rea 


( 1 ) 


The ratio of the charge to its potential can be defined as the 
capacitance of the sphere, 

C = — = 4xea (2) 

and is directly proportional to the radius of the sphere. Since the 
potential vanishes as r oo, one can also consider this as capaci¬ 
tance to an infinitely large sphere, in the sense of an ideal con¬ 
denser. 

For many practical purposes one can treat widely separated 
charges as point charges in order to obtain the overall field dis¬ 
tribution in mathematically simple form by direct superposition. 
Yet, close to the charges one can avoid the excessive values of 
potential and field strength, normally associated with the concept 
of the point charge, by defining quasi point charges, i.e., small 
but finite charged spheres. 

® See Attwood,^^ pp. 42-43. 
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Two Quasi Point Charges. The potential anywhere in space 
surrounding two small spheres with Q\ = — Q2 = Q and with 
ui 2c, 02 2c (see Fig. 11 • 1) is approximately that of two point 
charges located at the centers of the spheres. Thus, in accordance 
with (10-10), 



Fig. 11‘1 Two Small Spheres as Quasi Point Charges. 


On the surfaces of the two spheres, one has, respectively, 


ri = Oi, 

r 2 = 2c, 

d> ^ 1 

= — 1 
4x6 

Ui 2c/ 

(4) 

II 

II 

II 

^2c 02/ 

(5) 


so that the potential difference becomes 

X. Q /I 1 1\ 

Fi 2 = — <^2 = ;;;— (- 1 -) 

4x6 \ai 02 c/ 

One can thus define the capacitance between these spheres as 

r, Q 4X6 ^ 0102 

C = - =: - = 4X6 - 

$1 — $2 + 02 1 Ul U 2 

0102 C 


For equal radii, the capacitance reduces to one half that of a 
single sphere, so that one can interpret this as a series combination 
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of the capacitance of sphere 1 to the infinite sphere and from there 
to sphere 2. 

Though one would construct the field picture exactly in accord¬ 
ance with section 10 for two point charges, the assumption of 
finite radii permits the evaluation of capacitance coefficients which 
would be manifestly impossible for point charges. In order to 
determine the error of (4) and (5) one might observe that this 
system can be described in terms of Maxwell’s potential coeflScients 
given in (3*12), namely, 

= SiiQi + S12Q2 

( 8 ) 

4>2 — S21Q1 + S22Q2 


from where, by comparison with (4) and (5), 
1 ^ ^ 1 


Sn = 


47r£ai 


^12 — S21 = 


47r£2c 


>822 == 


47r£a2 


(9) 


For example, the contribution of charge Q 2 to potential actually 
varies from a maximum at point P/ to a minimum at point P/' 
(see Fig. 11*1). Thus, actually. 


1 

2 c + ai 


< 47r£Si2 < r- 

2 c — ai 


( 10 ) 


constitute the limits of variation. For equal and opposite charges, 
and for values (oi/c) ^ 0.2, one finds a resultant maximum 
potential variation of +1 per cent to —1.1 per cent referred to 
the median potential value computed with aSi 2 = l/47r£2c. The 
approximations are, therefore, quite satisfactory as long as 2c is 
larger than ten times the radius of the larger sphere. 

For the evaluation of the charge distribution on the sphere ai, 
one can also use the relations from section 10 on sphere and point 
charge. Thus, a charge Q 2 , taken as a point charge, induces on 
the grounded sphere ai a charge 

Q 2 ' = “ Q 2 == ■~«iQ2 (11) 


where the notation of (10-25) has been translated into the appro¬ 
priate one indicated by Fig. 11-1. The distribution over the 
sphere ai causes a charge density given by (10-27) with d replaced 
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by (tt — 6) because the inducing point charge is to the right; 
again translating, this becomes in first approximation 

/ _ _ Q 2 _ 1 ~~ 0 ^ 1 ^ _ 

47 rai^ [1 + — 2 ai cos 

Q 2 

~ ~A - 2 

47rai 

where ai = ai/ 2 c, and where the binomial expansion was invoked. 
Since the sphere ai is not grounded, but rather carries a total 
charge Qi, one has to locate at its center another charge 

= Qi — Qz' — Qi + ^102 

which is uniformly distributed over the sphere^s surface with 
density <ti' = Q/V^Trai^. The total charge density becomes, 
then, 

<Ti = <Ti + cr\^' = 7 ^^ ““ 3a cos 6 (13) 

47rai 47rai 


The integral over the total sphere gives Qi, as required; the second 
term is the non-uniformity caused by the proximity of Q 2 - ^ 

effect of Q 2 depends upon (ai^); for Qi = ztQ 2 and ai = 0.1 
(the limit of the approximate treatment), the charge density has 
maximum deviations of ±3 per cent from uniformity. 

To get the charge distribution on sphere 02 , one would reverse 
the process and obtain 


(T2 


Q2 

47ra2^ 


+ 


3 ^ 2 ^ cos 6 

47r02 


(14) 


where 6 is always counted counterclockwise from the positive z- 
axis. 

Obviously, the field distribution between two small spheres as 
in Fig. 11*1 is symmetrical about the ?/- 2 -plane. One can, there¬ 
fore, use the lower half of the arrangement to simulate half spheres 
in conductive ground (or electrolyte) and evaluate the resistance 
between them as a simple grounding problem. Using relation 
(8*11), one has at once from (7) for the half space 


R = 


yC/2 


1 Ui + 0,2 
27ry ci\a2 


(15) 


The stream lines of the electric current in the earth are identical 
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with the electrostatic field lines, and the current densities on the 
spheres can be evaluated from the charge densities (13) and (14). 

Conducting Planes and Quasi Point Charges. The same 
approximate treatment is applicable to a single small spherical 
charge of radius a at a distance h > ba from a perfectly conducting 
plane. By the principle of images (see section 10 and Fig. 10*2) 
one can replace the effect of the plane by a like sphere at distance 
2h with opposite charge. With ai = a 2 = a, (7) will give the 
capacitance of two equal spheres; observing that the potential 
difference between the two spheres must be halved to maintain 
the same potential value on the plane, one obtains 

C = 47rea ( 10 ) 

for the capacitance between sphere and plane. The distribution 
of the resulting field and of the induced charge density in the plane 
can be obtained in the same manner as for the point charge and 
plane (see section 10 ); the mechanical force can be found by 
(10*18). The charge distribution on the sphere itself is obtained 
from (14) with Qi = —Q 2 = Q and omission of all indices, as 

= 7 ^ (1 - 3 a 2 cos e) (17) 

47ra*' 

where a = a/2h in appropriate modification. 

This treatment can, of course, be extended to all cases where 
the solution for point charges has previously been given in sec¬ 
tion 10 . 

For two quasi point charges opposite a conducting plane, as 
shown in Fig. 11*2, one can readily substitute the appropriate 
images and find the resultant potentials as 

4>2 = T^(— - -17)^1 + 7^(7 - ^)Q2 (19) 

4x6 \ri2 ^12 / ^TTS \fl2 2^2/ 

where 

ri2 = [(2c)2 + {h2 - ri2' = [(2c)2 + (/12 + (20) 

The factors to Qi and Q 2 can be identified by (3 • 12) or also ( 8 ) 
above as the Maxwell potential coefficients Sa^ for the two quasi 
point charges in the presence of the conducting plane. If now 
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Qi = "”02 = +0, so that the two charges represent a condenser 
arrangement in the presence of ground, then their capacitance can 
easily be computed from 


Q 

$1 - ^>2 = ^ 
47r6 



_ /jL^ j_ 

»’12/ \2/ii 2h2 rizV. 


( 21 ) 


Comparison of this form with (6) readily indicates that the second 



parenthesis stands for the influence of ground upon the capacitance 
of the two spheres. Again, the induced charge distribution on 
the conducting plane can be found by treating +Q and as 
actual point charges; similarly, mutual force actions can be 
evaluated. 

In order to obtain the total charge distribution on one sphere, 
say 02 , one can use the superposition one by one of the effects of 
each of the other point charges. Thus, the effect of the actual 
charge +Q is again given by the second term in (14) with Qi = Q, 
but with s' counted from the center line as indicated in Fig. 11-2. 
For the effect of the image of +Q one would count S" from the 
diagonal center line as indicated in Fig. 11*2, and, finally, for the 
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image of — Q one introduces The resultant charge distri¬ 
bution becomes, therefore, 



Sphere and Quasi Point Charge. In a very similar manner, 
the results of the section on point charge and sphere can be modi¬ 
fied to allow for a finite, though small, radius ai of the quasi point 
charge and thus permit definition of capacitance coefficients. 

Thus, for the grounded sphere of arbitrary radius R in Fig. 10*4, 
one can replace the effect on the sphere of a point charge of value 
Q 2 = — {R/b)Qi and located at a distance 2c = 6 — (R^/b) from 
Qi. The potential on Ui must now be 



so that the capacitance of the small sphere ai in the presence of 
the grounded sphere becomes 

" ^ ^ R/b 

b 1 - (R/b)^ 


=5 4x6iai 



R/b ' 
1 - {R/b)\ 


(23) 


Since the limitation ai/{b — 72) ^ 0.1 seems appropriate (a little 
more severe than for two point charges), it appears that the increase 
in capacitance is limited to less than 5 per cent. The charge dis¬ 
tribution on the small sphere ai can be found from (13) by replacing 
Q 2 and 2c according to the definitions above. 

In the general case of any arbitrary charge Qg on the large sphere, 
the general potential distribution is given by (10*29). One can 
readily deduce the potential value on the small sphere ai, by let¬ 
ting ri = Cl, r 2 = 2c, r = 6, and also Q' = This leads after 
ordering to 
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whereas the potential of the large sphere is directly from (10-30) 


Again, (24) and (25) define Maxwell’s potential coefficients in 
accordance with (8); from these, one can, of course, compute the 
induction and capacitance coefficients in accordance with (3-13) 
and (3-11). 

If the two charges are equal and opposite, Qi = — Q« = Q, 
then the spheres form a condenser of direct capacitance 


C = 


Q 

— 4 >, 


4:r£ 


11 / Ui/b)* \ 2 ' 

ai R\ l-(R/b)y b 


(26) 


which for small values (R/b) at once approaches (6), the capaci¬ 
tance of two small spheres with the 
appropriate changes in notation. 

Several Collinear Quasi Point 
Charges. If several small spheres 
of radius a are arranged collin- 
carly with equal spacings d > 10a, 
the potential distribution can 
readily be found as that of point 
charges at the centers of the 
spheres (see Fig. 11*3). For n 
spheres there are n charges and n 
potential values, so that a total 
of n quantities must be prescribed 
to permit evaluation of the other 
n unknowns. 

One practical case is obtained by assuming the first sphere 
grounded, 4>i = 0, the last one carrying the total voltage ~ F, 
and the (n ~ 2) spheres in between with floating potentials, i.e., 
insulated so that Q 2 = Qs ' Qn-i = 0. The charges Qi and 
Qn are then related to the given potential values by the simple 
forms 


^1 — SiiQi + SinQn = 0 

(27) 

= SnlQl + SnnQn = V 

(28) 



P(x,y,z) 


Fig. 11-3 Several Collinear Quasi 
Point Charges. 
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since no other charges exist. In a manner similar to two quasi 
point charges, the potential coefficients are 


S 


11 




Sin = Snl = 


47 rea 4ire{n - l)d 

The charges become, if one observes (/SuASnn) ^ Sin^^ , 


(29) 



0l ! I I '“^1 . J 

1 2 3 4 5 6 


r 


V 


(30) 


Fig. 11*4 Distribution of Induced Potentials over Six Insulated CoUinear 
Quasi Point Charges: (a) one end grounded, (5) symmetrical distribution. 


and the floating potentials 

= SrlQ, + SrnQn = V- - („_ ( 31 ) 

for all values r = 2, 3,• * *, (n — 1). The distribution for a series 
of n = 6 spheres is shown as line (a) in Fig. 11 *4 for a/d = 0.1; 
obviously, there is little difference from the free potential distribu¬ 
tion of a single point charge located at the center of Qn even though 
the actual field picture would be very complex. F. Ollendorff^ 
has used this simplified field picture as a model to approximate 
the field distribution about a chain of high-voltage suspension 
insulators, assuming the metal cap of the uppermost insulator 
(next to the cross arm) to have ground potential, and the metal 
1F. Ollendorff, Arch.f, ElektroL, 16, p. 261 (1927); 17, pp. 79 and 242 (1927). 
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suspender of the lowest one (connected to the conductor) to have 
line potential. He also computed the potential distribution over 
the surface of an insulator, which checked satisfactorily with 
measured values. 

If one assumes the potentials = 7, and again insulated 

spheres in between with Q 2 = Qa = ‘ ’ Qn-i = 0, then (27) and 
(28) will lead to 

V 

^11 “T Oln 

and for the induced potentials one finds in accordance with (31) 

+ @ 2 ) 

This potential distribution over the spheres is shown as line (6) 
in Fig. 11*4 for a/d = 0.1; as expected, it is a symmetrical dis¬ 
tribution, again dropping sharply between the outermost members 
of the chain. This emphasizes that the greatest electrical stresses 
occur in the immediate neighborhood of the high-voltage terminal 
and that only controlled potential surfaces (rather than floating 
ones) can bring relief. 


12 LINE CHARGES 
AND QUASI LINE CHARGES 


For known distributions of charge along simple geometrical lines, 
it is possible to evaluate the potential distribution by the direct 
integration 




X ds 
r 


( 1 ) 


where X is the line charge density, ds the line element, and r the 
distance between the charge element and the point of observation 
P. Expression (1) is, of course, the limit of the sum (1*9) of the 
point charges (X ds). 

For practical applications it is disconcerting that the potential 
and field strength values at the charged line become infinitely 
high. One can, however, frequently approximate a given con¬ 
ductor geometry by quasi line charges; that is, one can compute 
the general field distribution in terms of charged lines, but then 
select an appropriate equipotential surface close to the charged 
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line as a good representation of the actual given geometry. This 
provides for finite field values on the equipotential surface and 
permits evaluation of capacitance coefficients and charge densities. 

Finite Straight Line; Rod Electrode. The finite straight 
line in Fig. 12*1 may carry a uniform charge distribution of 



Fig. 12 1 Finite Straight Line with Uniform Charge Density. 


density Q/2c. Because of axial symmetry, the integral (1) can 
be expressed 

» ‘ r-*- •‘i 

47re 2ct/i=-c \/(^ __ + p2 


Q , (x + c) +ri 

-In --- 

47r£2c (x — c) + r 2 


( 2 ) 


with the notations from Fig. 12*1. The equipotential surfaces 
are confocal rotational (prolate) ellipsoids, with the fixed foci Fi 
and F 2 at the ends of the charged line, which itself is a degenerate 
ellipsoid of vanishing minor axis. For larger distances, major and 
minor axes 2a and 2b become nearly equal; the equipotential sur¬ 
faces approach spheres. The field lines are given by the orthog¬ 
onal system of confocal hyperbolae. Details on the simpler com¬ 
putations, as well as related applications, are found in Abraham 
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and Becker,p. 62; in Attwood,^^ pp. 81-84; in Bennett and 
Crothers,^^ p. 192; in Breisig,^^ p. 77. 

Since any equipotential surface can be taken as a new conductor 
surface, (2) gives also the potential distribution surrounding a 
prolate ellipsoidal surface with total charge Q at constant potential 
If one has given the major and minor axes 2a, 26, then 
c = Va^ — 6^; choosing point P on the surface of the ellipsoid, 
say at P", then x = 0, ri = r 2 = a, and 




1 Q , a + c 

z — ;rln- 

4:7re 2c a — c 


(3) 


so that the capacitance follows, using the hyperbolic function 
instead of the logarithm. 


C = 


47rsa 


c/a 

tanh“^ (c/a) 


(4) 


It will always be less than the capacitance of the sphere with 
diameter equal to the major axis. The field vector can be found 
by use of (2), and with simplifications this yields 

JBa; = - — = + ^2 - sm ai) 

dx 47re2c p 


47re2c \r2 ri/ 


(5) 


Ep = - ^ = + 7^ - (cob ai - cos ag) (6) 

dp 47re2c p 

Though it is not possible to develop a simple general expression 
for the charge density on the ellipsoid here (see section 31 for 
that), the maximum and minimum values can readily be given. 
At with ri = a + c, r 2 = a — c, one obtains from (5) 

ffmax = (7) 


whereas at P^\ 
follows from (6) 


with p = by cos ai = c/a, cos a 2 = ““C/a, it 


O’min 


= 


4irab 


( 8 ) 


so that the ratio of maximum to minimum charge density is 
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exactly the ratio of major to minor axis, a/6. This ratio also 
holds for the pertinent field gradients, so that the maximum dielec¬ 
tric stress must be expected at the apex of the major axis. Com¬ 
bining (7) with (4), one deduces 


-F 

6 tanh""^ (c/a) 6 


( 9 ) 


where the factor F is a function of only 6/a = jS 

1 tanh""^ V1 ~ 

— = B - , - . . — 

F Vl - 


( 10 ) 


Figure 12*2 gives a graph of 1/F; it indicates that, as the ratio 
|3 decreases, the gradient Fmax increases very rapidly indeed. 



p —a 

Fig. 12-2 Factor 1/F for the Maximum Field Gradient of the Ellipsoid in 

Fig. 12 1. 

For a large ratio a/6, the ellipsoid can be made to approximate 
the shape of a cylindrical rod. Since no reasonable solution of the 
potential problem for a finitely long cylinder of non-vanishing 
diameter d and length I is known, it has become customary to 
substitute the ellipsoidal rod. For ratios d/l <0.1, and choosing 
2a = i, 26 = d, the approximation is valid 
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Introducing this into (3) gives 


4>. 


Q . 2a 

45rea h 


( 11 ) 


so that the capacitance of the rod-like antenna becomes 


c = 


^irtl 



( 12 ) 


This is designated C' because other choices of equivalent param¬ 
eters are possible. Instead of inscribing the ellipsoid, giving the 
smallest equivalent, one could just circumscribe the rod with it, 
giving the largest equivalent. For fixed foci, one must have 

(a")^ - {h'y = (a')^ - (b’T- = 0' - 


In addition, the ellipse must pass through x — 112 p — df2 
= b', so that in normal form 



The combination shows a" = a' \/2, 6" == 6' \/2, so that the 
logarithmic term in (12) will not be influenced; however, 


C" 


27rs\/2 I 



(13) 


For practical purposes it might be most advisable to select an 
average value between ( 12 ) and (13), such as (1 + V 2)/2 = 1 . 2 , 
and 


C = 


2Airel 



(14) 


The same solution can also be applied to all stationary flow 
problems, such as current flow from a vertical grounding rod, as 
in Fig. 12* 3a, into the ground, or from a horizontal tube lying on 
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the surface of ground/ as in Fig. 12*36. For the vertical rod one 
must take its length within ground as Z/2 in order to have the sur¬ 
face of ground as plane of symmetry. In both cases, the vertical 
as well as the horizontal rod, only one half of the total space is 



Fig. 12-3 Thin Ellipsoids as Grounding Rods: (a) vertical, (6) horizontal, 

arrangement. 


occupied by the current flow; the resistance is therefore twice 
the value obtained from the capacitance expression (12), namely. 



Though the overall resistance is the same, the current distribution 
is, of course, quite different, and, in particular, the field gradient 
along the surface of the ground is much higher for the horizontal 
rod. 

Finite Straight Line above Ground. The proximity of 
ground for a vertical, uniformly charged line of length 2c can be 
taken into account by the image line below ground. With the 
same axial symmetry as in Fig, 12-1, the integration (2) over both 
charged lines (actual and image) leads, with the designations in 
Fig. 12-da, to 

1_ _ Q r. (x - + c) + r/ 

4fl-e 2c\_^ {x — h — c) r 2 


— In 


(x + ft + c) + n” ' 
(x + ft — c) + r 2 ," _ 


( 16 ) 


The equipotential surfaces have a sort of oval shape and include, 
of course, the plane x = 0. For a thin rod of mean diameter d 

^ Ollendorff,p. 96; for a good summary of grounding problems see R. 
W. Ryder, Jl. I.E.E., 96, part III, p. 175 (1948); also R. Riidenberg, Electr, 
Engg.j 64, p. 1 (1945). 
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and length I d, one can find the approximate capacitance, as 
influenced by ground, by evaluating (16) at x = A; this yields in 
the neighborhood of the charged line with p small in all radius 
vectors 



Specifically, for 2p = d, the diameter of the rod, the value of 4>« 
results, which is the potential on the surface of the rod. Putting 
p = 0 in (16), one can then solve that relation with the same poten¬ 
tial value for X 2 and Xi, the intersection of the equipotential surface 
with the avaxis; the difference X 2 — Xi = I must be the length of 
the rod. As long as (d/l) 1, one obtains in good approximation 



as the capacitance of a finite rod located perpendicular to a con¬ 
ducting plane. This becomes for // —> co, or for a single rod by 
itself, identical with (12); for H one deduces 



the capacitance of a vertical rod of potential directly on the 
surface of the conducting plane of potential <!» = 0, which gives 
the largest possible value. The capacitance between the two rods 
is one half the value resulting from (17), because the potential 
difference is (2^>8); one could also consider the two half spaces 
connected in series. 

The charge density induced in the plane <i> = 0 can be obtained 
from (5) with the potential solution (16). Along a; = 0, only the 
component Ex exists, and, as seen from Fig. 12 •4a, ri = 72 ' = 
[H^ + p2]^, r/' = rz' = [{H + + p^]^, so that 


<r — 

_ Q r 1 _ 1 

2tII{H^ + P^)^ [(H + ly + P^]>^. 


(19) 
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if one also uses 2c « L 
under the rod at p = 0, 

<^max 


The maximum value obtains directly 


0 1 
2ir H(H + 1) 


( 20 ) 


whereas for the single point charge above ground, (10*17) gave 
• The variation with distance p is quite similar in 
both cases; the point charge, however, has a slightly stronger local 


(.11 
\ 27r 


P(f.y,g) 



(a) ' (b) 

Fiq. 12-4 Finite Rod above Ground: (a) vertical, (6) horizontal, 

arrangement. 


effect, i.e., the induced charge density is slightly higher close to, 
and slightly lower far from, the point charge, than is the case for 
the charged finite rod. 

The same solution can be applied to all flow problems, thermal, 
hydrodynamical, or electrical, by use of the general table 9*1. 
For example, the electrical resistance between two cylindrical 
electrodes of finite length is given by 

where the factor 2 accounts for the potential difference (2#«) 
between the rods. 
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Instead of a uniform charge distribution, one can also assume 
some arbitrary function/(J) with 


2 c 



1 


so that the total charge remains as Q. The evaluation of the 
resulting integral can be made simple with the proper choice of 

/a). 

For a horizontal, uniformly charged straight line above ground, 
as in Fig. 12 •4b, no axial symmetry will exist. The treatment 
with the image line below ground can be carried through in similar 
manner as before^ and will yield 

J _ ^ Q r , [(x + c)^ + (y - + (x + c) 

4x6 2c L ^ [{x — c)^ + {y — hy + 2 :^]^ + {x — c) 

[(a: + c)^ + (y + hy + +(x + c) l 

^ [(x — cy + (y + hy + 2 ^]^ + (x — c)J 


which can also be written in terms of the radius vectors r/, r/', 
r 2 ^ and r 2 ''j except that now the coordinate z of the point P must 
be included. The equipotential surfaces close to the charged lines 
are slightly flattened ellipsoids which can again readily be taken 
to approximate a finite cylindrical rod of length I and diameter d 
as indicated in Fig. 12-46. Evaluating (22) at x = 2 = 0 and in 
the neighborhood of the* charged line with 1 / = zt p, where p is 
small, one obtains 


r/2cY + 4A^)^ - c ' 

^ P / + 4/1^)^ + c_ 


^*0 


Specifically, for 2p = d, the diameter of the rod, the value 
results, which is the potential on the surface of the rod. Putting 
2 / = A, 2 = 0 in (22), one can solve it with the same potential 
value ^8 for the value x; this corresponds to the intersection of 
the equipotential surface with the line y = h and defines the length 
Z/2. As long as (d/l) 1, one obtains in good approximation 



2Trel 




(23) 


* For a different approximation see F. L. ReQua, Trans, A,LE,E,f 64, p. 
724 (1945). 
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as the capacitance of a finite rod parallel to a conducting plane. 
The capacitance between the two rods themselves will again be 
one half the value given by (23) because the total potential dif¬ 
ference is (2<^8). 

For a very long rod above ground such that (4/i/Z) C 1, expres¬ 
sion (23) simplifies to 


C 



2wd 



(24) 


In this case (and this case only), it is possible to define a capacitance 
per unit length of the charged line or rod to ground 


Cl 


27re 



(26) 


which is independent of the length of the rod. This means that 
end effects become a negligible part of the electrical field configura¬ 
tion, so that for practical purposes the important region of the 
field between the two charged lines, or between line and ground, 
can be considered two-dimensional, depending only on the cross- 
sectional dimensions of the system and not on its length (see 
further below). 

As in the other cases above, this solution can again be applied 
to all flow problems. For example, one can consider the plane 
X = 0 as the surface of an electrolyte extending to a; > 0 into which 
two electrodes are immersed, formed by the right halves of the rod 
and its ‘‘image.’’ The resistance between these electrodes can then 
be computed from (23) as 


„ £ 2 /2Z Z r I /4/i\2 1\ 

««LV' + (t) - ‘J) 


where the factor 4 accounts for current flow from only one half 
the total ellipsoidal surface (for a; > 0) and for the potential dif¬ 
ference (2^s) between the rods. 

Very Long Straight Line. If one lets c —> oo in (2), he 
should obtain the potential function of a very long straight line. 
Obviously, unless one defines Q/2c = X as a finite charge per unit 
length, one could not attach much sense to c oo; conversely, 
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Q = 2cX will itself become infinite with c, so that a truly infinitely 
long line represents difficulties of realization.^ 

Assuming axial symmetry and independence with respect to 
coordinate x (end effects are disregarded because of the great 
length), then one can more readily deduce the dielectric flux 
density D from the application of Gauss’s theorem (1*11) to a 
concentric cylindrical surface of radius p and unit length 


D, 


X 

27rp 


(27) 


since the flux lines are radial. The potential can then be found 
by direct integration 

( 28 , 

This value is independent of the path of integration, and pi is a 
conveniently chosen reference point at which one assumes ^> = 0. 
Such a compromise is customary, since the logarithmic potential 
function becomes infinite at both limits p = 0 and p = oo. The 
equipotential surfaces are the concentric cylinders p = cons; any 
one of these could be chosen as a conductor surface and be assigned 
a value which could be added on in (28). However, for the 
single conductor it is not possible to define a capacitance value 
because of the logarithmic nature of the potential variation. 

Two Parallel Very Long Straight Lines. The resultant 
potential function of two parallel lines is simply the superposition 

27re \ri/ 2xe \r2/ 

where Xi and X 2 are the linear charge densities, and Oi and 02 
arbitrary constants corresponding to pi in (28). For equal and 
opposite charge densities, Xi = ~X 2 = X, the expression can be 
simplified to 

where ri and r 2 are the distances from the charged lines as indicated 
in Fig. 12-5. The arbitrary constant ^0 serves to adjust absolute 
potential values when desired. The equipotential surfaces are 

* See Attwood,^^ p. 76; Kellogg,p. 62; and Smythe,-^^^ p. 62. 
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given by t^Itx = fc': they are the family of excentric cylinders 
with their axes M parallel to the line charges in the a?- 2 -plane in 
Fig. 12*5; the field lines are given by 02 — </>i == they are 
the orthogonal family of circles passing through the line charges 
and have their centers iV along the y-z-plme in Fig. 12 • 5. Details 
of the computations and graphical field pictures are given in many 
books, such as Attwood,^^ pp. 85-88; Bennett and Crothers,'^^ 
p. 140; Jeans,p. 195; Kiipfmuller,^^^ pp. 70-76; Mason and 



Fig. 12-5 Two Parallel Very Long Straight Lines with Equal and Opposite 

Charges. 

Weaver,p. 136; Ramsay,pp. 41, 140; Bewley,^^ p. 43; 
and practically all references listed in Appendix 4, B, a and 4, B, b. 

Cylinder and Parallel Straight Line. Since the equipoten- 
tial surfaces of two parallel straight lines are circular cylinders, 
(29) must also describe the potential distribution between a finite 
cylinder of radius R 2 in Fig. 12*5 and a line charge (+X). The 
cylinder will carry the total charge (“X) per unit length and will 
have a potential defined by the special values of r 2 and ri along 
its surface. Thus, for the point P', 

ri = c + (m 2 - R 2 ), = c — (m 2 - i? 2 ) (30) 

where is the distance of the axis of the cylinder from the ori¬ 
gin 0. From the triangle OMT in Fig. 12*5, one also takes 

R 2 = '^2 — = (^2 + c)(m 2 — c) = 6a (31) 

a relationship which permits interpretation of the line ch arge (— X) 
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as the image of the line charge (+X) with respect to the cylinder 
R 2 . The relation (31) defines the location of (—X) when R 2 and 
h are given, or, conversely, locates the center of R 2 with respect to 
the two equal and opposite line charges. With (30) and (31), the 
general form (29) yields now 





( 82 ) 


can be so chosen that, if the cylinder is grounded, its potential 
value becomes zero. 

The electric field vector can most readily be computed in the Car¬ 
tesian coordinate system chosen in Fig. 12 *5. Using the general 
form (29) with ri = [(^c + c)^ + r 2 — [{x — cY + y^]^, 
one finds 



The maximum field strength will certainly exist along the a>axis 
between the cylinder i ?2 and the line charge (+X). Because of 
2 / = 0, only Ex will exist there and, in accordance with the assumed 
charges, will point in the positive x-direction 

E^ = +:^ (_i-= A 

27re \c — X c + x/ ttb 


On the line charge, where x —^ (—c), the field strength will approach 
infinite value as expected; on the cylinder, the maximum value 
will be 


(*^222) max — 


A _L 1 + « 

2x8 R 2 1 — (X 


(35) 


where a = R 2 /b, For a —> 0, this becomes consistent with (27). 

By means of a transformation of coordinates from (x, y) to 
(r, 6 ), with the axis of the cylinder R 2 as center, 


X = m 2 + r CO 8 Of y = r sin 0 
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one can evaluate Er = — (d^/dr) from (29)^and obtain the induced 
surface charge density on the cylinder (negative, because Er is 
directed towards the surface of the cylinder), 


<7 — zEr/r=R2 


_ 1 - 

2itR2 1 “h OL^ “h 2 ck cos 6 


(36) 


The maximum exists at P' for ^ = tt, the minimum at P" for 6 = 
0, and their ratio is 


ern^ax ^ / I + aV ^ / b + R2 V 

O'min Vf \b R2/ 


(37) 


It is significant to compare this result with that for point charge 
and sphere in section 10 and to observe the larger inhomogeneity 
in the latter case. 

If the cylinder R 2 is insulated, then it cannot acquire any 
resultant charge. The placement of a line charge (+X) into the 
axis of the cylinder contributes a constant potential on its surface 
as well as an additional uniform charge density a = X/27rP2, but 
reduces the total charge to zero. The resultant charge density 
will be negative closest to the inducing line charge (+X), and 
positive on the opposite side. The neutral zone exists where 
( —<r) = 0 -', which gives with (36) the value cos 0o = For 
a: = 0.1, one finds = 95°44'; the neutral zone moves rapidly 
to larger angles 0 as a increases. 

Two Parallel Cylinders with Equal and Opposite Charges. 
Selecting any two cylinders from the family of the equipotential 
surfaces, they can at once be considered as carrying opposite and 
equal charges and as forming a condenser. If one cylinder is 
outside the other as in Fig. 12*6a, and Pi, P 2 , D are the given 
parameters, one must first locate the equivalent line charges. 
From the triangles OPiMi and OM 2 P 2 one takes the relations 

+ Pi2, m2^ = + P 22 (38) 

so that 

mi^ — m2^ = (mi + m 2 ) (mi — m 2 ) = Ri^ — P2^ 

Defining Ri/D = rji, R 2 /D = rj 2 f and observing (mi + m 2 ) = D, 
one readily finds 

mi = ^ [1 + (iji^ - 712 ^)], Jn 2 = ^ [1 - (iji^ - 1 J 3 ®)] (39) 



Fields of Simple Geometries 


120 


[Ch. 4 


so that the origin 0 can be located. Combining now (38) and (39), 
one also obtains 

2c = D[1 - + n 2 ^) + (rj,^ - (40) 

The potential values on the two cylinders can be computed from 



(a) (b) 

Fig. 12*6 Two Parallel Cylinders: (a) one outside the other, (h) one inside 

the other. 


the general form (29) in the same manner as indicated for (32) 
whereby for the point Pi on cylinder Ri 

(ri')i = c - (mi - Ri), (raOi = c + (mi - Ri) 

whereas for the point P 2 ' on cylinder R 2 

(Xl )2 = c + (m2 — R 2 )y {^2)2 = c — (m2 — 722) 


The potential on Ri is positive, that on R 2 negative, so that the 
capacitance per unit length becomes^ 


r» 08 h-? 


I - ^ . 


The charge distribution on each cylinder is given by the properly 
modified form (36), using for the cylinder R 2 the value ^2 = 
-K 2/&2 = ^ 2 /(c + ^ 2 ), and for the cylinder Ri the value ai == 
Ri/hi = Ri/lc + mi). 


^ A. E. Kennelly, Proc» Am. Phil. Soc.j 48, p. 142 (1909); also Electr. World, 
56, p. 1000 (1910); C. L. Dawes, Phys., 4, p. 81 (1933); also many of the ref¬ 
erences in Appendix 4, A; and Schwaiger,®^^ p. 68. 


Sec. 12] 


Two Parallel Cylinders 


121 


If the cylinders have equal radii, — R 2 = R, then (39) indi¬ 
cates mi = m 2 = D/2, the capacitance takes the much simpler 
form 

Cl-^ (42) 

cosh- - 

and charge and field distributions are perfectly symmetrical. 

Finally, if one of the cylinders encloses the other, as in Fig. 
12*66, relations (38) are still valid, but now (mi' — m 2 ) = D, so 
that 

mi = ■" ^2^) + ^ [(17/^ “ >72^) - 1] (43) 


This locates the origin 0 to the left of the cylinders; the value for 
c remains the same as in (40) and locates the line charge ( —X). 
The potentials on the cylinders are evaluated as above for (41). 
Selecting Pi and P 2 as indicated in Fig. 12*66 leads to the 
capacitance per unit length 


Cl = 


X 


— 4>i?2 


27re 

cosh”"^ ^ — cosh""^ ^^1 

L R 2 Ril 


(44) 


which increases beyond all limits as /?i' approaches R 2 - 

Yor finite but small radii of the two wires in Fig. 12* 6a with the 
respective potentials 4>i and <I> 2 , one can apply (29) to the surfaces 
of the wires with the approximations 


r\ = Ri, r 2 ~ 2c ~ D, 

n 2c ~ D, r2 = R2y 


^ ^ 1 ^ . 

iT> ^ 1 I 


f (45) 


so that the capacitance per unit length follows at once 


Cl = 


X 


#1 — 4>2 


Tre 



(46) 


Actually, of course, the potential contribution of conductor 2 over 
the surface of conductor 1 is not quite constant; the approxima- 
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tions in (45) for 4>i and $2 are accurate to better than ±1 per cent 
\ID/R ^ 10, which is generally true for aerial transmission systems 
of parallel wires. The same result is obtained from (41), if one 
lets 771 and 772 in (39) and (40) become very small. The charge 
distribution can still be evaluated from (36); if 1, the 

simpler expression 


may be used for either Ri or / 22 - 

Conducting Plane and Parallel Straight Line or Cylinder. 

The effect of the conducting plane upon the field distribution of a 
single very long straight line of charge density (+X) can again be 
replaced by that of the image of the straight line, so that the problem 
reduces to the case of two parallel very long straight lines (see 
references, p. 116) and the potential is given by (29), where 
is now the potential of the plane.^ The charge induced on the 
plane can be found from (33) if one uses the notation of Fig. 
12*5, as 


<7 = 


A 

27re 


(48) 


The negative sign arises from the fact that the field strength is 
directed towards the plane. 

For a thin wire, the relations (45) and (46) are valid with Ri = 
R 2 . The capacitance per unit length of the wire with respect to 
the conducting plane (for example, ground) becomes from (46) 


Cl 


2776 



(49) 


where the factor 2 accounts for one half of the potential difference 
(4>i — 4>2) between wire and plane. For the charge distribution 
on the wire one can use (47) if D/R ^ 10. For a cylinder of larger 
radius, the precise form (42) must be used for the capacitance per 
unit length, again inserting the factor 2 as in (49). Obviously, 
the charge distribution on the conducting plane will always be 

® For an interesting application to heat flow problems in connection with 
the “heat pump” see Ch. H. Coogan, Paper No. 3, Engg. Exp. Station, Univ. 
of Conn., June 1948. 
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given by (48) since the equivalent line charge and its image do not 
change. 

If the charged line is parallel to the edge of two intersecting 
conducting planes, the same considerations apply as in the analo¬ 
gous case for point charges treated in section 10; the number of 
necessary images is always equal to (2n — 1) if the planes intersect 
at an angle 7r/n and n is an integer. 



Fig. 12-7 Dipole Line (Small but Finite Spacing). 


Dipole Line. If the distance 2c = I between the two charged 
lines becomes infinitesimally small, then the potential function 
(29) can be approximated (see Fig. 12-7), with ri = r — (Z/2) cos 6 , 
r 2 - T (1/2) cos e, by 




I cos 6 


or, defining the dipole moment of the two lines as a vector, 

p = XI 


(51) 
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along the axis of the dipole and out of the positive charged line, 
also 


$ = 




(52) 


The equipotential surfaces are cylinders with their axes parallel 
to the dipole line in the x- 2 -plane and all passing between the 
charged lines (see Fig. 12*7). The field vector E is given 
[Appendix 3, (38)] by 


„ \ I 

Jp SS _ ==: _ — 

^ dr 27re r 


2 cos 6 , 


^ 1 ^ ^ . /.ox 

Ee - -^ = r- 5 sin 0 (53) 

r dd 2ire 


so that the field lines are found by integrating 


dr 

rdd 


E$ 


= cot d 


as the orthogonal family of circles sin 6 = kr with centers along 
the y-z-plme and all passing through the 2 :-axis. 

System of Parallel Thin Wires above Ground, In a system 
of n parallel thin wires above ground as in Fig. 12*8, one can write 
the general relationship in accordance with (3-12) 

= Saiki + Sa2^2 + * * ' + (54) 

where is the potential of the ath wire, Xi, X 2 , * • *, are the 
individual line charge densities, and Sa^ are the mutual potential 
coefficients which include the effect of the image. When the 
mutual distances are all large compared with the radii of all wires, 
these coefficients can readily be obtained by similar approxima¬ 
tions, as used for (45). Thus, the effect of wire P and its image 
upon wire a is given by (29) 

Sa/sX/s = (55) 

Ztts ra^ 

where is the distance from center of wire a to center of the 
image of /?, whereas r^^ is the center distance of the two wires 
directly. For the self-coefficient one has 

Sqq^a — "Z lu (56) 

2re Ha 

where ha is the height above ground, 2ha the distance to the image 
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of wire a, and Ra its radius. All the potential coefficients can 
readily be computed if the geometry is completely given. 

By (3*13) and (3 11) one can also compute the mutual capaci¬ 
tance coefficients which, however, are always rather complicated 
expressions, since they must involve the complete determinant of 
the potential coefficients as well as the pertinent minors; in general, 



Fig. 12 • 8 System of Parallel Thin Wires above Ground. 


no simplifications can be permitted. For two wires above ground 
forming a transmission system with Xi = ~’X 2 = X, one obtains, 
with the designations of Fig. 12*8 for the capacitance per unit 
length in the presence of ground, 

X 1_27re_ 

4>1 — ‘ 1>2 ^11 + ^22 ““ -812 “ i>‘21 / ^* 12 ^ _ 4 / 11^2 \ 

\R1R2 ri 2 ^ * 1 “ 4/11/12/ 
(57) 

Many special applications are found in the references listed in 
Appendix 4, B, a, as well as in Ollendorff,pp. 123-143. 

Circular Ring of Charge. For a total charge Q uniformly 
distributed over a circular ring of radius a, the line density will 
be QI2Traj and the potential is obtained by direct integration as in 
(1). Referring to Fig. 12 -9, one can choose the point of observa¬ 
tion P(p, z) along the x-^-plane because of the axial symmetry. 
One then has the line element ds == a d<t) and thus 
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Introducing the change of variables (Ollendorff,p. 101-104), 
cos 0 = 2 sin^ /3 — 1, d0 = —2 dp 
the integral reduces to the normal form 

_ 2 _ 1 _ da 

Aire TT [(p + a)^ + Jo [1 — sin^ P]^ 



of the complete elliptic integral® of the first kind F (i-) = K{k) 


with the modulus 




4pa 

(p + a)^ + 2^ 


(59) 


A different treatment with an expansion into an infinite series of 
Legendre polynomials is given in Smythe,^^^ p. 137. 

Along the axis p = 0, so that = 0, and since K{0) = 7r/2, 
one has 


^p=0 = 


Q 1 

4ire Va^ + 2^ 


(60) 


a result that can be obtained more simply by direct integration. 

®See Jahnke and Emde: Tables of Functions; reprinted by Dover Publi¬ 
cations, New York, 1943; originally published by B. G. Teubner, Leipzig, 
1938. This reference contains also extensive tables and graplis of elliptic 
integrals and functions. 
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^ Q z 


( 61 ) 


and has a maximum value at 2 = a/V2. Attwood,^^ p. 65, gives 
a simple treatment and graph of the field distribution. 

In order to permit a definition of capacitance, one has to sub¬ 
stitute again a quasi line charge, i.e., admit a small but finite diam¬ 
eter d <C a of the charge distribution as indicated at S in Fig. 
12-9. On the surface of this thin toroid approaches unity, so 
that it is more convenient to use the complementary modulus 
k'^ = I — k^, for which one obtains with (59) 


/b'2 = 1 - = 


(p - g)^ + 

(p + 



(62) 


since the numerator is exactly the equation of the small cross- 
sectional circle; the simplification in the denominator is based on 

— 0 < p < -b 0 and d a. The complete elliptic inte¬ 
gral K{k) can be expressed^ in ascending powers of using only 
the first term, K(k) ~ In (4/fc') = In (16a/d), and (58) becomes 


Q 2 1 16a 
47 re TT 2a d 


(63) 


so that the capacitance of the thin circular ring of charge follows as 


Q ^ Tra 

— = 47re ;-;-— 

In (16a/d) 


(64) 


an approximation to better than 2 per cent for d/a ^0.1. Further 
details must be left for section 33, dealing with toroidal coordinates. 

Circular Ring of Charge above Ground. The effect of 
ground can readily be replaced by that of the image ring of charge 
below ground, as indicated in Fig. 12*10. The potential value 
anywhere in space is the difference of two expressions obtained 
from (58), one with z replaced by {z — h) and representing the 
contribution of the actual charged line; the other with z replaced 


^ Jahnke and Emde, loc, cit., p. 73. 
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by (z + h) and representing the contribution of the image, 
a, = 2 [ 

4ir6 xl[(p + a)^ + (z — 

_ Kih) ] 

l(p + a)2 + (2 + hf]^\ 


Thus 


(65) 



Fig. 12*10 Circular Ring of Charge above Ground. 


where again K{ki) and K{k 2 ) are the complete elliptic integrals 
of the first kind with 




Apa 

(p + a)^ + (2 h)^ 

Apa 

(p + a)^ + (2 + h)^ 


( 66 ) 


From (65) one can also evaluate the field vector E by direct dif¬ 
ferentiation. In particular, one obtains for the charge density 
induced in the surface of ground for z = 0: 

^ Q 2 2h 

«r - e£.A=o - 4 ^ • [(p + af + hT 


where B(k) is the complete elliptic integral 

cos^^ d& 


r /2 p 

rr :^ 


[1 - sin.^ 
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and where the modulus k is either ki or ^2 from (66) with 2 = 0. 
The expression (67) gives the charge distribution as a function 
of p and shows maximum value close to p = a, and a minimum 
at p = 0 of value 

Q 2h 

“ At (a^ + 

For large values of h, this density becomes identical with the 
maximum density induced by a point charge at height h above 
ground as seen from (10-17). 

The potential on the surface of the ring can be found by super¬ 
position as the sum of (63) and of the contribution of the image 
according to (58) if one replaces p = a, 2 = 2/i. Thus, 

^ [ia T" “ [{2af + {2h)^p 
where now k^ follows from (59) for the same values p and 2 
2 4a2 1 

(2a)2 + {2hf ” 1 + {h/a)^ 

From (68), the capacitance with respect to the image is directly 
C = Q/^s, whereas the capacitance to ground must be twice this 
value because only one half the potential difference exists between 
ring and ground. 


13 . LINE CURRENTS AND 
QUASI LINE CURRENTS 


For currents concentrated in mathematical lines, the magnetic 
field B can be evaluated either by direct integration in accordance 
with (6*22) 




( 1 ) 


or from the vector potential A, which itself is found by the line 
integral (6-21), namely, 

A = B = curlA (2) 

At J r 


In either case, only closed line integrals have physical significance, 
since steady currents can be maintained only in closed circuits. 
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Because of the concentration of the current in a mathematical 
line, both the vector potential A and the magnetic flux density B 
approach infinite values as one approaches the current line; this 
has also been pointed out in section 6. In order to avoid these 
infinite values, one usually substitute's quasi line currents, i.e., one 
admits finite and usually circular cross sections which are small 
compared with all other physical dimensions of the system. 
Within the conductor one assumes uniform current distribution 
and the same permeability /x as the surrounding medium, usually 
air. 



Fig. 13 • 1 Representative Cross Section of Quasi Line Current. 

Proximity of Quasi Line Current. If one concentrates on 
the immediate neighborhood of a straight conductor of small 
circular cross section with radius a, one may disregard the mag¬ 
netic field effects of any other current carrying parts of the system 
if they are far removed; indeed, one can consider the piece of 
quasi line current as taken from a very long straight wire and 
consider it entirely by itself. Assume, as indicated above, uniform 
current density and therefore circular magnetic field lines con¬ 
centric with the axis of the conductor, as in Fig. 13*1. Applica¬ 
tion of the line integral (6*3) to a field line within the conductor 
gives 

( 8 «) 

whereas the same line integral along a field line outside the con- 
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ductor gives 

= /, H/' = ^ 

ZlTp 

(36) 


On the surface of the conductor, continuity of is satisfied; it 
reaches there its largest value. 

Since the magnetic intensity outside the wire decreases 
as 1/p, the external magnetic flux linked with the total current 
over a length I of the wire 


= td r H^" dp = 

*Jp=a JtT d 


has no physical meaning unless the upper limit has a definite 
finite value. This serves to emphasize that only closed current 
loops can have physical significance, even though one has already 
avoided the infinities caused by line currents. 

The necessity of considering only closed current loops brings 
with it the fact that the field as found in (3) will actually never 
exist in and near quasi line currents; there will strictly always be 
distortion caused by other parts of the system. If, however, the 
radius a is small enough, the actual field lines within the con¬ 
ductor will be so close to concentric circles that one can retain (3a) 
as a first-order approximation. This gives, then, for the internal 
magnetic field energy per unit length from (7-15) 


W 

mi 


0 = f “Y_e_\ 

2J.=o V2iraV 


P2.pdp = -I^l (4) 


This yields by definition (7*5) the internal inductance per unit 
length 


Ln = 


Stt 


(5) 


independent of the radius of the conductor and the simplest 
expression obtainable for any shape of cross section. 

Rectangular Current Loop. For a current loop of con¬ 
ductors of small cross section in the shape of the rectangle in 
Fig. 13 -2 and fed in a manner as indicated in Fig. 7*1, one can 
evaluate the vector potential at a point P(x, y, z) by performing 
the integration prescribed by (2) along the axis of the wire. 
Because the direction of A is the same as that of the element ds, 
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one will generally have at P the component Ax contributed by 
the loop sides of length 2a, and the component Ay hy the loop 
sides of length 26. Therefore, 




= +o / 


-a r 



( 6 ) 


where 


(/)* = (x - sf +{y + hf + 22 ; 

(/")"= (a:-s)2+(y-6)2+ 22 (7) 



The integrals are of elementary type and lead to 

. /t ^ , /ri + o + a: rs - a + x\ 

il* = — / In (----——) 

47r \r 2 — a + X + a + x/ 


( 8 ) 


where ri, r 2 , ra, and are the distances from the point P to the 
individual vertices of the rectangle, respectively. Along the 
center plane 2 / = 0, one has ri = r 4 , and r 2 = ra, so that Ax = 0. 
In similar manner, one finds 


Ay 


A / In ^ ^2 + 6 + 2/ U - b + y\ 
47r Vra - 6 + 2/ ri + h + y/ 


(9) 


From these expressions for the components of the vector poten- 
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tial one can readily deduce the field components by the second 
relation ( 2 ), 




^•^ 1 / ^ _ I SAx ^ _ dAy dAx 

dz ’ ^ dz ’ * dx dy 


( 10 ) 


The indicated differentiations are very easily performed, since 
they are all of the type 




u 

r{r + k) 


where u is either (x zb a), (y d= b), or 2 but is never contained in 
k. In the plane of the rectangle, Bx By = Q and 

Bx = (- 1 )“ ^“ ~ -» a =1,2, 3,4 (11) 

4ir („) XaVa 


with xi = X 4 = (x + a), 0^2 = X 3 = (x — a); 2/1 = 2/2 = 2 / + 6 , 
2/3 = 2/4 = 2/ “■ ^nd Ta == [Xc^ + Obviously, Bz becomes 


infinitely large on the conductor loop. 

In order to obtain the total inductance of the loop, the magnetic 
field is divided into external and internal regions. One computes 
the external magnetic flux as that fully linked with the loop cur¬ 
rent, which for small cross section is given by the integral 

d 


Ux = —a +- «/|/ = —b -h- , 


where the limits are the innermost points of the loop conductor, 
as for example P" and P"' in Fig. 13*2. Division by current I 
yields the external inductance 


Le, = ^ ^2Va^ + + a In + 6 In 


2 (a + 6 ) — a In ('•xFf) 

— blafl + ^ 


11+2 

<0 


( 12 ) 


To this one has to add the internal inductance, which with (5) 
is simply 
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where m is the absolute permeability of the conductor material. 

■ One can, of course, also evaluate the magnetic field directly by 
application of (1) rather than first determining the vector poten¬ 
tial as in (2). Frequently, however, the integrations involved in 
(2) are simpler to perform than those in (1), and the differentia¬ 
tions are readily carried through. For a finite length of a straight 
wire, the computations of the magnetic field are given in many 
elementary books such as Attwood,^^ p. 276, who also applies the 
results to a rectangular loop; Bennett and Crothers,'^^ p. 424; 
and Cullwick,^® p. 184. More general treatments are found in 
Hague,and particularly in Grover.It is important to 
observe that inductance of a piece of wire not forming a closed loop 
has no meaning, since the definition of external inductance rests 
upon that of magnetic flux through a defined area, and the current 
linking it. 

Two Long Parallel Straight Line Currents. In transmis¬ 
sion line problems, the approximate rectangular loops formed by 
the parallel wires permit the assumption 2a26, so that the 
contributions of the two small sides can be disregarded. Actually, 
in (8) one can approximate for \x\ a, 

ri = [(x + a)^ + {y + 6)^ + - + a^ 1 + 


where pi = [{y + 6)^ + is the normal distance of P from the 
left wire; analogously one finds r 4 with p 2 = [{y — 6)^ + 
taking the place of pi. As a becomes very large, but \x\ remains 

rj + a + X 

small compared with a, the ratio 


r^ + a + X 


hand. 


r 2 = [(a: — o)^ + iy + b)^ + ~ + a 


1. On the other 


h(ii 


and analogously for r^] 
that (8) takes the form 


, , rg - a + X 

here, however,- 

r 2 — a + X 


{y — hY + ^ J!l j\ ^ 

iy + 6 )^ + 2 ^ Stt Pi 



2 

y so 


(13) 


where p 2 and pi are the normal distances of P from the wires and 
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are the same radii as are designated r 2 and ri, respectively, in 
Fig. 12*5. The same approximations yield at once Ay = 0 in (9), 
so that the magnetic field becomes two^imensional, independent 
of distance x. With (10) and (13) one derives 





dAx ^ I ^ 

dy 2 t L Pi^ 



(14) 


It should be emphasized that this requires |a:| a, or, physically, 
that one keeps very far from the ends of the transmission line. 

The field configuration can easily be evaluated, since the field 
lines are defined by 

dAx 

dy ^ By ^ dz 
dz Bx dAx 


dy 


or also 


dAx , dAx j , . ^ 

- dz H- dy = dAx = 0, 

dz dy 


Ax = cons 


(15) 


If the magnetic field is two-dimensional^ then a single component 
of the vector potential exists, and the lines A = cons become the 
field lines. For the two parallel line currents, (13) indicates for 
the field lines P 2 /P 1 = cons, or the same condition as found for the 
equipotential surfaces of two parallel, very long and uniformly 
charged lines following (12*29). Thus, magnetic and electro¬ 
static field lines are the mutually orthogonal families of circles 
in Fig. 12 • 5.^ This is not true for finite cross sections of the wires, 
though for very small cross sections, or quasi line currents, it can 
be assumed as a reasonable approximation. 

The external inductance for two wires of small diameters di and 
d 2 is obtained per unit length from the flux, which can be evaluated 
best by use of (6 *23) applied to the rectangle abed in Fig. 13*3, 




-f 


Ads = 


In— - -In 

2 


2 




( 16 ) 


* Also Attwood,^^ p. 269, for further details. 
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so that 



In 


4b 

V did2 


(17) 


since both di and d 2 must be small compared with 2b to justify 
the use of the field produced by line currents. The internal 

inductance is twice the value 
(5), once for each conductor. 
This same result is obtained 
by Smythe,^^^ p. 317, by using 
expression (7*13) for the field 
energy of two parallel con¬ 
ductors; the results are actu¬ 
ally rigorous for any, even 
small, spacing 2b of the con¬ 
ductors as shown in (15*13). 
Dipole Line Currents. If 

Fio. 13-3 External Flux of Two the distance 26 of the two par- 
Long Parallel Quasi Line Currents. allel line currents decreases to 

very small values, one has the 
analogous case to that of the electrostatic dipole line. Again, 
one can then approximate as shown in Fig. 13 *4 (analogous to 
Fig. 12*7) 

Pi =s r + b cos (t>, P2 — r — b cos <l> 



so that the vector potential from (13) becomes, with b r, 
4 r - b cos (t> 


= I In —;.^ — 

27r r + b cos 0 


M b 

~ I-cos <l> 
TT r 


The negative sign arises from the fact that the vector potential 
points in the same direction as the nearest current; for i/ > 0 and 
z > 0 the nearer current is in the negative direction in accordance 
with the Fig. 13*2, which underlies the expression (13). The 
magnetic field components are found as in (14) or, better, using 
the right-handed cylindrical coordinates r, </>, and x and Appendix 
3, (37), 




M b 

-/^sin0 

TT r 



- I cos (j} 

TT r 
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The field lines are circles through the origin and are the orthogonal 
family to the electrostatic field lines if one considers the currents 
as representing electrostatically equal and opposite charged lines 
as in Fig. 12-7, but with reversed signs. 



Changing to the complementary angle 6 — tt 12 — <t> permits the 
interpretation of Ax in terms of a vector product 

A» = ^^mixr (18) 

where 

mi = /26n (19) 


is the magnetic dipole moment per unit length of the dipole current 
line, defined by the area of the loop per unit length times the cur¬ 
rent bordering it, and directed so that as seen from its tip the 
current flows counterclockwise. The form (18) is very similar to 
the definition of the scalar electrostatic potential (12‘52). In 
fact, one could as well introduce the scalar magnetostatic potential 
function 


y 


1 1 


from which the magnetic intensity components Hr, follow in 
exact analogy to the electrostatic field components (12'53). 
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Since the magnetic field components decrease as 1/r^, the dipole 
line currents represent a more local field than conductors with 
finite separation; use is made of this fact in bifilar windings. 

Two Pairs of Long Parallel Line Currents. For each pair 
of parallel thin wires l'2' and l"2" (see Fig. 13*5) with currents 
and respectively, the external vector potential is given by 
(13) and the respective self-inductance by (17), using the primed 
or the double-primed quantities from Fig. 13 • 5. 



Fig. 13*5 Mutual Inductance of Two Pairs of Long Parallel Wires. 


To obtain the mutual effect for thin wires, one can substitute 
in good approximation the total flux linked by the center filaments 
of the wires l"2" and produced by the pair l'2'. Using the same 
method as in (16) and introducing the vector potential Ax' from 
(13), with p 2 = Qu Pi = Pi at the center of l" and with p2 = ^2, 
Pi = P 2 at the center of 2", one has 




mutual 


= Tln^ - = ^I'ln 

27 r L Pi P2J 27 r 


giP2 

Q2Pi 


( 20 ) 


It is obviously possible to arrange the four wires in such a way 
that giP 2 = Q 2 P 1 , so that no resultant mutual linkage exists, or 
that magnetic interference is avoided. Though this is feasible for 
rigid installations, the variable spacing of aerial transmission lines 
normally prevents utilization of this relation, and consequently 
recourse is taken to proper alternating transposition of the wires.^ 


S. Osborne, Trans. A.I.E.E., 37, p. 897 (1918); Corbett,®* p. 30, 
and Appendices. 
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Relation (20) is then the basic relation for evaluating the ''cross 
talk’^ or inductive interference of parallel pairs of thin wires. 

The magnetic field lines are obtained from Aa^ = cons, as in 
(15), where is now the total vector potential at any point P 
in space, 

= f [/'In^ + r'ln^l (21) 

27rL Pi Pi J 


with the p^s designating the normal distances of the point P from 
the respective wires. The geometry is very complex, depending 
on the current ratio in the two pairs of wires. 

If linkage between the parallel wire pairs is desired, then (20) 
gives the useful mutual flux and the mutual inductance M = 
^mutual /whereas the difference between self-inductance of one 
pair and this value M gives the leakage inductance in conformity 
with (7*7). 

Systems of Long Parallel Straight Line Currents. For 
any number n of parallel wires isolated from ground, the sum of 
all currents must be zero in order to constitute a physically pos¬ 
sible system. It now becomes necessary to distinguish between 
"wire currents” and "loop currents” in the sense that the former 
are the observed currents /« in the individual wires, whereas the 
latter are the currents Ip associated with the definition and 
measurement of flux linkages and therefore of inductances as in 
(7*10). Since the inductances are geometric quantities, an 
accurate knowledge of the loop currents is not necessary for their 
evaluation; any convenient temporary choice is satisfactory. 
Thus, one can choose any four wires as a combination of two pairs 
and at once use the methods outlined above. 


n 


Since n wires can be arranged in = - (n — 1) different pairs 

n' 

or loops, and these n' loops again in n" = ■— (n' — 1) loop pairs, 

there will, in general, be n" = 3^(n + l)n(n — l)(n — 2) dif¬ 
ferent mutual loop inductances. This number n" includes loop 
pairs with one conductor in common, i.e., arrangements in three- 
conductor groups. In Fig. 13*5, this latter case exists if and 

l' become identical and therefore 
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Thus, the mutual inductance is, from (20), 



where d' is the diameter of the common conductor. 

In three-phase systems with n = 3 wires, n' = 3, and n" = 3, 
there exist three loops and three mutual loop inductances, which 
in case of geometrical symmetry are identical and have p 2 = 
q 2 = 26^ Many practical applications are found in Woodruff®^^ 
and Clarke.®^ 

With the same assumptions as discussed for two parallel straight 
line currents, the resultant external vector potential of the n 
wires can be written 

-4x = - ^ E In P„ (23) 

27r 


where the pa are the normal distances from the point of observation 
P to the wire centers; the negative sign could be avoided by 
writing In (1/pa) as in (13). The two-dimensional field distribu¬ 
tion is again defined by (15), but its analytical interpretation is 
hardly feasible. The direct evaluation of the magnetic field has 
been shown in (5*9). 

Circular Loop. Assume an ideal circular current produced 
by a wire loop with twisted leads as shown in Fig. 7*1, and dis¬ 
regard the effect of these leads. The circular current is then 
similar to the circular ring of charge in Fig. 12-9, and its vector 
potential can be found by direct integration 



— ^ r + U 2 a cos 0 

47 r [(p — a cos </>)^ + (a sin 

The first component is in the radial direction and is cancelled by 
the S3nnmetrical element (—0); the second component is tangen¬ 
tial to the circle and, upon changing variables as in section 12 for 
the circular ring of charge, leads to 
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where K{k) and E{k) are the complete elliptic Integrals of first 
and second kinds,^ respectively. The modulus k is the same as 
(12*59). 

The magnetic field vector B is obtained by differentiation in 
the cylindrical coordinate system [Appendix 3, (37)] 


Bp = - ^ = f/-[(P + 
oz 2t p 




] 


(26) 


B, = i f (pA^,) = f 7[(p + a)2 + 
p op 27r 




with Btf, = 0 because of the axial symmetry. The magnetic field 
lines are plane curves in the meridional planes and are defined by 
BpIBg = dp/dz, which leads with (26) to the total differential 

— {pA^ dp + — {pA^) dz = d{pA^) = 0 


or to 

(pA^) = cons (27) 

as the simple equation of field lines for axially symmetrical fields. 
Thus, with (25), the field lines can be found numerically as oval¬ 
shaped closed curves surrounding the wire. A simple graph is 
given in Attwood, ^ p. 260; H. Lamb,^^^ p. 220, gives the anal¬ 
ogous graph of a circular vortex line. Extensive tables of 
{^iraBz/pI) from (26) as functions of p/a and z/a have been com¬ 
puted by Blewett;^ the Fig. 1 of this reference also gives graphs of 
the radial variation of Bz for three different values of z/a, which are 
utilized (same ref., p. 979) to locate two circular coils of different 
currents, such as to produce cancellation of their fields over a 
limited region, for use as flux coils in synchrotrons. 

*See Jahnke and Emde: Tables of FunctionSf p. 73; reprinted by Dover 
Publications, New York, 1943. 

^ J. P. Blewett, JL AppL Phys., 18 , p. 968 (1947). 



142 


Fields of Simple Geometries 


[Ch. 4 


A general analytical treatment is given in Ollendorff,p. Ill; 
in Smythe,^^^ pp. 266 and 270; and in Zworykin et p. 472; 

the magnetic field Bz in the plane of the loop^ where 2 : = 0 is 
given in Cullwick,-^® p. 140. Along the axis for p = 0, (26) 
reduces to 


= 0 , 


fl Cl 


(28) 


which can be found directly by use of (1); see Attwood,^^ p. 
226; Harnwell,^® p. 288; and Spangenberg,®^^ p. 400. 

In order to evaluate the inductance of the loop, one has to admit 
a finite small diameter d, as in Fig. 12-9. The external inductance 
is then obtained by integration of along the innermost filament, 
for which p — a — (d/2), 2 = 0, so that 


Le, = 2 tp ^ = 2pa (1 - £) [(1 - i K(k) 
with k from (12*59) as 




(29) 


(30) 


Since d<^a, one changes advantageously to the complementary 
modulus y as in (12*62); with K{k) = ln(4/fc^) as there, and 
E{k) ~ 1,® one obtains the much simpler expression (Smythe,^^^ 
p. 316; Ollendorff,p. 113) 

Lex = l^ln - 2 J (31) 

The internal inductance is closely (27ra) times the value given in 
(5). 

Magnetic Dipole. For a very small circular loop, the denomina¬ 
tor of (24) can be written 

To 1^1 — ^ cos <#)J , if ro = (p^ + 2^)^ » a 

The integral becomes, then, by expanding the square root bi- 

® See also H. W. Reddick and F. H. Miller: Advanced Mathematics for 
Engineers j p. 137; John Wiley, New York, 1938. 

® Jahnke and Emde, he, dt., p. 73. 
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nomially and taking the first two terms into the numerator, 

. M ffl r Op ~\ uo? o 

= — I I — cos <^> 1 H —2 cos <f) = -—2 ^ ~ (32) 

4x J«.oro L ^0 J 4ro^ ro 

Using spherical coordinates, p/ro = sin d, and the magnetic field 
components are [Appendix 3, (41)] 


1 d u 2 T 2 cos« 

r — —:—; t: (As sm 5) = + — ottI —~— 
r sin 0 30 47r r® 


Br = 


Be = - -^(rA^) = +^a^Tl^, 
r dr 47r 


sin 6 


(33) 


These magnetic field components have exactly the same form as 
the electric field components (10*35) describing the electric dipole, 
so that it is proper to identify the small circular current loop as 
the equivalent of the magnetic dipole, of magnetic moment (a^r/), 
which, as vector, points in the normal direction from which the 
current appears to flow counterclockwise, 

m = na^Tr/ (34) 

The magnetic field lines are defined in accordance with (27) as 

which is identical with (10*36), indicating north and south mag¬ 
netic quantities to be the equivalent of positive and negative 
charges (Fig. 10*6). One can, of course, now construct a scalar 
magnetic potential in analogy to (10*33), namely. 


y = 


— {a tt/) —^ 
47r ro 


J!l 1 

47r r=* 


mr 


(35) 


if one defines the magnetic moment as 

m = QrrX (36) 

Qm representing the magnetic north quantity, and 1 the center 
distance directed out of the north pole. Though this analogy is 
quite useful in certain respects, it is necessary to realize that 
magnetic quantity has not been perceptibly isolated and that its 
concept is a mathematical aid devoid of physical reality. 

With the aid of the magnetic dipole concept one can also con- 
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struct dipole layers as the equivalent of finitely large current loops. 
The alignment of the magnetic dipole in a uniform magnetic 
field Bq is caused by a torque 

T = mxBo (37) 

Good treatments of the magnetic dipole are given in Attwood,^^ 
p. 219; in Smythe,'^^^ p. 266; and in Stratton,p. 237. 

Two Circular Loops. The magnetic effects of two circular 
loops are obtained by direct superposition of the individual vector 
potentials computed by (25) or of the magnetic fields computed 
by (26). The mutual linkage is readily obtained by application 
of (29), choosing as produced by one loop and integrating over 
the center line of the other loop. 

For two coaxial circular loops, the computations are straight¬ 
forward. If the loop radii are a' and a'' and their center distance 
A, then the mutual inductance is, from (25), with p = a", z = h, 
and a replaced by a', 

M = n2Va7^ ■ ^ ^ ^ ~ 

where 

k = [(a' + a"f + h^]-^ 

These forms,^ as well as many others for arbitrary mutual location 
of circular loops,® are given in Grover,®^® and in the form of series 
of Legendre polynomials also in Smythe,^^^ pp. 310-312. The 
mutual force action of coaxial loops is computed by Smythe,^^^ 
p. 277.® Simple field graphs are found^® in Attwood,^^ pp. 226 
and 227. 

14- SIMPLE SYSTEMS 
OF DISTRIBUTED CHARGES 

The simplest types of condenser arrangements are two parallel 
plates, two concentric cylinders, and two concentric spheres. 

^S. Butterworth, Phil, Mag,, 31, p. 4439 (1916); also Scieni, Papers Nail, 
Bur, of Stand,, No. 320, 1918. 

* See also Proc, I,R,E., 32, p. 620 (1944). 

® For tabulated values, see Jahnke and Emde, loc. cit, pp. 86-89. 

^®See also L. Fleischmann, Arch. f. Elektroi., 21, p. 31 (1929); Gianella, 
Revue g6n. de l'61ec., 22, pp. 711 and 761 (1927). 



Sec. 14] 


Parallel Plate Condenser 


145 


Their treatment for a single dielectric is found in any of the 
references in Appendix 4, A; 4, B, a; and 4, B, b as for example in 
Attwood,*^^ pp. 68-78, and will, therefore, be very briefly sum¬ 
marized with the emphasis on the extensions to the less usual 
applications. 

Parallel Plate Condenser. For infinitely large plates of 
potentials and < 4>i (see Fig. 14-1 with ei = 62 ), the 
potential distribution must be 
linear in x and a homogeneous 
field gradient E exists, 

X 

^ ^ (^i - ^ii), 

( 1 ) 

Ex = 2 ““ 

Practical condensers are, of 
course, of finite size, so that field 
fringing would have to be taken into account (see section 27). 
However, if one surrounds the finite plates of arbitrary area S by 
guard rings of a width W considerably 
larger than the distance d and of the same 
potentials as the plates (see Fig. 14-2), 
then the field between the active condenser 
plates approximates the ideal plate con¬ 
denser very closely as long as the gap 
g <^d. In what follows, it will always be 
assumed that systems which would require 
infinite extension to be ideally simple are 
approximated by suitable guard arrange¬ 
ments. One can, of course, also assume 
one of the electrode potentials to be zero, 
which simplifies some of the expressions. 

The ideal parallel plate condenser of 
finite area S and with a single dielectric 
of constant e carries a total positive charge 
Qi on plate I, which follows from the uniform charge density rji = 
+E>x/x-^o with ( 1 ) as 

Qi = + § (4>I - $ii)5 

a 


«i 
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~T 
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Fig. 14*2 Principle of 
Guard Rings for Parallel 
Plate Condenser. 
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Fig. 14 1 Parallel Plate Condenser 
with Two Different Dielectrics. 
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The capacitance of the condenser is, therefore, 

(7 = ^5 ( 3 ) 

a 


With two different uniform dielectrics separated by a plane paral¬ 
lel to the condenser planes, as shown in Fig. 14*1, the potential 
distribution in each dielectric is linear 


$1 = — (<i>i - 

a 


X — a , . 

^>2 = -g- (^m — «>Il) 


(4) 


and the respective field vectors are 

i (4>i - <h™), - ^ii) (5) 

a 0 


However, the potential value ^rn is unknown and must be evaluated 
from the boundary conditions at the plane of separation in accord¬ 
ance with section 2. Continuity of the dielectric flux density 
(normal to the boundary surface) gives z\Exi = ^ 2 ^x 21 which leads 
with (5) to 


= 


+ £ 2 ^'^ 11 

Elb + 62 ^ 


( 6 ) 


The significant and distressing aspect is the fact that the above 
boundary condition stipulates a higher field gradient for the 
dielectric material with lower constant e (and generally lower 
dielectric strength) and vice versa, independent of the relative 
thicknesses. A slight air gap a 6 in series with a solid material 
will therefore be overstressed and will ionize if the field gradient 
in the solid is chosen as high as is permissible for it alone; the 
only recourse is the complete elimination of air and substitution 
by a good liquid insulator through some vacuum impregnation 
process; see Peek.®^^ 

The charge on electrode I is again found from the uniform charge 
density rn = +i)xi/x*o; the capacitance of the total condenser 
is then, with (6) and (6), 


^lExiS 
4>i — 4>ii 


ei6 + 



(7) 
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which can be interpreted as the series combination of the two 
partial condensers formed by assuming the boundary surface 
to be a conducting surface. This is possible here because the 
surface happens to be equipotential. Should the boundary 
surface between the two dielectrics be of any arbitrary shape, 
then the field distribution would no longer be homogeneous and 
the potential function would become rather complex. 

For n > 2 dielectric slabs with boundary surfaces parallel to 
the electrode surfaces, the same procedure can be followed; the 
capacitance can be given at once as the series combination of the 
n partial capacitances, since siEi = Sa-E'a, so that 


JL 

C 


I f ^ 
sh 6a 


( 8 ) 


where da are the individual thicknesses, and the corresponding 
dielectric constants. The field strength in any one dielectric is 
found from (7) with (8) 


E 


1 

£a 


(4>i — $ii) 



(9) 


and the potential value at any interface is the difference of 4>i 

n 

and YL^aEa up to that interface. The total sum daEa is, of 

a = l 

course, the total potential difference. 

In real dielectrics, where the electrical conductivities are not 
negligibly small, the boundary conditions require continuity of 
the current density, so that yiEi = yaEa and the potential dis¬ 
tribution is determined by the conductivities. There will then 
be surface charges on all the interfaces in accordance with (8-20). 

Coaxial Cylinder Condenser. For infinitely long coaxial 
cylinders of potentials 4>i and 4>ii < <^i, and of radii Ri and R 2 y 
respectively, and with a single dielectric, the potential varies 
logarithmically as for a single uniformly charged line in (12*28), 
so that 


4> = 


In r/R\ 
In R 2 /R 1 


(4>i - ^ii), 


Er 


r In R 2 /R\ 


( 10 ) 


Practical arrangements are, of course, of finite length, so that 
field fringing would have to be taken into account (see section 30). 
However, as in the parallel plate condenser, one can arrange guard 
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electrodes—cylinders of same radii and same potentials spaced a 
gap g <^Ri from the test electrodes—which insure for these the 
ideal coaxial cylinder field; this procedure will be assumed 
throughout the remainder of this section, wherever precision re¬ 
quires it. 

The ideal coaxial cylinder condenser of length L has a charge 
on the inner conductor Qi = 2TrRiLDr=,R^, which gives with ( 10 ) 
a capacitance 


C = 


Qi 

4>i — 4>ii 


27r£L 
In R 2 /R 1 


(11) 


Since the radial electric field strength is largest at the inner con¬ 
ductor, it represents the design criterion for test electrodes,^ for 
coaxial cables, and for bushings; on the other hand, the outer 
radius R 2 defines the overall size. For a fixed value of i? 2 , the 
inner radius Ri can be chosen so as to lead to the lowest possible 
value of by minimizing 


Eri = 



R2IR1 
In R 2 IR 1 


( 12 ) 


with respect to the ratio R 2 IR 1 = v- Actually, 

Y (^) = 0 for 7 / = e (13) 

drj \ln 77 / 

where e = 2.718* •• is the base of natural logarithms. Other 
considerations might alter slightly this optimum ratio, but few 
designs deviate significantly (see references in Appendix 4, B, a, 
and 4, B, b). 

The stationary flow of heat between concentric cylinders of 
temperatures Ti and Tu also follows the relations ( 10 ) with appro¬ 
priate use of the analysis pointed out in section 9. Thus, the total 
heat flow per unit length is given by 


27rfc 

In R 2 /R 1 


{Ti - Tu) 


(14) 


where k is the thermal conductivity. In a cable in which the 
inner conductor carries a current /, and the outer conductor 
represents a protective sheath without current flow, Qth must 
represent the heat generated by current 7, or Qth = 7^J2, where R 
is the electrical resistance of the inner conductor per unit length. 

^ Schwaiger,®^^ and A.S.T.M., Tentative Standards for Oil Testing, 1936. 
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If Tii is the given ambient temperature, and Ti selected as the 
maximum permissible temperature of the inner conductor in view 
of the adjacent insulation, one can deduce the maximum current 
rating I of the cable (the current-carrying capacity). The 
simultaneous electric and thermal stresses of the dielectric present 
the main problem in eflBcient cable design. 



Fig. 14*3 Coaxial Cylinder Condenser with Two Different Dielectrics. 

With two different dielectrics in concentric layers, as in Fig. 14*3, 
the potential distribution in each dielectric is given by (10) if 
appropriate substitutions are made for radii and potential values 
pertinent to the dielectric layers. The interface potential is de¬ 
termined by the boundary condition t\Ei{r = /?) = 62^72(^ = ®), 
or 

R In R/Ri “ i? In R 2 /R 

which gives 

(si In R 2 /R)^i + (g 2 In R/R\)^u . 

ei In R 2 /R + £2 In R/Ri ^ ^ 

As in the plane case, the boundary condition dictates a discon¬ 
tinuity in radial electric field strength which tends to overstress 
electrically any air inclusions in bushings (see Peek,®^^ p, 316, 
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and Karapetoff,^^^ p. 175). The overall capacitance of the con¬ 
denser is the series combination of the partial capacitances of the 
two dielectric layers, 


C 27rL\ei “ i?/ 


( 16 ) 


which indicates the extension to any arbitrary number n of con¬ 
centric dielectric layers. 

As seen from (10), each dielectric layer has a non-uniform field 
gradient, varying from highest to lowest value in the ratio of the 
bounding radii; furthermore, there is a discontinuity at the interface 
imposed by the boundary conditions. One can, now, select the radii 
and dielectric constants of successive layers in such a manner that 
the largest gradient value becomes nearly equal for all layers and 
consistent with the respective critical values. This process of 
“uniformization” of the electric potential distribution is called 
grading of insulation^ and is generally desirable in non-uniform 
fields for most efficient use of the insulating material. Combining 
(10) and (11), one has 


Er 


Qi 

2TeLr 


(17) 


which holds in any layer for the respective dielectric constant s, 
since Qi is a fixed quantity for all. Keeping the product e X 
for each layer to nearly the same value improves the electrical 
stress distribution markedly. As pointed out before, however, 
thermal considerations may force compromises which vary with 
the actual characteristics of insulators. 

From (17), one can also deduce the principle of the condenser 
bushing^ in which e is kept constant, but where in the product (Lr) 
the length is stepped down inversely as the radius increases; this 
is achieved by means of auxiliary electrodes. Obviously, in the 
field distribution, fringing must be taken into account. 

^ H. S. Osborne: ‘Totential Stresses in Dielectrics,” Dissertation at M.I.T., 
1910; B. Hague, “Intersheath Stress,” Electrician^ 117, pp. 161-163 (1936); 
Bennett and Crothers,^^ p. 158; Schwaiger,®^^ p. 132; J. B. Whitehead, Trans. 
A.I.E.E., 64, p. 555 (1945). 

^ A. B. Reynders, Jl. A.I.E.E.j 28, p. 209 (1909); C. L. Fortescue and 
J. E. Mateer, Elec. Jl.^ 10, p. 718 (1913); E. E. Spracklen, D. E. Marshall, and 
P. 0. Langguth, Trans. A.LE.E.y 47, p. 684 (1928); 11. J. Lingal, H. L. 
Cole, and T. R. Watts, Trans. A.I.E.E.y 62, p. 269 (1943). 
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Concentric Sphere Condenser. For two ideally closed, con¬ 
centric spheres of radii Ri and R 2 and potentials and 4>ii < 4>i, 
the radial field distribution is essentially the same as for a single 
quasi point charge of section ( 11 ), so that with satisfaction of the 
boundary values 




(18) 


In most practical cases, leads must be used to apply the potentials, 
and spacers are needed between the spheres to maintain con¬ 
centricity; it is assumed that in first approximation at least these 
effects are negligible. It is also possible to use sections of spherical 
surfaces with appropriate guard surfaces as indicated for the 
cylindrical condenser. 

The charge on the inner sphere is Qi = A^kRi^Dt^ri, which 
gives with (18) the capacitance 


C = 


47re 


R 1 R 2 
R2 — Ri 


= 47r6JSi 


1 

1 — R1/R2 


(19) 


For finitely closed surfaces, as for these concentric spheres, the 
capacitance value remains finite, even if the outer surface recedes 
to infinity. Since the radial electric field is strongest at the inner 
sphere, one can as for cylinders compute an optimum ratio R 2 /R 1 
for which the lowest value of Er=Ri exists with R 2 kept fixed. 
Minimizing 



4>i — 4>ii 
¥2 



( 20 ) 


with respect to 77 = R 2 IR 1 leads to 

7,(737)-« f” ’-2 (21) 


with the optimum ratio of field strength values ErJEr^ = 
{R 2 /Ri)^ = 4. It is here, therefore, still more important than 
in cylindrical arrangements to introduce uniformization of the 
potential distribution. The processes are, of course, quite similar 
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to the ones for coaxial cylinders except that it will rarely be pos¬ 
sible to maintain the ideal condenser field. 


15* SIMPLE SYSTEMS 
OF DISTRIBUTED CURRENTS 

In many practical applications involving finite current densities, 
the permeability of the conductor can be assumed to be the same 
as that of the surrounding medium, usually air. One can then 
evaluate by direct integration either the vector potential by 
(6*19) or the magnetic field by the generalized Biot-Savart law 
( 6 * 22 ). 

Single Long Conductor of Circular Cross Section. Though 
this case was used in section 13, it is of value to set down the 
complete solution for later applications. Assume for the moment 
a conductor of radius a and permeability m and an external permea¬ 
bility He] then the magnetic field vector is, from (13-3), 


if I is the total current uniformly distributed over the cross section, 
and r the variable distance from the axis. Because of axial sym¬ 
metry, the magnetic field lines are concentric circles, and the field 
depends only upon r. It is desirable also to find the vector poten¬ 
tial which can have only a component parallel to the current flow. 


dA 

In cylindrical coordinates we have = -^from Appendix 

dr 

3, (37), since all other components vanish. One can, therefore, 
directly integrate and obtain 




with Di and De as integration constants. The same result can 
be obtained by solution of the differential equation for the vector 
potential or by application of the integral (6* 19), as in Smythe,-^^^ 
p. 317, and Hague,p. 275.^ There is no unique way in deter¬ 
mining the constants, since the general boundary conditions (6-7) 
and (6 • 10) apply only to the magnetic field. Assuming continu- 

^ But see also discussion and correction: T, J. Higgins, Electr, Engg,, 59, 
p. 246 (1940) and B. Hague, Electr, Engg,, 69, p. 479 (1940). 
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ity of the vector potential according to (6*20), so that Az^ = Ag^ 
at r = a, one has from (2) 

-^I + Di= -^Ilna + D, (3) 

47r 2x 

Now, there is equally no reason why the additive constant 
should contain pig, nor why De should contain m, so that the most 
reasonable choice appears to be 

Di = ^I + Ao, = ^71na + Ao (4) 

47r 27r 

where Ao is an arbitrary constant which can as well be taken 
^0 = 0 unless convenience suggests otherwise. One thus has 
(slightly at variance with above references) 



The magnetic field lines are obtained by letting Az = cons, which 
defines concentric circles inside and outside the conductor. 

Two Parallel Long Conductors of Circular Cross Sections. 
Since normally no perceptible magnetic interaction of steady cur¬ 
rents, disturbing the uniform current distributions, occurs, the 
individual solutions of the magnetic field for the single conductors 
can be superimposed everywhere in space. This is quite at 
variance with the electrostatic case and destroys many analogies. 

Outside of both conductors the resultant magnetic field is (see 
Fig. 15*1) the vectorial combination of the individual fields given 
by (1) and in accordance with (5*3) 

i.e., it is the same as for two line currents concentrated along the 
axes of the conductors! For equal and opposite currents, there¬ 
fore, the magnetic field lines outside the conductors will be the 
family of eccentric circles described in section 13; however, these 
field lines will now not be orthogonal to the electrostatic field lines, 
or be identical with the electrostatic equipotential lines, which 
are circles generated by two equivalent charged lines (see section 
12) not identical with the axes of the conductors; see Attwood,^^ 
p. 272. Only if the radii of the conductors are very small compared 
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with distance can the approximation be made, identifying the 
magnetic field lines with electrostatic equipotential lines. 

Within conductor 1, the resultant field is provided, mi = M 2 = M, 

If the two currents are equal and opposite, so that Ii = —72 =7, 



Fig. 15*1 Two Parallel Conductors of Circular Cross Sections. 


there exists a point Ki on the x-axis at which Bi — 0, namely, at 


n = Vd^ + Ri^ - d, 



_ ] _ 

2d + ri 


) 


= 0 


(8) 


as indicated in Fig. 15*1. The point Ki is called the kernel of 
conductor 1; it is also called the convergence center of the result¬ 
ant field lines within conductor 1. The geometry of the field lines 
is best obtained by means of the vector potential within 1, which 
follows from (5) as 



^2J 


(9) 


In the cylindrical coordinates ri, <#>i of conductor 1 one can express 
r 2 = [(2d)^ + ri — 4dri cos <<> 1 ]^ 
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so that Azi = cons gives 




cos 01 


taking all constant terms inclusive of In ( 2 d/R 2 ) on the right-hand 
side. Obviously, for! d —^ oo, the concentric field lines of the single 
conductor result. If d is reasonably large, or also in the neigh¬ 
borhood of the kernel Ki, where ri is small, one can approximate 
In (1 + w) = u, and thus obtain from ( 10 ) 


’ 1 _ 1 “ 
(2d)2^ 


1 

+ - cos 01 
d 


This is the equation of circles with centers at 


M)V. 




f which is the location of the kernel if one admits 


the same degree of approximation in ( 8 ). The magnetic field 
lines in conductor 1 (and similarly in conductor 2 ) start out, 
therefore, as circles near the kernel, then become deformed into 
oval-shaped curves, which, upon meeting the boundary surface, 
continue outside as eccentric circles. Figure 15*1 shows two 
accurately computed field lines as illustrations; Attwood^^ gives 
other illustrations, pp. 272, 393. 

The total inductance of two very long conductors forming a 
rectangular loop can be found per unit length by direct applica¬ 
tion of (7-1) and (7*2) 

Li = ^ = p [jfjT JiA,, dSi + ff (11) 

where Ji = +I/TrRi^ and dSi = ri dri d 0 i are current density and 
cross-section element of conductor 1 , and t/ 2 , dS 2 correspondingly 
for conductor 2 . If one observes (see No. 523 in B. O. Peirce: 
A Short Table of Integrals, Ginn & Co., Boston, 1929) 


So 


cos 01 d 0 i = 0 


the integrations in (11) with (9) and its equivalent for conductor 
2 are readily evaluated, leading to 
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which is identical with the form derived in section 13 as approxima¬ 
tion for two wires at large distance 2d. The exact form is given 
by Smythe,^^^ p. 318; Russel,p. 85, gives the corresponding 

expression for two parallel hollow cy¬ 
lindrical conductors. The appearance 
of the simple logarithmic terms in the 
final result led Maxwell^^^ to the defi¬ 
nition of the “geometric mean distance” 
Z) of a finite cross section S from a 
point P 

S\nD = //<■” r) dS (14a) 

where r is the distance of the element 
dS from P, and the integration is per¬ 
formed over the entire cross section. 
The extension to the geometric mean distance of two areas 8 % and 
82 with respect to each other gives similarly 

8182 In Z) = jfjT d 82 iT*'" r) d 8 i (145) 



Fig. 15 • 2 Coaxial Cylindri¬ 
cal Conductors. 


where r is now the mutual distance of the two section elements 
d^Si and d 82 ] these integrals can be related to inductance calcula¬ 
tions.^ Because of (12), circular cross sections lead to particularly 
simple results. 

Coaxial Cylindrical Conductors. In order to provide a two- 
conductor system with no external magnetic effects, one can use 
a coaxial cable or pair of conductors, as shown in Fig. 15-2, 
carrying currents Zi = —I 2 = /. The magnetic field within the 
inner conductor and between the two conductors is the same as 
given in (1) with appropriate changes in notation: 


p = r 

The field in the outer conductor is 

2i,r\: R2^-Ry\ 


— 


^ 1 j 

2irr 


M2 1 ^ j 

2ir r - Ro^ 


(15a) 


(15b) 


* See Woodruff®^ and Clarke®^. 
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reducing to zero dX r — R 2 ) Fig. 15*2 indicates the variation of 
the field as a function of radius r. 

The total inductance of the cable per unit length can best be 
computed from the magnetic field energy in terms of the field 
vectors as outlined in (7*15). Since HB = one can use 

relations (15) directly for the respective zones and obtains the 
result 


U 


2Wm 1 Jmi ^ 


+ 


R2^ 




If R 2 < 1.25/2o> the contribution of conductor 2 can be approxi¬ 
mated by /a 3 — ; assuming also the permeabilities of all 

oRq 

three regions to be the same, one has the much simpler form 


Li 


- j!i ji 


27r 14 ^ Ri SRo 


(17) 


as found in Breisig,^^ p. 161; Russel,^* ^ p. 83, derives the induct¬ 
ance of two coaxial hollow cylinders and then reduces to the solid 
inner conductor.^ 

Long Thin Rectangular Bars. For many practical applica¬ 
tions it is permissible to approximate bus bars as very thin ribbons 
of rectangular cross section, as in Fig. 15*3; the advantage will 
be apparent in the next subsection, where the finite rectangular 
cross section will be treated. For infinitesimal thickness the 
current is distributed in a current sheet of uniform density Kz = 
I/2h and the vector potential can be evaluated by the second part 
of (6*19), 


where r = [x^ + {y — 2 /')^ + (2 — 2 ')^]^, y' varies over the 
width 2 hj and J over the infinite length of the conductor. The 
integral in 2 ' leads to (—2 In r'), with r' the perpendicular dis¬ 
tance of P from the filament dy' as in the case of the very long 

* T. J. Higgins, Trans. A.I.E.E., 64 , p. 385 (1945) gives an appraisal of 
existing literature. 
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straight line current (section 13); indeed, {Kz dy') could have 
been considered directly as a straight filament. The further 
integration involves 


/ 


u 


In + u^) du = u\n + u^) — 2m + 2x tan ^ - 

iC 



with u = (y — y')- Introducing the lower limit Ui = y + h and 
the upper limit U 2 = y — h, one has 




27r 2h 


(y — h)\n^ — (y + h)ln^ + x(ai — 012 ) 
h n 


(19) 


where ri, ai and r 2 , 0:2 are the values designated in Fig. 15-3; 
the constant value [4/i(l — In /i)] has been added in the brackets 
in order to make = 0 at x = y = 0, though this is strictly 
arbitrary. The vector potential is finite at all finite points, and 
Az = cons defines the magnetic field lines which are very nearly 
ellipses near the origin; they become practically circles far from 
the bar, because then ai ~ a 2 > ri ~ r 2 ~ where 7*0 is the dis¬ 
tance of P from the origin.^ 

The magnetic field vector is obtained by differentiation of the 
vector potential, and, with the simplifying notation from Fig. 15-3, 

^ H. B. Dwight, Electr. Rev.y 70, p. 1087 (1917); A. R. Stevenson and R. H. 
Park, Gen. Elec. Rev., 31, p. 159 (1928); also Hague,®"^^ p. 283. 
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These expressions can form the basis of graphical field analysis 
for two-dimensional fields (see section 20) and can readily be used 
for the evaluation of force actions between bus bars.^ 



Fig. 15'4 Long Conductor of Rectangular Cross Section. 


Long Conductors of Rectangular Cross Section. For finite 
rectangular cross section, as in Fig. 15-4, the vector potential Az 
can be written 




where / = [(x — x')^ + {y — 2/^)^]^, and the integration ex¬ 
tends over the entire cross section; here, I dx' dy'IAab can be con¬ 
sidered a straight filament in accordance with (13*23). The in- 


^H. B. Dwight, Electr. Worlds 70, p. 522 (1917); Stevenson and Park, 
loc, cii.; also Hague,p. 337; E. Weber, TFm. Veroff. a, d. Siemens-Konzem, 
8, p. 166 (1929). 
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tegrations give,® with the designations of Fig. 15-4, 

A^ = - ^ •^l(x-a)(y-b} In - -(x + a)(y - 6) In- 
27r 4ab [ c c 

+ (a: + a)(y + b) In- - (a: - a)(y + 6) In- 
c c 

+ ^ — O'Tioti — a4) + (x + a)^(a3 — ^ 2 ) 

+ ( 2 / “ by'{oil - «2) + {y + by {as — «4)J| 

which is certainly not simple even though the geometry is one of 
the simplest. The magnetic field lines = cons are very nearly 
ellipses (see Hague,p. 281). 

It is simpler to compute the magnetic field vector by the general¬ 
ized Biot-Savart law (6.25) for the volume distribution than to 
differentiate Ag] results are found in Strutt, loc, cit., and Hague®^'*. 
Extension of field and inductance calculations to two or more 
rectangular conductors is possible,^ but the evaluation of in¬ 
ductances is simplified—but not made simple—by the use of the 
geometric mean distances (GMD), as defined in (14), which 
have been computed for several arrangements of long solid rec¬ 
tangular conductors,^ of two parallel very thin square tubular 
conductors,^ of two parallel rectangular tubular conductors,^® and 
also of two coaxial square tubular conductors of equal cross sec¬ 
tions this method has also been applied to long conductors of 
structural shape. By utilizing complex function theory, in 
particular some elements of conformal mapping, the multiple 
integrals in (145) can be simplified. 

® M. Strutt, Arch.f. Elektrot., 17 , p. 533, and 18 , p. 282 (1928); Hague,®^^ 
p. 280; A. H. M. Arnold, Jl LE.E., 70 , p. 579 (1931). 

^ H. B. Dwight, Elec. JL, 16 , p. 255 (1919); Ed. Roth, Revue gen. de Velect., 
44 , p. 275 (1938). 

^E. B. Rosa, Bull. Natl. Bur. of Stand., 3, p. 1 (1907); T. J. Higgins, Jl. 
Appl. Phys., 14 , p. 188 (1943); H. B. Dwight, Trans. A.I.E.E., 66, p. 536 
(1946). 

» H. B. Dwight and T. K. Wang, Trans. A.I.E.E., 67 , p. 762 (1938). 

T. J. Higgins, Trans. A.I.E.E., 60 , p. 1046 (1941). 

H. P. Messinger and T. J. Higgins, Trans. A.I.E.E., 66, p, 328 (1945). 

^ T. J. Higgins, Trans. A.I.E.E., 62, p. 53 (1943) and 66, p. 893 (1946). 

13 T. J. Higgins, Trans. A.I.E.E., 66, p. 12 (1947). 
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The force actions between conductors of solid rectangular cross 
sections can be computed by direct integration of the forces be¬ 
tween very thin rectangular bars,^^ as has been borne out by ex¬ 
perimental measurements.^® Similar computations were made for 
conductors of structural shape. 

Cylindrical Coils. Consider a helical current filament as 
shown in Fig. 15*5, starting at A in the a:-z-plane and forming an 
integral number N of turns of radius 
a and pitch p. A point P on this 
helix is then defined by 

X — a cos 0, y = a sin 0, 
z — a<t> tan a 

if 0 is counted from A, and if tan a = 
pl2Tro, with a the slope; the line ele¬ 
ment ds at P has the components 

dx = —a sin </> 

dy = +a cos <t> d<t>y 

dz = a tan a d<l> 

In order to find the magnetic field at 
any point M on the axis, at a distance 
c from the origin in the plane of A, 
one best uses the generalized Biot-Savart law (6-22). For the 
axial component, observing that the radius vector r is directed 
from the current element to point My this gives 



Fig. 15-5 Helical Current 
Filament. 
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( 22 ) 


With the substitution !/ = (</) tan a — c/a), the integral can be 
easily evaluated. It simplifies further to use p = 27ra tan a, and 

R. Schurig and M. F. Sayre, JL AJ.E.E.y 44 , p. 365 (1925); also 
Hague,®^" p. 338. 

C. J. Barrow, Trans. A.I.E.E.y 30, p. 392 (1911). 

^®T. J. Higgins, Trans. A.I.E.E., 62, p. 659 (1943) and 63, p. 710 (1944). 
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to measure the distance of M from the center of the helix as 
b = {N/2)p — c; the result is 

M/r Np/2 + b Np/2-b -} 

* 2p l[a^ + {Np/2 + 6)^]^ [a^ + {Np/2 - b)^]^j 

At the center of the helix 6 = 0 and 

IX NI I/p 

“ 2 [d^ + {Np/2)Y^ " ^ [1 + {2a/Npy^]^ 


which reduces for an infinitely long coil to the uniform value 
IjlI/p = pH 2 . The field along the axis has in the general case of 
the short coil also components in x- and ^/-directions and is not 
completely axially symmetrical because of the helical pitch. 
Smythe,^^^ p. 272, indicates the evaluation of these components 
more details are found in Grover®^^. 

As a —> 0, the pitch p also approaches zero. One can obtain, 
however, the field of a uniform cylindrical current sheet from (23), 
if one defines Np/2 = I with 21 designating the length of the coil. 
Because of the symmetry, Bz is now the only component and (24) 
gives its value at the center of the helix as 


, pNI 

2(a^ + 


(25) 


For l:> a. Si long coil, this reduces to Bz^ = pNI/2a, given in 
many references; for the simpler treatment, see Attwood,^^ p. 
263; Bennett and Crothers,-^^ p. 457; Mason and Weaver, 
p. 208; Maxwell,II, p. 310; Ilarnwell,^^' p. 288; Cullwick,^® 
p. 142; and Stratton,p. 232. 

For this latter case, particularly for closely wound cylindrical 
coils, inductance calculations have been made; they establish 
the linkage between one of the circular loops with another and 
integrate over the length of the coil, avoiding infinities by assuming 
finite, but small, radius of the wire. The integrals become elliptic, 
as in section 14, and can also involve Bessel functions. See 
Russel,®^^ pp. 108, 113, but particularly Grover®^'"^ and Rosa 
and Grover.^® The same method is directly applicable to the 
computation of the mutual inductance and force actions of two 

See also A. Russel, Proc. Phys. Soc, London, 20, p. 476 (1907). 

^ E. B. Rosa and F. W. Grover, Bull. Natl. Bur. of Stand., 8, p. 1 (1912). 
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very thin coaxial coils, as well as to coils of rectangular cross 
section, either coaxial or parallel.^® For a single coil of small but 
finite cross section, specific simplifications are possible in evaluat¬ 
ing the magnetic field, which are valuable for search coils and 
similar applications.^^ 

In some applications, particularly where magnetic effects are 
to be observed on particles or sample materials, it is important to 
have a closely uniform magnetic field over a given volume. One 
can compute, then, the necessary arrangement of windings of non- 
uniform coils.^^ 



Fig. 15*6 Toroidal Coil: (a) rectangular cross section, (6) circular cross 

section. 

Toroidal Coil. A toroidal core of magnetic material of permea¬ 
bility /X can be wound with wire ideally so that the winding repre¬ 
sents a uniform current sheath circulating about the core in 
meridional planes as in Fig. 15*6. In this ideal case, the magnetic 
field is entirely confined within the core, the magnetic field lines 
are concentric circles about the 2 -axis, and each line links with the 
entire current volume, which might be called 2TrRiKi — 2 TrR 2 K 2 =* 
NIy if there are N idealized turns each carrying the current 7. 
The magnetic flux density is then, irrespective of the cross section 

T. H. Havelock, Phil Mag., (6), 16, p. 332 (1908). 

B. Dwight: Electrical Coils and Conductors, Their Characteristics and 
Theory, McGraw-Hill, New York, 1945; see also Grover®^^ and Hak®^^ 

H. B. Dwight and G. O. Peters, Trans. A.I.E.E., 63, p. 684 (1944). 

L. W. McKeehan, Rev. Scient. Instr., 7, p. 150 (1936) and 19, p. 475 
(1948); J. Hak, Arch. f. Elketrot., 30, p. 736 (1936). 
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of the core, given by the value of its line integral along a circle 

2TrrB^ = fiNI (26) 

This means that varies inversely as the distance from the 
2 -axis so that the magnetic flux is not uniformly distributed over 
the cross section of the core. 

For the rectangular cross section in Fig. 15-6a one can find the 
flux linkages by direct integration in simple manner, 

A = N T' B^a dr N^Ia In ^ (27) 

t/Ri 27r Ri 

since all the field lines are completely linked with all the N turns. 
Dividing by /, one readily gets the inductance 

L = -^N^a\n(l + 

V ^ rJ 

Only for b <^Ri can one approximate the logarithm by b/Ri and 
thus express L proportionally to the cross-sectional area. 

For the circular cross section in Fig. 15-6?), the integration is a 
little more involved because the height of the individual slice dr 
is variable, namely, 

I 2[a^ - (Rm - rf]^ dr 

Rrn — 

Introducing (26) and taking the square root into the denominator 
by simply multiplying numerator and denominator by it give 
three terms which in the limits reduce to the simple form 

A = uiN'^I[Rrn -VrJ - a^] (28) 

if one observes sin”^ (1) = 7r/2, sin“^ ( — 1) = — 7r/2. Again, if 
a Rmj one can approximate the bracket by (j?l2Rm^ leading to 
proportionality with the cross-sectional area. These simple cases 
are also treated in Smythe,^^^ p. 288, and Russel,®^ ^ p. 71. 

The inductance has also been computed for a core of rectangular 
cross section and a winding of variable and comparatively large 
thickness in this case the incomplete linkage of the field lines 
within the winding has to be taken into account, and the result is 
by no means brief though relatively simple. 

28 H. B. Dwight, Tram. A.LE.E., 64 , p. 805 (1945). 
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PROBLEMS 

1. To evaluate the earth resistance between two ground electrodes a 
distance 2 c apart one might replace the electrodes by semispheres of radius 
ai and 02 as in Fig. 11-1, where the y-z-plame might represent the boundary 
between ground and air. Assuming uniform conductivity 7 , find the amount 
of current between the electrodes from the surface to the variable depth h 
below ground along the a;-y-plane. At what depth will the current have 
reached half of the total value? 

2. Compute the amount of charge induced within a circular area of radius h 
of an infinite conducting plane by a point charge +Q located at a distance 
h from the plane. 

3. Find the field distribution and the induced charge densities for a point 
charge +0 located midway between two conducting planes intersecting at 
an angle of x/3. Verify that each conducting plane will have induced in 
it — Q/ 2 . 

4. Compute the force exerted upon a point charge +Q by an insulated 
sphere of radius R if the point charge is located at distance b > R from the 
center of the sphere. What will be the force if the sphere carries a charge Qi? 

5. Find the force and torque upon an electric dipole located at a distance 
h > R from the center of a grounded sphere, if (a) the dipole has its moment 
p directed along a radius vector from the center of the sphere; ( 6 ) the dipole 
moment is at right angle to the radius vector. 

6 . Verify the force action (10*39) upon an electric dipole in a non-uniform 
electric field; derive the torque exerted upon the dipole in a non-uniform 
electric field, 

7. Find the charge density induced in an insulated sphere of radius R by 
an electric dipole located a,tb>R from the center of the sphere, for the two 
principal directions of the dipole moment given in problem 6 . 

8 . An electric dipole of moment p has its axis directed at an angle ^ against 
an infinite conducting plane. Find the charge density induced in the plane, 

9. In problem 8 , find the force and torque exerted upon the dipole. 

10. Referring to Fig. 11 * 2 , assume the small sphere of radius ai to have a 
voltage V applied between it and ground. Find the potential induced on the 
insulated small sphere of radius 02 with respect to ground. 

11 . Assume the two small spheres in Fig. 11 *2 to represent source and sink, 
respectively, for the flow of an incompressible fluid bounded by the y-z-pl&ne. 
Compute the hydraulic resistance. Interpret the problem as a stationary 
electric current problem. 

12. Find the approximate distribution of the induced charge on a small 
sphere of radius a located on the plane of symmetry between two orthogonally 
intersecting conducting planes and a distance h > 5a from them. Show that 
the maximum density is greater by the factor (\/2 — than for a single 
plane at the same distance. 

13. Assume three like small spheres of radius a located symmetrically 
with respect to each other at distances h > 5a. Compute the mutual capaci¬ 
tance coefficients. Find the approximate distribution of the induced charge 
density on each sphere. 
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14. The finite line in Fig. 12 • 1 carries a total charge Q distributed with a 
line density proportional to the absolute distance from the center of the line. 
Find the potential distribution in space. What are the potential values along 
p = 0? Find the equipotential lines at large distance from the charged 
line. 

15. The finite line in Fig. 12-1 carries a charge distribution with a line 
density directly proportional to distance from the center, positive for ^ > 0 
and negative for ^ < 0, so that the total charge is zero. Find the potential 
distribution in space. What are the potential values along p =0? Find 
the equipotential lines at large distance from the charged line. 

16. The finite uniformly charged line of Fig. 12*46 is parallel to two con¬ 
ducting planes which intersect orthogonally and is located in the plane of 
symmetry at a distance h from the planes. Determine the capacitance with 
respect to the conducting planes. Utilize (12*23). 

17. Find the force exerted by the conducting plane (or ground) upon the 
uniformly charged line of Fig. 12 • 46. 

18. Why can the expression (3*20) for the electrostatic field energy not be 
applied to a single very long straight line carrying a uniform charge density X? 

19. What is the capacitance to ground of two identical parallel charged 
rods as in Fig. 12*46, each carrying the charge Q/2 and both located at the 
same height h above ground? How does it differ from the capacitance of an 
identical single rod at the same height above ground? 

20. Compute the force per unit length between two parallel infinitely long 
cylinders of radii R\ and < R\ with the distance 2c > {R\ + R 2 ) between 
their axes. Show the simplifications if (a) 2c^ {R\ -f R 2 ), or (6) R\ = /? 2 i 
or (c) Ri — R 2 and 2c ^ R\. 

21. Find the potential distribution caused by a uniformly charged very 
thin circular disk of radius a. 

22. An electrostatic voltmeter can be constructed based on the force action 
between two finite, charged cylinders enclosing each other. Find the force 
per unit length for the arrangement in Fig. 12*06. 

23. Of two semi-infinite coaxial c^dinders of radii R\ > R 2 the first extends 
from z=0toz = —00 and is fixed; the second extends from 2 = — c to 
2 = oc and can move parallel to the axis. If the cylinders have potentials 
4>i and 4?2, compute the force action between them. Hint: use the principle 
of virtual work. 

24. Three parallel very long wires of equal radii R are at the same height 
above ground. Find the capacitance coefficients for the wires if their dis¬ 
tances 2c » R. 

25. Three parallel very long wires above ground form a three-phase trans¬ 
mission line. What conditions must be satisfied in order to permit the defini¬ 
tion of a real capacitance per wire as the ratio of total charge per unit length 
of the wire to its phase voltage? 

26. Find the potential distribution at very large distance from n parallel 
wires constituting a power transmission line system. 

27. Find the average capacitance to ground of one wire of a transmission 
system, taking into account its sag between two support towers. 

28. Find the capacitance between a small sphere of radius 6 located on the 



Problems 


167 


center line of a thin circular ring of charge and this ring. Assume the circular 
loop as in Fig. 12 • 9 and the distance of the sphere z = h. 

29. Find the ratio of maximum to minimum charge density for the circular 
ring of charge in Fig. 12*9 with finite diameter of cross-section d. 

30. A circular loop of radius a carrying current /i is located midway 
between two parallel wires spaced 2 c > 2 a apart and can rotate about its 
diameter parallel to and in the same plane with the wires. Find the torque 
as a function of the angle between the plane of the loop and the plane of the 
wires if the wires carry currents ±/ 2 - Which is the position of stable equi¬ 
librium? 

31. Find the magnetic field distribution at large distance from n parallel 
wires, which form a complete transmission system. Demonstrate that the 
field can be approximated by that of an equivalent dipole line and give the 
location of the latter. 

32. Give the magnetic field distribution far from the rectangular current 
loop in Fig. 13 • 2. Demonstrate the equivalence with the field of a magnetic 
dipole whose moment is ^ahl. 

33. Find the inductance of a thin elliptical current loop' of major and 
minor axis a and 6 , respectively, and of wire diameter d<Kb. 

34. Find the mutual inductance between two parallel pairs of dipole line 
currents as a function of the angle between their respective planes. 

35. Prove that there is no mutual inductance between two pairs of parallel 
line currents ztli and ±72 spaced 2a and 25, respectively, and crossing or¬ 
thogonally. Assume that the planes of the wire pairs intersect along a line 
parallel to the first pair and at a distance 2a from the nearer wire. 

36. Demonstrate the equivalence of the circular current loop with a mag¬ 
netic shell of dipole moment nl per unit area. Find the magnetic field of the 
magnetic shell and show the identity with (13*26). 

37. Find the mutual inductance of two identical circular loops of radii a 
lying in parallel planes of small spacing c « a. 

38. The space between two parallel conducting planes is filled with a 
dielectric whose dielectric constant varies linearly along the normal to the 
parallel planes from a minimum value ei on 4>i to e 2 on f> 2 . Find the capaci¬ 
tance per unit area of this condenser. 

39. In a coaxial cylindrical system, the inner solid metal cylinder of radius 
Ri is kept at temperature Ti by joule heat from a continuous current; the outer 
metal cylinder (sheath) is kept at temperature T 2 . Find the temperature dis¬ 
tribution and the thermal resistance if the thermal conductivity of the insula¬ 
tion varies linearly from a larger value fci at 72i to a smaller value ^2 at R 2 . 

40. A parallel plate condenser of spacing d between the conducting plates 
is filled with a medium of dielectric constant e = e' -j-(ei eO * exp (—x/d). 
Find the capacitance per unit area. Give the charge density for a potential 
difference 4>i — 4>2 applied to the plates. 

41. In a coaxial cylinder condenser two different imperfect dielectrics are 

used in concentric layers as in Fig. 14*3, where the inner layer has electrical 
conductivity 71 and the outer layer 72 . Find the total current flow if a po¬ 
tential difference is applied. Find the potential distribution and 

the surface charges. 
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42. In a coaxial cable one increases the inductance in order to improve the 
transmission characteristics by wrapping a magnetic tape of high permea¬ 
bility upon the inner conductor. Assuming a uniform layer of permeability 
JL 12 and of thickness t on the inner conductor of radius Ri in Fig. 15*2, what is 
the increase in inductance per unit length? 

43. Wrapping a thin magnetic tape of high permeability m 2 upon the two 
conductors of Fig. 15*1 with Ri — i? 2 i what will be the approximate increase 
of inductance per unit length? 

44. Two parallel identical, long thin rectangular bars (Fig. 15*3) are ar¬ 
ranged in parallel planes. Find the force action between them if their distance 
is c < 2/i. 

45. Find the inductance of the two bars of problem 44. 

46. Find the force action between the two parallel conductors of Fig, 15*1. 

47. A thin flat pancake coil can be made in two layers so connected that 
the current flows in both layers in the same direction; the leads can then be 
ideally twisted so that the coil can be replaced by uniformly distributed circular 
currents. Find the magnetic field distribution of this pancake coil if the 
inner radius is Ri and the outer radius 7^2. 

48. Find the mutual inductance of two parallel coaxial identical pancake 
coils, as in problem 47 if their center distance is h. 



5 * EXPERIMENTAL MAPPING 
METHODS 


The analytical expressions for the field quantities in simple 
geometries are fairly simple themselves, so that their use has 
become reasonably common. In many instances, they can be used 
as first or qualitative approximations for more complex field dis¬ 
tributions. Where, however, quantitative values of greater 
accuracy are required, it becomes necessary to obtain solutions 
for the exact geometry with the attendant complications of 
analytical treatment. To escape the rigor of advanced mathemat¬ 
ical methods, many experimental methods have been developed, 
in most instances for specific applications. These experimental 
methods are, of course, also of great value in aiding the visualiza¬ 
tion of field distributions and as checks on analytical solutions. 

16 EXPERIMENTAL MAPPING 
OF ELECTROSTATIC FIELDS 

For the quantitative mapping of electrostatic fields, it suflSces 
to have a map either of the potential distribution or of the field 
lines. Two-dimensional geometries or those with axial symmetry 
are simplest to represent, because one single plane section gives 
all the information needed. For general three-dimensional field 
distributions, one needs several to many plane sections and, in 
addition, a careful interpretation of the individual maps in order 
to conceive the actual field picture. 

Mapping of Potential Distributions. By electrostatic 
induction, an isolated uncharged small metallic probe brought 
into an electrostatic field, as shown in Fig. 16*1, will experience 
a charge separation but retain zero resultant charge; it will also 
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assume the local potential value that existed, before its insertion, 
or approximately the average value over its surface if its size 
cannot be disregarded. Connecting an electrostatic voltmeter V 
to the probe, as shown in the dotted line, will place the capacitance 
C of the voltmeter in parallel with the capacitance Cip existing 
between probe and conductor 1, draw off a considerable part of 
the negative induced charge of the probe, and leave it essentially 
positively charged, thus severely distorting the original field dis¬ 
tribution and altering the local potential. Opportunity must be 



Fig. 16 • 1 Potential Measurement by Probe, 


given, therefore, to expel the surplus positive charge, so that 
is identical with the undisturbed local potential, before measure¬ 
ment can be made. Then, with proper provision and with some 
experience, the probe can be moved so as to keep this potential 
constant; it will thus describe an equipotential surface. Of 
course, the lead to the probe can itself act disturbingly; usually, 
local shielding of the lead with an isolated braid avoids any serious 
effects. 

The simplest probe arrangement is the use of a small metal 
sphere and connection to ground at A so as to release some of the 
surplus induced charge; see Maxwell,I, p. 340. Although 
the method is satisfactory to determine the relative potential at 
the particular point, it is not applicable when ground potential 
is used elsewhere in the system. In such cases, one can use a 
small Bunsen burner as in Pohl,^^® p. 65, whereby the flame acts 
as the probe and the hot gases provide an automatic dissipator 
of the free induced charge; the burner itself assumes the potential 
at the point at which it is located. A similar principle is involved 




Sec. 16] Mapping of Potential Distributions 


171 


in the less convenient water-drop probe, in which water dripping 
continuously through a metal tube at a slow rate dissipates the 
surplus charge.^ Care must be taken, by appropriately shielding 
the probe, to avoid field distortion by it. 

Another type is the emission probe for fields in vacuum.^ In 
this case a small metal plate, properly coated with emissive 
material, is used as probe, heated by a separate electric heating 
coil to a temperature high enough to cause thermionic emission 
and thus release the surplus induced charges. Since thermionic 
emission is primarily electronic, the electrostatic voltmeter of Fig. 
16-1 must be connected to the negative conductor. This probe 
has been used extensively to explore the field distribution near 
electrodes, particularly grids, within vacuum envelopes or in gas 
discharges. Special vacuum-tight seals of simple construction 
must be provided to allow for adjustment of probe location. The 
practical use of this probe requires experience, since the emitted 
electrons may collect as space charge close to the metal probe and 
cause distortion, especially in regions of weak electric fields. 
Similarly, one must guard against the emitted charges condensing 
upon one of the main electrode surfaces and upon dielectric 
supports or the envelope, producing considerable distortion of the 
potential distribution. Measurements are somewhat slow, since 
it requires appreciable time for the thermionic probe to acquire 
the local potential. 

For a coaxial cylindrical diode, the potential distribution has 
been measured Avith a very fine tungsten-wire probe parallel to 
the equipotential surfaces.^ The anode is coated on its inner 
surface with a fluorescent substance (c.g., willemite) which glows 
under the bombardment of the electrons emitted from the cathode. 
If the probe wire has the same potential as local exists before 
insertion of the probe, the electron stream from the cathode 
remains uniform, and the anode illuminates uniformly; otherwise, 
the probe wire causes a shadow on the anode Avhich is readily 
observable with open construction of the tube. Thus, the poten¬ 
tial of the probe can be adjusted for disappearance of the anode 

^ C. H. Lccs, Proc. Royal Soc.^ A91, p. 440 (1915); also A. Wigand, Ann. d. 
Physik, 76, p. 279 (1924), and 86, p. 333 (1928). 

^ I. Langmuir, JL. Franklin Inst.y 196, p. 751 (1923); also N. Semenoff and 
A. Walther, Zeits. f. Physikj 17, p. 67 (1923); A. Walther and L. Inge. Zeits.f, 
Physik, 19, p. 192 (1923). 

® D. E. Kenyon, Rev. Scient, Instr., 11, p. 308 (1940). 
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shadow. In a particular diode, the probe wire was strung in a 
pivoted frame, allowing exploration of the potential distribution 
under operating conditions. Comparison of the theoretical dis¬ 
tribution for conditions of temperature limitation and space charge 
limitation with the measurements was satisfactory. This method 
can, of course, be used only where the potential distribution is 
constant along the length of the wire. 

For low audiofrequencies, the ratio of the capacitances and 
C2p, between the probe and the main electrodes, can be taken as 



Fig. 16 • 2 Capacitance Probe for Potential Measurements. 

a measure of the probe potential and directly indicated,^ as shown 
in Fig. 16 *2. The calibrated potentiometer is set to some definite 
ratio of its two resistance sections. Silence in the telephone of 
the amplifier circuit will occur if the probe is at a position so that 
the ratio of the two partial capacitances with respect to the two 
electrodes becomes equal to the resistance ratio of the potentiom¬ 
eter; to avoid extraneous influences, the lead to the probe must 
again be carefully shielded. For best sensitivity the capacity of 
the probe ought to be fairly large; this, however, must be recon¬ 
ciled with the fact that the probe itself must be small so as not to 
distort the field distribution. The frequency is advantageously 
chosen between about 500 and 1000 cycles per second, although 
with a proper amplifier even commercial power frequencies are 
employable. 

For very high voltages the potential distribution over the 
surface of axially symmetrical insulators can be determined con- 

^ N. Semenoff and A. Walther, Zeits, f. Physik^ 19, p. 136 (1923). 
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veniently according to methods developed by A. Schwaiger,®^^ p. 
184.® A wire loop is placed around the insulator and a calibrated 
spark gap connected between this wire and the one electrode of 
the insulator; varying the spark gap setting or the potential 
applied to the insulator until breakdown occurs gives the poten¬ 
tial difference between the wire (or the local point on the surface 
of the insulator) and the electrode. If, on the other hand, the 
spark gap is connected between the wire loop and the center tap 
of a calibrated potentiometer, as in Fig. 16-3, a null method can 


Fig. 16 • 3 Measurement of Potential Distribution with Spark Gap. 

be arranged. Thus, one can vary the potentiometer tap until 
the spark gap electrodes can be brought very close together without 
spark; the needed potentiometer setting indicates the value of 
the local potential. 

Another method proposed by Schwaiger®^’^ for extremely high 
voltages uses the principle of the electroscope. Small cotton or 
silk fibers, or paper pieces, are fixed to an isolated wire loop on the 
insulator; if the voltage is applied to the insulator, the electro¬ 
static forces will cause these fibers to make an angle with the 
insulator surface which can be observed with a telescope. If the 
same angle is then reproduced with a known voltage applied to 
the wire probe, this voltage will indicate the local potential on 
the insulator surface. For convenience and rapidity of measure¬ 
ments a number of exploring wire loops with indicators can be 
used simultaneously. 

Utilization of Potential Maps. The direct measurement of 
the potential distribution leads to a plot of the equipotential 
lines; in order to complete the field picture, it is then necessary 
to plot the field lines as the family of orthogonal curves. No 

^ Elektrot. und Masch.^ 37, p. 569 (1919); also A. Fontvieille, Revue gin, 
de Vilec., 10, p. 599 (1921). 
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diflSculty should be encountered if the equipotential lines originally 
were chosen close enough. 

In order to obtain quantitative values for the field strength, it 
is best to plot on a separate graph as abscissa distances along a 



Fig. 16-4 Field Strength Distribution Obtained from Potential Graph. 

particular field line (stretching this field line into a straight line), 
and as ordinate the observed potential values, as in Fig. 16*4. 
The approximate potential distribution is obtained by drawing a 
smooth curve through these distinct points. Using E — — {d^/8s), 
the average value of the field strength can easily be computed 
for each of the intervals ds; in Fig. 16-4 these values are indicated 
at the center points of the intervals 5s. An approximate field 
strength distribution is obtained by again drawing a smooth line 
through these distinct points. Extrapolation to the surfaces of 
the electrodes gives the approximate field strength values there. 
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Knowing the electric field strength distribution, one can easily 
obtain the displacement vector or dielectric flux density by simply 
multiplying the field strength values with the absolute dielectric 
constant of the medium. This gives also the local charge densities 
on the surfaces of the conductors, since they are equal to the 
magnitudes of the displacement vector at the surface of the con¬ 
ductor. 

Measurement of Surface Charge Distributions. The local 
charge density on conductor surfaces can best be determined by 
direct contact of an isolated small metallic disk probe with, the 
conductor surface, so that it assumes its potential and carries the 
local charge density according to the equilibrium distribution. If, 
then, the probe is carefully removed perpendicular to the surface, 
the charge remaining on it is equal to the charge over the same 
area of the conductor, and division by this small area gives the 
charge density in good approximation. Obviously, the accuracy 
will depend on the manipulation and on the relative size of the 
probe, as well as on its shape. 

The most suitable form of probe is a small disk, preferably of 
the same local surface curvature as the conductor, and with an 
insulated handle. The disadvantages of fitting and handling such 
probe are, however, considerable. Using, then, a small flat 
circular disk probe of radius r and thickness tj Maxwell,I, p. 
344, derived the relation 

( 1 ) 

where <Trn is the measured and a the true value of the surface charge 
density as corrected for the finite thickness of the probe. For a 
small sphere of radius a as probe, Maxwell (loc, cit.) investigated 
the local field distortion produced if this small sphere be in contact 
with the surface of the conductor which has a radius of curvature 
b at the point of contact. The local charge density a follows from 
the measured charge (j of the sphere as 

= (2) 

The knowledge of the charge distribution on the surface of 
conductors is equivalent to knowledge of the dielectric flux density 
and thus of the field strength at the surface of the conductor. The 
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latter is of particular interest when predicting corona and break¬ 
down limits. The values of surface field strength obtained by 
direct measurement can be compared with the extrapolated values 
from the potential graph. 

Mapping of Field Lines. Visual records of field line dis¬ 
tributions are obtained in a simple manner by cutting the electrodes 
of tin foil, pasting them in proper relationship on smooth paper, 
and then pouring freshly powdered gypsum crystals on the paper; 
tapping the paper after the voltage has been applied to the tin 
foils will assist in having the needle-like gypsum particles arrange 
themselves in the direction of the field lines.^ Instructive photo¬ 
graphs of simple geometries are given in Pohl,^^® Chapter II. 
Only fresh powder should be used because gypsum is hygroscopic. 
In similar manner, one can use cotton fibers,^ small pieces of light 
paper, or small silk pieces as illustrated by Schwaiger,®^^ p. 184. 
Very interesting also is the use of 3^ per cent crystalline quinine 
sulphate in turpentine, leading to a sedimentation of the crystals 
along the field lines.® Here, the electrodes are metal pieces in a 
shallow tank. 

Suspensions of short and coarse artificial silk fibers in carbon- 
tetrachloride have been used to get photographs of the entire 
field geometry on large-scale models.® Improved photographs 
were obtained with a tank illuminated from below and filled with 
two liquids, carbon tetrachloride and eocene, separated by gravity, 
with the silk fibers floating in the plane of separation, thus permit¬ 
ting a sharp focussing of the camera. It is important to select a 
proper voltage, since too high a voltage will cause the fibers to 
drift rather quickly. 

For high voltages and any type of electric field with axial 
symmetry, a method developed by M. Toepler^® is advantageous. 
The probe consists here of a small piece of straw about 1 in. long, 
provided with a steel needle axis of about in. suspended on a 

® C. Fischer, Phys. Zeits., 9, p. 221 (1908). 

^D. Robertson, Edinburgh Proc,y 22 , p. 361 (1889); A. Perrin, Bull. Soc. 
Internationale des ElectricienSy 6 , p. 83 (1889). 

® M. Seddig, Phys. Zeits.y 6, p. 403 (1904); Ann. d. Physiky 11, p. 815 (1903), 
where an excellent bibliography is given. 

®R. H. George, K. A. Oplinger, and C. F. Harding, Bull. No. 29, Engg. 
Exp. Station, Purdue Univ., Lafayette, Ind., 1927. 

V. Regerbis, E.T.Z.y 46, pp. 298, 336 (1925); this reference gives several 
excellent field picture reproductions and a good bibliography. 
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silk thread, so that the straw can rotate in a vertical plane as shown 
in Fig. 16 • 5 and assume the direction of the field line. The projec¬ 
tions of the various positions of the straw upon a meridional plane 
(most conveniently obtained by tracing with pencil the shadow pro¬ 
duced by parallel light) give an array of field line elements which 
easily can be composed into complete field lines. The advantage of 
the method is the rapidity with which the field line elements can be 
obtained, although the composition of the 


field picture requires experience. 

With all the methods outlined above, 
one obtains only the geometry of the field 
lines and has to compute the values of the 
field strength by constructing the orthog¬ 
onal potential lines and then using the 
same method, as shown in Fig. 16*4. 

17- EXPERIMENTAL MAPPING 
OF MAGNETIC FIELDS 



Many experimental methods have con- ^lo. 16 -5 Straw Probe 
centrated on the direct measurement of the for Field Mapping, 
magnetic field vector B, since the vector 

potential A is not in itself amenable to measurement, indeed, is 
not an observable physical quantity. Since B can conveniently 
be measured directly in the ambient medium (in contrast to the 
electric field vector E), problems of coil design for desired field 
distributions, of core design in ferromagnetic circuits, and of proper 
linkage in coupled circuits have been solved frequently by the 
construction and extensive study of models as far as applicable. 
The unfortunate fact of variable permeability of most magnetic 
materials has made imperative field exploration for precise per¬ 
formance predictions. 

Mapping of Field Vector B. The most common method of 
measuring the field vector B is by means of a small search coil 
connected to a ballistic galvanometer by means of bifilar leads so 
as to avoid uncertain or variable magnetic linkage over part of 
the circuit. In exploring magnetic fields of 'permanent magnets, 
the search coil is quickly removed from the test position 1 to a 
final position 2, and the maximum reading of the galvanometer is 
recorded as the integral of the electric current in the closed circuit. 
This current is given by i = v/{R + Rg), where v = ^N{d^m/dt) 
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is the induced voltage, and R and Rg are the coil and galvanometer 
resistances, respectively; N is the number of turns of the search 
coil, and the average magnetic flux linked with a turn. The 
maximum deflection of the galvanometer records effectively 

q = £ idt= - = W+T, 

if the time constant of the circuit is considerably smaller than that 

of the galvanometer. If the coil is 
removed from the test position with 
flux to a position of zero mag¬ 
netic field, then the galvanometer 
indicates directly the local com¬ 
ponent Bn normal to the coil area; 
if the coil can be flipped in place, 
then the galvanometer indicates 
2Bn. Assume, as in Fig. 17*1, that 
the coil is cylindrical of inner radius 
a, outer radius h, and height h; then 
the turns per unit area are given by 
N/h(b — a); the average flux linkage for locally uniform field Bn 
is then 

* ■ s jf '• * - i (I-’ + “^ + (2) 

SO that one can also define an effective area 7r/3(6^ + ah + a^) 
of the coil. Turning the coil in three mutually orthogonal direc¬ 
tions, one can get the three coordinate system components of B. 
On the other hand, one can attempt to find the direction of maxi¬ 
mum indication which is orthogonal to the field line at the point 
of measurement. 

Of course, the coil area must be chosen small enough in order to 
justify the assumption of locally uniform fields. For electron 
optical systems, search coils as small as 2b = h = 0.04 cm, A = 100 
turns, with wire of 0.002-cm diameter, have been used^ and di¬ 
mensions of 2b = 0.1 cm are rather frequent; usually, in electron 
lenses it is necessary only to measure the field along the axis of 
symmetry, so that the manipulation is simplified; see Appendix 
4, B, c, and also section 30. For measurements on larger magnetic 
^ J. Dosse, Zeits. /. Physik, 117, p. 437 (1941). 
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Fig. 17*1 Average Linkage of 
Search Coil in Magnetic Field. 
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systems one chooses conveniently an effective area of 1 cm^; then 
the flux value is identical with the value Bn in (2). In general, 
direct determination of the direction of field lines is not very 
satisfactory: it is usually more time consuming than measuring 
in three mutually orthogonal directions; on the other hand, the 
limited sensitivity of the ballistic galvanometer can introduce a 
serious error for low values of the field components. It is, there¬ 
fore, advisable to check the field distributions by means of iron 
filings as indicated below. 

In the case of electromagnets^ it is not necessary to move the 
search coil; the excitation current of the magnet can be turned on 
or off (over a shunt resistance to avoid arcing). For smaller units, 
the excitation current can be reversed, leading then to twice the 
value of Q in (1), since ^rn 2 = In a-c magnets, the search 

coil has induced in it an a-c current which can be amplified and 
read on a vacuum tube voltmeter or observed on an oscilloscope; 
calibration is usually necessary to minimize errors. However, in 
this case, the coil can readily be turned until maximum indication 
occurs, defining then the direction of the field lines in rather con¬ 
venient manner. 

To increase the sensitivity of the search coil arrangement in 
stationary magnetic fields, one can provide for rotation about an 
axis preferably normal to the direction of the field lines. The 
flux linkage then varies sinusoidally and causes an a-c current in 
the coil circuit, which can again be amplified electronically and 
read on a vacuum tube voltmeter. An interesting and very precise 
arrangement was used in the magnetic field measurements pre¬ 
liminary to the design of synchrotron magnets.^ Two coils of 
2h = 0.3 cm were driven by the same Incite spindle at 1750 rpm, 
one exposed to the field to be measured, the other in the field of an 
auxiliary electromagnet with rotatable axis. The coils were con¬ 
nected in series opposition so that differential readings resulted 
which were minimized by rotating the auxiliary electromagnet. 
The output gave, then, the change in search coil field as compared 
with the fixed and opposing auxiliary coil field, and the angle of 
rotation of the magnet indicated the change in search coil field 
direction. Differential changes equivalent to 0.1 per cent of the 
field value could be measured reliably. 

^ W. C. Parkinson, G. M. Grover, and H. R. Crane, Rev, Scient, Instr., 18, 
p. 734 (1947). 
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An entirely different method of measuring B is by means of 
the change of electrical resistance which certain metals like 
bismuth, antimony, and tellurium experience in a magnetic field.^ 
The largest effect is observed in bismuth; since it can be produced 
in thin wires and wound in spirals, it has been used most fre¬ 
quently,^ though its characteristics are somewhat dependent on 
ambient factors such as temperature, stresses, and orientation. 
It is, therefore, advisable to calibrate these spirals before and after 
use in order to assure reliability of the measurement. Their 
very simple use as one arm of a Wheatstone bridge makes them 
valuable tools for quick surveys of relatively strong magnetic 
fields. A more elaborate and automatically temperature-com¬ 
pensated bridge-type flux meter has been developed by G. S. 
Smith.® 

The use of the Hall effect in a small germanium probe for the 
measurements of medium-range magnetic fields has been de¬ 
scribed recently.® 

Mapping of Magnetic Field Lines. For the study of the 
overall geometry of magnetic fields, which can be significantly 
represented in plane sections such as in two-dimensional geometries 
or geometries with axial symmetry, the use of iron filings on paper 
is indispensable. Excellent reproductions of simple fields are 
found in Pohl,^^® Chapters I, III, and V. 

To obtain a permanent record of the field lines, one can place a 
white carton coated with paraffin between heavy metal blocks 
constituting a model of the magnetic and conducting materials. 
Pouring the iron filings on the paraffin and letting them orient in 
the magnetic field, one can then heat the paraffin superficially so 
that the filings sink into its surface. This method has been ex¬ 
tensively used for the study of magnetic field distributions in 
electrical machines^ under varying conditions of excitation of pole 
and armature windings. 

The iron filings give, of course, only the overall geometry of the 

* L. L. Campbell: Galvanomagnetic and Thermomagnetic Effects; Longmans, 
Green, New York, 1923. 

^ G. Bublitz, ArcK /. techn, MesseUy No. 83, V391-2, May 1938. 

^ Electr, Engg.y 66, pp. 441, 475 (1937); also Bull. No. 103, Engg. Exp. 
Station, Univ. of Washington, Seattle, 1940. 

® G. L. Pearson, Rev. Scient. Instr.y 19, p. 263 (1948). 

^E. Roth, Bull. soc. franc. 4lec.y 7, p. 13 (1937); some reproductions in 
Elektr. und Masch.y 66 , p. 338 (1937). 
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field; they do not directly indicate the magnitude of the field 
vector B. Since, however, outside of current-carrying conductors, 
the concept of the magnetostatic potential can be used, as shown 
in section 6, it is possible to construct the orthogonal equipotential 
lines. For two-dimensional and axially symmetrical fields, one 
can then obtain quantitative values by using the same construction 
as is indicated in section 16 for the electrostatic field. To ascribe 
definite values to the equipotential lines, one must be able to estab¬ 
lish an absolute scale somewhere in the field, as needs to be done 
also in the graphical field plots explained in section 20 or in the 
experimental methods described below. 



Fig. 17-2 Double-layer Coil for Measurement of Magnetostatic Potential 
Difference: (a) general view, (h) connection between layers at 1. 


Measurement of Magnetostatic Potential Differences. 

With a specially constructed double-layer coil of considerable 
length I but very small cross section, as indicated in Fig. 17*2, one 
can measure the magnetostatic potential difference or magneto¬ 
motive force produced by an arbitrary conductor arrangement.® 
The inner layer is a continuous helical coil, wound from 2 towards 1, 
whereas the outer layer on the left-hand side is wound from 1 
towards the center; Fig. 17*26 indicates the continuity of the 
wire from inner layer i to outer layer o. The outer layer on the 
right-hand side is also wound from 2 towards the center, where 
the two ends serve as bifilar leads to a ballistic galvanometer. If 
the two ends 1 and 2 touch, the coil forms geometrically a circular 
loop; however, there is no metallic contact between 1 and 2, and 

® W. Rogowski and W. Steinhaus, Arch, f. ElektroL, 1, p. 141 (1912) ; see 
also Pohl,^^® Chapter IV, for excellent demonstrations of its uses; also 
Kupfmiiller,-^^^ p. 143. 
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any current in the circuit closed through the galvanometer flows 
in the two layers i and o in opposite directions, thus producing 
no net magnetic field. 

If this coil is brought into the field of a current and the current 
is interrupted, the ballistic galvanometer will indicate the change 
in magnetic flux linked by the coil as in (1). If the number of 
turns per layer per unit length is n, then the coil length dl has a 
flux linkage 

dA = SBn2n dl 

where S is the average area of inner and outer coil section, and Bn 
the component of the magnetic field normal to the element dL 



Fig. 17*3 Measurement of mmf Produced by Current Loop. 


The ballistic galvanometer measures the total flux linkage or, in 
accordance with (1), 




R Jig * 

2nS 


R + Rg 


Bdl 


m( 3'2 — ^i) (3) 


where (6*4) has been introduced. Thus, this double-layer coil 
measures directly the magnetostatic potential difference, in¬ 
dependent of its own shape, between any two points of space it is 
capable of reaching. Bending the coil into a circle linking it with a 
circular current loop, as in Fig. 17*3, still measures (3^2 ^ 3^i) — I 
the result of the line integral of H carried right to the barrier 
surface of Fig. 6*1, since the ends 1 and 2 of the coil do not make 
metallic contact. Of course, it is not permissible to bend the coil 
into a double loop circling the current I twice, since then it physi¬ 
cally penetrates the barrier surface; this would void the uniqueness 
condition of potential values. 
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With one end kept fixed in space, the other coil end can be used 
to map the potential distribution relative to the first point and thus 
introduce the absolute scale needed for the quantitative interpre¬ 
tation of field line distributions (see above). 

Measurement of Flux Linkage. In order to check linkage 
or leakage calculations, it is frequently desired to measure flux 
linkages. The most accurate results in circuits without iron are 
obtained by placing a fine wire as search coil right alongside the 
winding for which the linkage should be measured and using the 
ballistic galvanometer method, as for example for high-frequency 
alternators.® If iron is present, its saturation characteristics as 
well as eddy current effects have to be taken into account or at 
least qualitatively kept in mind. 

In a-c magnetic circuits, the search coil can measure linkages 
under direct operating conditions, as for example in slots of 
electrical machines,^® and it has been used as a voltmeter loop in 
high-voltage transformers after appropriate calibration. 

18- UTILIZATION 
OF FIELD ANALOGIES 

As pointed out in Chapter 3, several other field phenomena 
besides electrostatics and magnetostatics show the same basic 
relationships between the characteristic field vectors, so that close 
analogies can be established, as summarized in table 9-1. Any 
solution for one of the field types can readily be translated into a 
solution for the other field types. In the experimental investiga¬ 
tion, this permits welcome substitutions in instances where the 
original field is difficult, if not impossible, to explore. 

Two-dimensional Current Flow. Current flow in thin plane 
conducting sheets (or uniform thin metallic films) is genuinely 
two-dimensional and can readily be used in accordance with section 
8 to represent electrostatic or magnetostatic field distributions in 
geometries which over the center portions at least can be considered 
as two-dimensional (see specifically sections 12 to 15 for illustra¬ 
tions). As an example, take the dielectric field between two 
parallel cylindrical conductors within a grounded sheath, as in 
Fig. 18*1; assume also two different dielectrics, gutta-percha of 

® N. M. Oboukhoff, Engg. Exp. Station Publ. No. 40, Oklahoma Agricultural 
and Mech. College, Stillwater, Oklahoma, June 1939. 

10 H. Rothert, Arch. f. Elektrot., 32, pp. 306 and 372 (1938). 
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relative dielectric constant Sr = 4 close to the conductors and 
rubber with Sr = 2.5 as filler. In order to measure the field 
strength distribution, one can conveniently use an oversize 
model with the same geometric proportions. To represent the 
two dielectrics in direct contact, one selects two metals of the 



Fig. 18-1 Model of Two-conductor Cable with Two Dielectrics. 


same ratio of conductivities, say copper and aluminum. Accord¬ 
ing to Attwood,^^ p, 118, one has as ratio of resistivities 


PCu 

PAl 


1.915 

3.14 


0.61 


as compared with 2.5/4 = 0.625 for the dielectric constants. 
Using thin metal disks of copper and fitting these with good contact 
(preferably brazing) into an equally thin sheet of aluminum, one 
has the two-dimensional model of the dielectrics. Placing the 
composite sheet between copper blocks of about 3^-in. length, 
representing the conductors in proportional sizes, completes the 
overall model. If one now applies a potential difference with 
grounded center point between the cable conductors and connects 
the sheath to this center point, one can explore the potential lines 
in the current sheet by means of a needle contact and thus obtain 
practically the same result as in the original dielectric field. 
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One can then either trace by hand the flow lines, which are, of 
course, orthogonal to the equipotential lines, or use the same thin 
metal sheet composition to explore the field lines as the equi¬ 
potential lines in the conjugate electrode arrangement. In order 
to do the latter, one has to place electrodes along properly selected 
field lines and restrict the current flow along the former electrode 
surfaces to satisfy the boundary conditions. In the example of 
Fig. L8 • 1 one would cut out the thin metal sheet along the two 
circles and <l>ii constituting the cable conductors, and also cut 
along the radius p of the sheet; this will make these circular 
peripheries flow lines (previously equipotential surfaces), since the 
current cannot have a normal component there pointing out of 
the metal sheet. One would then clamp the sheet between thin 
vertical electrodes along the lines applying 

to the center one a positive potential and to the outer two the 
negative potential ^n; or one could put a narrow slit in the metal 
sheet along the line I'-l" and apply at the upper edge and along 
the lower edge ^n. The conjugate electrode arrangement will 
generally give a better graph of the flow lines, particularly for the 
singular lines, than a free-hand plot can provide. 

Measuring the total current permits evaluation of the resistance 
per unit thickness of the sheet, which can be converted into ca¬ 
pacitance per unit length by using (8-11), namely, C = e/yR, 
where e and y refer to the same set of equivalent materials, either 
gutta-percha and copper or mbber and aluminum. The proof is 
the same as that for (8*11). 

This method, of course, is applicable only to models of two- 
dimensional fields but is rather convenient for single dielectrics. 
One difficulty in composite fields is finding metals of conductivities 
bearing the same ratio as the dielectric constants; it is also im¬ 
portant to avoid contact potentials and be sure of solid contact 
at all points of any boundary. Space charge problems cannot be 
represented by this method. 

Magnetic fields can be modelled in a similar manner, if one can 
define surfaces of constant magnetostatic potential. To represent, 
for example, the magnetic field produced by two parallel wires of 
arbitrary and large cross section is not possible, since the mag¬ 
netostatic potential is not known in general along the surface, 
and within the conductor does not even exist. For thin con¬ 
ductors, however, it is possible to represent the magnetic field by 
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utilizing the barrier surface as indicated in Fig. 6*1. Referring 
to Fig. 18*2, one takes a thin conductor sheet, punches the circular 
holes corresponding to the two parallel wires + J Lj ^ ILj and makes 
a narrow slit connecting these holes. If then two metal plates 
are placed at the edges of this slit and the potential difference is 
applied between them, current can flow only in the sheet around 
the holes and the flow lines will be nearly identical with the 
magnetic field lines. From a plot of the equipotential lines one 
can readily construct the orthogonal flow lines and compute the 



Fig. 18-2 Model for Magnetic Field of Two Parallel Long Wires. 


local densities as indicated in section 16, or one can secure the 
flow lines by the conjugate electrode arrangement outlined above 
for the electrostatic field. 

Measuring the total current I flowing between the electrodes 
permits the evaluation of the resistance R per unit thickness of 
the sheet. This can be converted into permeance per unit 
length in the same manner as into capacitance C for the dielectric 
above, namely, 



( 1 ) 


where /x is the absolute permeability of the medium surrounding 
the conductors This follows directly from table 9*1 for 

corresponding quantities; it can also be shown directly by estab¬ 
lishing the flux-current relations. 

Bringing a magnetic bar or core of very great length and of 
constant and high permeability near the parallel conductors 
presents the same problem as is treated above for two different 
dielectrics; one has to find two metals of about the same ratio of 
conductivities as that of the permeabilities. This usually means 
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that one will use copper to represent the high permeability and 
a poor conductor to represent air. The only serious difficulty 
with models of magnetic fields is the proper interpretation of the 
magnetostatic potential values on surfaces where one must know 
this value in order to set up the problem. 

The electric flow lines can also be made directly visible by using 
blotting paper soaked with a solution of copper sulphate and thin 
copper strips of proper shapes to represent the electrodes. As 
the water evaporates, the electrolytic action causes the copper to 
precipitate along the electric field lines and gives very striking 
reproductions of them.^ 

The Electrolytic Trough. A more general utilization of the 
analogy of electric fields in conductors to electrostatic fields, or 
any potential fields, is by means of electrolytic current distribu¬ 
tions either at d-c voltages or at lower audiofrequencies where the 
magnetic induction effects are slight. The arrangement is usually 
referred to as an electrolytic trough and consists essentially of 
a large tank, preferably of glass or impregnated wood lined with 
copper or of lava slabs filled with distilled water and a slight 
amount of fresh spring water, in order to obtain a proper degree 
of conductivity. Frequently, one can use ordinary tap water; 
occasionally it may be preferable to use a very weak solution of 
copper sulphate. The electrodes, usually made of copper, are 
immersed in the electrolyte, and a probe, usually a short piece of 
nickel or platinum wire of about 0.02-cm diameter, is used to 
indicate the local potential. The probe must be insulated over 
its entire length, except for about 1 cm or less on its extreme end; 
it can be sealed in glass and should have a metal sheath on its 
outside for shielding purposes. 

The electric circuit (see Fig. 18*3) is essentially a Wheatstone 
bridge, with two arms formed by the probe and the electrodes 
I and II; the other two arms are AD and BD on the calibrated 
potentiometer. The probe is moved until its potential is equal 
to the selected value on the tap D of the potentiometer as indicated 
by the detector. The position of the probe is transmitted to a 
stylus resting on a drafting table either by a carriage system fixed 
to the rim of the tank and permitting free motion in two perpen¬ 
dicular directions or by a pantograph as shown in Fig. 18*3. 
Usually, for a fixed position D on the potentiometer one traces 

^K. Molin, Fysisk Tidsskriftj 18, p. 3 (1919). 
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the complete equipotential line in a particular plane. Whenever 
balance is achieved, the stylus can be pressed into the recording 
paper, resulting in a series of points more or less closely spaced. 
Either the detection of balance is obtained by a sensitive tele¬ 
phone^ or vacuum tube voltmeter,^ or it is automatically 
recorded by means of an amplifier and solenoid which acts upon 
the indicating pencil whenever the scanning probe reaches a point 
with the selected potential value.^ A special circuit for increased 



Fig. 18-3 Block Diagram of Electrolytic Trough. 


sensitivity, using a tuned amplifier and compound rectifier and 
triode, is employed by Zworykin et p. 393; it gives maxi¬ 

mum reading at balance rather than zero indication. 

Completely automatic plotting of all desired equipotential lines 
in a two-dimensional or axially symmetrical field can be achieved^ 
by driving the probe at constant speed along one direction and 
adjusting its position in the orthogonal direction by means of a 
servomechanism which corrects to zero difference in probe potential 
with respect to the potential line to be mapped. Here, the panto¬ 
graph will trace a continuous line, with slight jitter where the 
probe motion needs considerable adjustment. At the end of each 
travel on the border of the mapping region one can let the servo¬ 
mechanism select the position of the probe for the next equi- 

2 W. Estorff, E.T.Z., 37 , pp. 60, 76 (1916). 

*R. G. E. Mutter, JL Appl. Physics, 18 , p. 800 (1947). 

^ J. A. Simpson, jr., Rev, Sclent. Insir., 12 , p. 37 (1941). 

^ P. E. Green, jr., Rev. Sclent. Instr., 19 , p. 646 (1948). 
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potential line before the return travel is initiated; in this manner, 
complete regions can be mapped automatically at considerable 
saving in time even though the smoothed-out equipotential curves 
must be drawn by hand. 

The electrolytic trough was first proposed by Fortescue,® who 
used d-c voltage. The disadvantage of polarization effects in the 
electrolyte led to the modification introduced by Estorff (Joe. cit), 
who used a-c potentials from low power frequencies up to about 
500 cycles per second to study the potential distribution between 
two large spheres. Higher frequencies up to 1500 cps have been 
used; they usually have the disadvantage of increasing capacitive 
effects not permitting a zero balance, and thus reducing the sensi¬ 
tivity of the detector; according to Zschaage,^ the zero reading can 
be restored by coupling the detector circuit inductively to the 
oscillator circuit; another proposal is to parallel the potentiometer 
branches by small capacitances.^ It is, of course, important to 
keep the electrode surfaces very clean because slight oxidation 
can cause a rapid increase in the local surface resistance. 

The advantage of the electrolytic trough method is the possi¬ 
bility of reproducing practically any three-dimensional field dis¬ 
tribution in a uniform medium. For high accuracy it might be 
necessary to go to very large tanks in order to reduce the errors 
introduced by the walls, whether they be metal or insulating 
material. For two-dimensional fields, it is usually best to let the 
plane of the field coincide with the surface of the water and the 
electrode structures rest on the floor of the tank, which should be 
coated with insulating cement or paint. The current flow will 
then retain its two-dimensional character; studies of fields in 
multiconductor cables® and on transmission lines^® were conducted 
in this way. A conductive side wall can be utilized as repre¬ 
sentation of perfect ground, whereas an insulated side wall can 
be used as plane of symmetry with simplification of the electrode 
structure. To obtain plane electron tube models, anode and 
cathode may be represented as heavy metal plates across the 
trough, and grids spaced such that the side wall coincides with a 

® C. L. Fortescue and S. W. Farnsworth, Trans. A.I.E.E.y 32, p. 893 (1913). 

^ W. Zschaage, E.T.Z., 46, p. 1215 (1925). 

8 J. F. II. Douglas, Trans. A.I.E.E., 43, p. 982 (1924). 

» R. W. Atkinson, Trans. A.I.E.E., 38, p. 971 (1919) and 43, p. 966 (1924); 
also Semenoff and Walther,®^ p. 29. 

Zschaage. loc. cit. 
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plane of symmetry either between two grid wires or through one 
grid wire.^^ 

The electrolytic trough can equally well be adapted to axially 
symmetrical geometries. The most obvious use is a semicylindri- 
cal trough with all electrodes as respective semicylinders; measure¬ 



ments can be made along the surface of the water. This can, of 
course, be reduced to a quarter cylinder, and, in fact, just to a 
wedge-shaped trough, either by tilting the floor of the tank or by 
tilting the whole tank.^^ It is usually satisfactory, then, to use 
plane electrodes and disregard the actual slight curvature of the 
electrodes. For exploration of fields close to the axis, as needed 

H. Barkhausen and J. Brack, E.T.Z,, 64, p. 175 (1933); Spangenberg,®^® 
p. 75. 

Barkhausen and Brack, loc. ciL, p. 176; M. Bowman-Manifold and F. H. 
Nicoll, Nature, 140, p. 39 (1938); Zworykin et p. 392; Myers,p. 

95; Cosslctt,®^^ p. 27; Hatter, loc. ciL, p. 801. 
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in electron optical systems, one should use very large-scale models 
in order to avoid the capillary rise of the electrolyte on the probe, 
which may cause considerable error in very shallow water. Figure 
18-4 gives the potential distribution in a conical electrode system 
used in the study of emission from a small spherical area. 

Since the electrolytic trough leads to a potential graph, it is 
necessary either to trace the field lines by hand as the orthogonal 
system of curves, or to use the conjugate electrode arrangement in 
which the equipotential lines become identical with the original 
field lines as outlined in the previous subsection. To restrict the 
current flow in the electrolyte, it is necessary only to provide in¬ 
sulating boundaries; replacing, therefore, all electrodes in the 
original set-up by insulating material of exactly the same shape 
will satisfy the flow boundary conditions. One can then place 
electrodes along field lines and apply appropriate potential values 
as outlined before. 

Attempts have been made to reproduce the effect of two different 
dielectric materials in the field, as for the study of field distribution 
on porcelain insulators surrounded by air. Mixtures of graphite 
and binder^ ^ were selected to represent porcelain and the conductiv¬ 
ity of the water was varied by salt additions, making it possible 
to obtain reasonably good field distributions. A simpler method 
consisted in varying the depth of water in the ratio of dielectric 
constants, essentially substituting increased volume for increased 
conductivity.^^ Neither method can be very accurate. It also 
has not been possible to adapt the electrolytic trough to the ex¬ 
ploration of space charge fields, which would be of great value in 
many vacuum tube problems. 

On the other hand, one can measure the individual resistances 
between any tw^o desired electrodes or appropriately isolated 
electrode sections and thus obtain directly the mutual (or partial) 
capacitance coefficients in the same manner as described in the 
previous subsection and referred to in (3*9). As an illustrative 
application, take the model of a triode as shown in Fig. 18*5. 
Applying the desired potentials by means of the potentiometer 
as before, one can connect the ends of a slide wire potentiometer 
to two electrodes, say A and G, and connect a telephone as detector 

13 w. Estorff, 39, pp. 53, 62, 76 (1918). 

1^ R. H. George, K. A. Oplinger, and C. F. Harding, Bull. No. 29, Engg. 
Experiment Station, Purdue Univ., Lafayette, Indiana, p. 23. 
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between the third electrode C and the moving contact, thus re¬ 
producing again a Wheatstone bridge. For no sound in the 
telephone, the partial resistances are 


Acy K .cor 


whereby Im is the current through the slide wire which must also 
be measured. The partial capacitances for the vacuum tube 

itself follow at once again from 
(8-11) by C = t/yR with y 
the conductivity of the elec¬ 
trolyte. In this particular ex¬ 
ample it is possible to obtain 
another characteristic number, 
the amplification factor /x, as 

_ 

^ 7? 

^AC trO 

directly as the ratio of the slide 
wire lengths, not necessitat¬ 
ing any other measurement.^^ 
Actually, for the determina¬ 
tion of the amplification factor 
alone, one could use the main potentiometer itself, connecting the 
telephone between C and the variable tap, and adjusting the latter 
for zero tone. 

Magnetostatic fields can be modelled in a similar manner to 
electrostatic fields if one can define surfaces of constant magneto¬ 
static potential as outlined in the previous subsection. The field 
lines of a circular current loop, for example, can be measured by 
using the model of Fig. 18*2 in the wedge-type tank, letting the 
wetting line coincide with the axis of revolution, placing an in¬ 
sulating slab between the two potential electrodes, and represent¬ 
ing the circular conductor 7/, by an insulating rod in order to estab¬ 
lish the proper flow boundary. 

In applications to permanent magnets, as occur in instruments 
and in electron optical systems, one can frequently assume the 

Kusonose, Proc. 17 , p. 1726 (1929); also Barkhausen and 

Bruck, loc. ciLf p. 176. 
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magnetic material to be of infinite permeability^® and to ascribe 
to it a magnetostatic potential difference which is given by the 
line integral of H across the air gap within the uniform section of 
the field distribution. Where the finite permeability must be 
taken into account, the electrolytic trough can generally not be 
used in any convenient manner. 

The Rubber Membrane. A very effective means for the 
representation of two-dimensional potential fields is a rubber 
membrane stretched with practically uniform tension over a given 





Fig. 18*6. Section of Rubber-membrane Model of Fig. 18*1 for a Single 
Dielectric; Radial Scale Compressed. 


electrode arrangement in which height above a reference plane is 
proportional to the potential value. Figure 18*6 indicates the 
representation by a rubber membrane of a cross section along 
of Fig. 18*1, with the electrode potentials ^>i and 
symmetrical about ^ — 0, the sheath potential, and with a uniform 
dielectric. 

Actually, the differential equation of the elastic membrane is^^ 


dx^ 


r /a AH (dz\n 


d^z dz dz 
dx dy dx dy 


(3) 


which reduces to the Laplacian differential equation if (dz/dx)^<^ 1, 
and {dz/dyY 1. These conditions can generally be satisfied 
if one keeps the tangent plane at any point to within 15° of the 
horizontal plane.^® This requires rather large models of small 

Zworykin et p. 477. 

P. H. J. A. Kleynen, Philips Techn, Rev., 2, p. 338 (1937); also Strutt,®*® 
II, p. 4. 

^ Zworykin et p. 419. 
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height differences. One uses conveniently a surgical rubber sheet, 
about 0.1 cm thick, which is spread over the electrode surfaces 
and either pulled over a wooden frame and fastened to it or laced 
to a larger steel ring. To assure uniform adherence to the lower 
electrode surfaces, counter w^eights are frequently provided as 
indicated in Fig. 18-6, in which the radial scale has been con¬ 
siderably compressed to make a better picture. The electrode 
material is usually lead or sheet aluminum. 

The rubber membrane has been used extensively for the design 
of plane electron optical systems, since it lends itself in an unusual 
manner to the solution of complicated electron trajectories as in 
the beam power tube^^ and in the electrostatic electron multiplier;^® 
but it has also found excellent application to two-dimensional 
electric and magnetic problems in cables and machines.^^ 

Hydraulic Analogies. It has been pointed out in section 9 
that the conditions (div E = 0) and (div B = 0) can be interpreted 
as characteristic for incompressible flow phenomena if E or B can 
be identified with the velocity vector. This has led to a method 
which shows the magnetic field lines in the air gap of machines by 
means of finely distributed, colored glycerin forced into water 
flowing between glass plates; very clear photographs can be 
obtained in this manner.^^ A recent adaptation of this fluid flow 
analogy uses a plaster slab and a parallel glass plate between whicrh 
clear water flows; crystals of potassium permanganate are sprin¬ 
kled on the slab model to visualize flow lines. Excellent photo¬ 
graphs have been made of source and sink flows confined by 
variously shaped barriers.^^ 

Conversely, many studies of flow lines in hydrodynamics have 
direct applicability to electric and magnetic field problems; see 
particularly Prandtl and Tietjens^^^ and Eck^^®. 

0. H. Schade, Proc. 26, p. 137 (1938). 

K. Zworykin and J. A. Rajchman, Proc, LR.E.j 27, p. 558 (1939); 
E. G. Ramberg and G. A. Morton, Jl, Appl. Phys., 10, p. 465 (1939). 

M. Krondl, Elektr. und Masch., 67, p. 543 (1939). 

22 H. S. Hele-Shaw and A. Hay, PhU. Trans., A196, p. 303 (1900); H. S. 
Hele-Shaw, A. Hay, and P. H. Powell, Jl, I.E.E., 34, p. 21 (1904); W. M. 
Thornton, Electrician, 66, p. 959 (1906). 

2® A. D. Moore, Jl, Appl, Phys,, 20, p. 790 (1949). 
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PROBLEMS 

1. In Fig. 16-1 assume first only the two conductors ‘I>i and with the 
isolated small probe; show that the relative probe potential is (^>i — «i»p) = 
VCzp/{P\pC 2 p)- Connect next the electrostatic voltmeter as shown; 
assume that the capacitive effect of the new leads be negligible and that the 
voltmeter be sufficiently removed so as not to influence the field of the main 
conductors. If the voltmeter capacitance be Cy, show that the new probe 
potential is {^i — ^p') = VC 2 pfiCip + C 2 p + Cy), i.e., less than before. 
Demonstrate that connection to ground at A will restore the original probe 
potential. What will be the indication of the voltmeter? 

2. Assume a point charge Q located at the origin O. Introduce an isolated 
sphere as probe electrode with center at P and radius R. Demonstrate that 
the potential on the surface of the spherical probe is identical in value with the 
potential value that existed at P before the probe was placed there, inde¬ 
pendently of the radius R. Show that this is still true if the field at P is pro¬ 
duced by any number of point charges. 

3. The straw probe in Fig. 16*5 is subject to the gravitational force. Find 
the error in indicating the direction of the electric field lines. Hint: assume 
a thin cylinder shell of uniform polarization and find the equivalent dipole. 

4. Find the average flux linkage for the search coil in Fig. 17-1 if the mag¬ 
netic field varies linearly across the coil area. Compute the effective coil area. 

5. It is stated that (17*1) holds if the time constant of the circuit is con¬ 
siderably smaller than that of the galvanometer. What modification would 
have to be made if that were not the case? What error would one expect in 
using (17*1) nevertheless? 

6. What is the influence of the magnetic field produced by the coil current 
itself upon the accuracy of relation (17*1)? 

7. Design a two-dimensional current flow model for the magnetic field of a 
three-phase and (a) three-wire, (h) four-wire, transmission system. 

8. Design a two-dimensional current flow model of the heat flow from the 
conductors of a three-phase three-conductor cable to the sheath, assuming a 
single uniform dielectric medium, circular cross section of the conductors and 
of the sheath, and a constant (steady-state) temperature of the sheath. 

9. Design the two-dimensional current flow model of the electrostatic field 
of a triode which may also be assumed as two-dimensional. Show the determi¬ 
nation of the capacitance coefficients between cathode, grid, and anode by 
means of current measurements. 

10. Demonstrate that one can simulate the electrostatic field of the geome¬ 
try in Fig. 18 • 1 by using copper sheaths of different thicknesses for the two 
different dielectrics. The error of current redistribution at the transitions 
can be made small by using a physically larger model. 

11. Show the arrangement of electrodes in an electrolytic trough to repre¬ 
sent the two-dimensional electrostatic field in a pentode. Demonstrate the 
current measurements necessary to determine all the mutual capacitance 
coefficients. 

12. Evaluate the necessary size of the electrolytic trough in order to measure 
the field distribution between two spheres of unequal radii Ri and R 2 . Assume 
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that one uses hemispheres and measures the potential distribution along the 
water surface. 

13. Design the electrode arrangement in an electrolytic trough in order to 
represent the magnetic field produced by two coaxial circular loops of radii a 
and b and small wire radii pi and p 2 . Find the mutual inductance by simple 
current measurement. 

14. Design the electrode arrangement in an electrolytic trough in order to 
measure the mutual capacitances of a three-wire transmission line above 
ground. 

15. Design the electrode arrangement in an electrolytic trough to measure 
the mutual mductances of a three-wire aerial transmission line. 



6' FIELD PLOTTING METHODS 


As an alternative to experimental methods, a number of graphi¬ 
cal and semigraphical methods (requiring simple computations) 
have been developed. It is certain that quick orientation with 
respect to a more complex field structure can be obtained best 
by a simple graphical construction; on the other hand, if higher 
accuracy is demanded, many trials of successively better ap¬ 
proximation are needed so that experimental means then become 
more economical. 


19- GRAPHICAL PLOTTING 
OF ELECTROSTATIC FIELDS 

Although it is relatively simple to obtain qualitative information 
about field lines in a uniform dielectric by the powder patterns 
of freshly ground gypsum crystals (see section 16), there is 
no simpler method than the 
graphical one which furnishes 
quantitative information. Of 
course, a combination of a pow¬ 
der pattern with graphical quan¬ 
titative interpretation, where 
such is possible, will give the 
speediest results. 

The foundation of most graphical methods is the concept of the 
dielectric flux tube formed by the vector D which has its base on a 
positive surface charge element dQ = adS^ on some conductor, 
and which terminates on the equal and opposite surface charge 
element on some other conductor. Everywhere 

between, the dielectric flux element DBS remains constant and 
directed from positive to negative charge, even through dielectric 
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boundary surfaces as long as they are uncharged, which is the 
usual case (see sections 1 and 2). Selecting, then, two closely 
spaced equipotential lines as in Fig. 19*1, with 

^ sz = 4>' - ESI (1) 

dl 


permits the definition of local capacitance as 

^ 

- 4>" ESI 


( 2 ) 


which is a unique value since for the entire volume element 5t the 
values {D6S) and (ESI) remain constant. One can, therefore, 
choose some arbitrary representative point within this element 
and, since at any point of a uniform homogeneous medium D/E = e, 
obtain 

JC-.f (3) 

in exact accordance Avith (14*3) giving the capacitance of a finite 
parallel plate condenser. If one, moreover, selects 81 numerically 
equal to 8S^ the space becomes subdivided into cube-like units 
bounded by slightly curved surfaces exactly analogous to the true 
cubes in the parallel plate condenser, and, as there, one can now 
simply count the number of cubical units in series between two 
electrodes to establish the finite numerical value of the denominator 
of the total capacitance, and count the number of cubical units 
distributed over the surface of one of the electrodes to establish 
the respective numerical value of the numerator. This method 
can be applied to evaluate the partial capacitance coefficients in 
systems of conductors as well as the total capacitance of two con¬ 
ductors forming a condenser, and can be extended to any number 
of dielectrics in the field if proper account is taken of the refraction 
of the flux lines as defined by (2*9). 

Field Plots for Line Charges. For a single line charge of 
great length, as shown in section 12, the field distribution is es¬ 
sentially two-dimensional and is axially symmetrical, with radial 
field lines and circular equipotential lines. In order to represent 
the field quantitatively, one chooses unit length in the direction 
perpendicular to the paper in Fig. 19*2 and thus has for (3) 
SS = rS(t)j SI = Sr, Because of axial symmetry one might choose 
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8<t) as 2ir/ny where n is the number of flux lines to be drawn. As¬ 
sume n = 16, then 5</) = 22.5° = 0.393 radian; thus from (2), 
with 8S and 81 numerically equal, 8r/r = 5(ln r) = 27r/n; the equi- 
potential lines must be selected so that the ratio of successive radii 
is r 2 /ri = or r 2 = 1.481ri. The radius which actually 
satisfies relation (3) is found by applying (3) to the subdivision 
of ABCD, namely, In (r 2 /r„i') = In (rm'/ri) = tt/ti; this shows 
that = (rir 2 )^ is the geometric mean of the radii ri and r 2 . 


P' 



The graphical construction for I'J is carried through in Fig. 19-2 as 
well as the further subdivision for r^". For the single line charge, 
the graph can be extended outward to infinity and inward to zero 
radius, finding in both directions no terminal; this difficulty was 
already pointed out in connection with (12*28). Ascribing a small 
but finite radius a to the wire removes the difficulty there and per¬ 
mits introduction of an absolute scale. The charge per unit length 
contained within a dielectric flux tube is 8q = D8S = {\/2T)8(t> = 
X/n, if X is the total charge on the conductor per unit length. 
The potential difference between successive potential lines must be, 
from (2), 8^ = 8q/8C = X/sn, since 8S and 81 in (3) have been 
chosen numerically equal. With a fixed potential value on 
the conductor surface, it is now possible to label the potential 
lines. The choice of the number n of representative flux lines im¬ 
mediately determines all the principal quantities. 

For two or more parallel long line charges, a resultant field 
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graph can be obtained by utilizing the principle of superposition. 
Take two line charges of values (“-2X) and (+3X) per unit length 
as shown in Fig. 19*3. Having chosen tz = 16 for the charge 
( —2X), one must choose n = 24 for (+3X) in order to have each 
flux tube carry the same dielectric flux; in turn, this means that 
the equipotential circles for the charge (+3X) are spaced in the 



Fig. 19-3 Field Plot of Two Line Charges: upper half field lines, lower 
half potential lines. 


ratio = 1.3. The upper half of Fig. 19*3 shows the in¬ 
dividual flux lines for each charge and their combination in broken 
straight lines as a first approximation to the resultant flux tubes. 
It is obvious that very close to the charged lines the individual 
flux distribution will remain practically unchanged; since any two 
successive flux lines delimit the same flux element, the diagonals 
of the quadrilaterals will approximately point in the direction of 
the resultant vector D as indicated in the figures by P-P'. This 
approximation will be closer the larger the value n is chosen; it 
was proposed by Maxwell,I, p. 183, for point charges, but 
applies equally well to line charges and line currents.^ The neces¬ 
sary smoothing of the flux lines should be guided by the existence 

^ H. Ebert: Magnetische Kraftfelder; J. A. Barth, Leipzig, 1905. 
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of a center of gravity of the charges found by (10*46), which de¬ 
termines the character of the field at large distance; by the ex¬ 
istence of singular points where £ = 0, as at a; = — 5d in the 
example if 2d is the distance between the charged lines; and by the 
potential graph. The potential graph is shown on the lower half 
of Fig. 19*3 as the combination of the two individual families of 
equipotential circles. Since all the circles are spaced at equal 
intervals in potential, in fact, equal decrease of positive or nega¬ 
tive values as one recedes from (+3X) and (—2X), respectively, 
one finds constant potential values by proceeding from one 
intersection of circles to that of succeeding circles of larger radius 
as indicated by R-R'. For comparison, a selected field line is 
shown as the result of a first smoothing on the upper half, and as 
orthogonal line to the potential graph on the lower half, of Fig. 19 • 3. 

If the line charges had been chosen of the same sign, (+2X) 
and (+3X), then the combination of the field lines would have to 
proceed in the direction of the other possible diagonal P-P" 
indicated by reversing the vector D -2 at the point P in Fig. 19*3 
in accordance with positive flux from (+2X). The combination 
of the equipotential lines likewise would be changed, since now 
increasing radii mean for both charges decrease of positive po¬ 
tential. Thus, from one intersection of two circles one has to 
proceed to that of the next larger circle belonging to (+3X), with 
the next smaller belonging to (“2X), as from R to 

For more than two charged lines it is possible first to combine 
the field graphs of two and then combine this resultant with the 
third individual field graph, etc.; of course, considerable effort is 
usually spent before one arrives at a thoroughly satisfactory final 
graph which also satisfies (3). 

Curvilinear Squares for Two-dimensional Field Plots. 

For general two-dimensional geometries, one cannot start, as with 
the line charge, from a known dielectric flux element. The ap¬ 
plication of constant values bC as defined in (3) becomes a matter 
of trial and error with successive stages of systematic improvement 
after some experience. Since for unit length normal to the graph 
paper the surface element becomes 8S — 1 • 6s, the relation (3) 
reduces to 


6c 


6s 

Ul 


(4) 
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where he is local capacitance element per unit length, 5s the line 
element normal to the flux lines, and hi the orthogonal line element 
along the flux lines. If one now chooses 8s = 81, one is led to 
curvilinear squares,^ as indicated in Fig. 19*4, from which this 
method obtained its name. Many details and examples of plots 
are given in Attwood,-^^ pp. 178-185, so that only a brief summary 
need be given here. Obviously, this method applies to any 

potential field observing the 
analogies of table 9*1, where the 
capacitance of (3) or (4) is re¬ 
placed by the appropriate con¬ 
ductance or permeance of the 
other types of fields. 

In a practical electrostatic 
problem with a single dielectric, 
one will have given at least two 
conductor surfaces with known 
potentials, and either by sym¬ 
metry or extrapolation into 
homogeneous fields one will 
know at least one field line and 
the approximate potential vari¬ 
ation along it. With this as a 
Fig. 19-4 Method of Curvilinear basis, one can start in Fig. 19-4, 
Squares. for example, with field line 

AB and subdivide along it the 
potential difference (4>i — 4>ii) uniformly into a small number, 
say, m subdivisions. From this base line, one can now proceed to 
sketch the approximate equipotential lines and to select orthogonal 
field lines at such intervals that curvilinear squares result. Of 
course, this first sketch will show weak points of the plot, as in 
some places one or the other of the two major conditions— 8s = 81, 
and orthogonality of field and equipotential lines—might not be 
satisfied. The plot must then be repeated until both conditions 
are satisfied everywhere, which may require considerable further 
subdivisions to gain in detail accuracy. Each subdivision should 

^ A. D. Moore: Fundamentals of Electrical Design, McGraw-Hill, New York, 
1927; also A. D. Moore, Elec. JL, 23, p. 355 (1926); Schwaiger,®^^ p. 181; 
H. Poritzky, Trans. A.LE.E., 67, p. 727 (1938). 
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proceed along the check lines ds and fiZ, leading to smaller curvi¬ 
linear squares which by themselves must satisfy 8s = 81, With 
the final plot achieved, say, for two conductors in the field, one 
can get the total capacitance between these two conductors by 
counting the number of squares along a field line, say, m, and the 
number of squares along the conductor surface I, say, n, as (7 = 
m/m. With the given potential difference, this gives the charge 
on conductor I as Qi = C{^i — ^n). If there are several con¬ 
ductors in the electrostatic field, only partial capacitances can be 
evaluated (see section 3). In this case, ma^ would represent the 
number of squares along a field line between the two conductors 
a and /3, and would be the number of squares along the surface 
of conductor a lying between the two field lines limiting the total 
mutual dielectric flux; one would have Ca^ = ^na^/ma^. The 
partial charge on conductor a bound by conductor is then 
Qa^ = Cadi^^a " 

If the subdivision by cquipotential lines is reasonably close, one 
can evaluate the field strength E along any field line as the slope 
of the potential graph by the same method shown in Fig. 16*4. 
Plotting, as there, distance along a field line as abscissa and these 
field strength values at the respective points as ordinates, one can 
extrapolate the values at the surface of the conductors. The 
graph with distance along a conductor surface as abscissa and 
dielectric flux density or field strength values at the terminal points 
of the flux lines as ordinates should again lead to a smooth curve; 
it gives the charge distribution on the conductor and permits the 
evaluation of the total electrostatic force exerted upon the con¬ 
ductor (see section 3). 

Once a satisfactory field plot has been developed for a given 
electrode arrangement, one can use it in many other ways. Thus, 
one can interchange field lines and equipotential surfaces and obtain 
the conjugate field distribution, which might be directly useful 
or might need some adjustments to make it physically realizable 
either as another electrostatic field or as any other type of po¬ 
tential field from table 9*1. One can also introduce a metallic 
surface along any equipotential line and thus obtain solutions to a 
different and useful electrode arrangement. 

If there are two or more dielectric materials in the field, the 
procedure has to be suitably modified. Selecting for the medium 
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occupying the largest space curvilinear squares so that from 
( 4 ) 5c = ei, one must then construct curvilinear rectangles in 

medium 2, since there 6c = ei • (— —); one can either make 

Vi 61 / 

( 62 / 61)65 = 61 or vice versa, depending on convenience. In addi¬ 
tion, at each dielectric boundary the conditions of refraction given 
in (2*9) must be satisfied. These problems count among the 
most difficult ones; yet the graphical method is actually the only 



feasible approach, since an¬ 
alytically the difficulties are in¬ 
superable, and experimentally 
almost so.^ 

Field Plots of Axially 
Symmetric Systems. The 
general relation (3) applied to 
axially symmetric systems gives 


Fig. 19*5 Flux Plotting in Axially 
Symmetric Systems. 


p6s 

6C = 27re^ 
61 


(5) 


if p is the distance from the axis of rotation of the point P within 
the volume element (see Fig. 19*5) and 6s and 61 the orthogonal 
curvilinear line elements. To keep 6C constant as in the two- 
dimensional case means the selection of equal numerical values 
for p6s and 61. For a single homogeneous dielectric medium, this 
condition requires for an assumed 6s increasing length 61 of the 
curvilinear rectangles with increasing distance from the axis. The 
field plot is in general more difficult to obtain than in the two- 
dimensional case because p, the scale factor, changes with the shape 
and location of the curvilinear rectangle.** 

In a practical problem it is convenient to start from a section 
where the field can be approximated either by the logarithmic 
cylindrical potential distribution, as in Fig. 19*2, or by that of a 
point charge or dipole, as in section 10. In general it is advisable 
first to obtain a rough field sketch as if the problem were two- 
dimensional and then to correct the sketch until the two major 

* P. D. Grout: ^The Determination of Fields Satisfying Laplace's, Poisson's, 
and Associated Equations by Flux Plotting," Radiation Laboratory Report No. 
1047. See also his extension to electric fields in magnetrons, Jl. Appl. Phys.y 
18, p. 348 (1947). 

^ M. G. Leonard, Elec. Jl.y 32, p. 31 (1935). 
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conditions are satisfied everywhere: orthogonality of flux lines and 
equipotential lines, and constancy of BC in (6). The evaluation of 
total capacitances, etc., follows the same outline as for the two- 
dimensional case. 

The most exacting example is found in the original treatise on 
this method,^ where the field distribution about a bushing of rather 
complex form is plotted; another example is the field graph of a 
charged grid consisting of parallel, equidistant coaxial circular 
rings.® 

Field Plots for Point Charges. Though one could treat a 
single point charge or any number of collinear point charges by 
the method just described, since they form an axial symmetric 
system, it has become customary to follow the method of Max¬ 
well,I, p. 183 (see also Attwood,^^ p. 27), which refers to the 
spherical coordinate system. For the single point charge, the 
equipotential surfaces are spheres and the field lines point radially. 
The surface element of a sphere of radius r is 5/S = 27rr^ sin dBd 
and Bl = 5r, so that from (3) 

BC = 27rer^ sin 0 ~ (6) 

5r 

in which now r and 6 are independent coordinates. To keep 5C 
constant and equal to 27rs, one can therefore split the condition (6) 
into two selection rules, keeping sin dBd as well as Br/r^ constant, 
or also 

5(cos 0) = 5 {-) = - 
\r/ n 

The first relation determines the selection of the field lines; one 
can conveniently subdivide the radius of any circle along the 
assumed axis of rotation into, say, n equal parts; the radius vectors 
through the intersections of the ordinates at these points with the 
circle give then the field lines bounding annular cones of equal 
dielectric flux. The second relation determines the selection of 
the equipotential lines. It is best to plot the function 1/r and, 
starting from an arbitrary base radius, assume equal intervals of 
ordinates. 

^K. Kuhlmann, Arch. f. Elektrot.j 3, p. 203 (1914); see also Roth,®^® 
pp. 39 and 200, and Schwaiger,®^^ p. 183. 

®H. L. Poritzky, l^ans. A.I.E.E,, 67, 727 (1938). 
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The resultant field of two point charges can be readily obtained 
by superposition of the individual graphs of field lines and equi- 
potential lines in exactly the same manner as was done for two line 
charges in Fig. 19*3. Examples of such combination plots are 
frequently found, in Maxwell,p. 183; in Ilarnwell,^^ p. 35; 
and in others. Attwood^^ gives many graphs for two or more 
collinear point charges with helpful guides for field sketching. 
Using the same principle, Maxwell,^^^ I, p. 180, also gives the 
combination plot of a point charge in a homogeneous electrostatic 
field. 


20- GRAPHICAL PLOl^ING 
OF MAGNETOSTATIC FIELDS 


For the representation of magnetostatic fields outside of con¬ 
ductors, two basically different methods are available, using either 
the scalar magnetostatic potential or the vector potential. Only 
the former belongs to table 9*1 of analogies because of its mathe¬ 
matical kinship to the electrostatic potential function; its use, 
however, needs caution. Selecting the vector B as representing 
the magnetic flux density, one can form magnetic flux tubes in 
analogy to the dielectric flux tubes in Fig. 19*1, enclosing b^rn == 
BbS flux lines anywhere in space. Their terminals must be 
created, however, as magnetic potential double sheets in all cases 
where the field is directly produced by currents (see Fig. 6 • 1 as 
example) in order to secure uniqueness of values. The total 
magnetic potential difference will then always be the value of the 
exciting current (or ampere-turns), Ji — 7ii = /. For two 
closely spaced magnetic equipotential surfaces 7' and 7" one has 
the local permeance 


b9 


jjf' ~ y" 


BbS 

Hbl 


( 1 ) 


as a unique value for the entire volume element as in Fig. 19-1 for 
the capacitance. Choosing some arbitrary representative point 
within the element and observing B = iiH for a uniform homo¬ 
geneous medium, one obtains 


= 



( 2 ) 


in exact analogy to (19*3) and therefore subject to the same 
interpretation for graphical field plotting methods. 
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If one considers the field outside of highly permeable magnetic 
materials for which one can assume /i = oo, and if no currents are 
in the space where the magnetic field is desired, one can ascribe 
to the surfaces of the magnetic materials constant magnetic po¬ 
tential values, establishing complete analogy to the electrostatic 
field. This will be true for the study of the magnetic field in the 
air gap of permanent magnets or electromagnets, of electrical 
machines, of relays, and in similar arrangements. 

The use of the vector potential for graphical purposes is generally 
restricted to parallel line currents of great length, since it has a 
simple form only in such applications. It is not a directly observ¬ 
able physical quantity and therefore not of primary interest. 

Field Plots for Line Currents. For a single line current of 
value +7 and of great length as shown in section 13, the field 
distribution is essentially two-dimensional and is axially sym¬ 
metrical with circular field lines. To represent the field quanti¬ 
tatively, one chooses unit length in the axial direction and has thus 
for the surface element normal to the flux lines dS = 5r, and also 
51 = rd(t); both elements are interchanged as compared with the 
electrostatic flux plot in Fig. 19-2, so that the magnetic field is the 
exact conjugate of the electric field. One actually can proceed 
as there, make 5S equal numerically to 51, and select 5<l> = 27r/n, 
except that this means now subdividing the magnetic potential 
difference or current 7 by n and consequently selecting the circular 
field lines in the ratio of radii leading to the same geometry 
as Fig. 19 *2 shows. To have the vector B point in the direction 
of increasing 50 one must choose the magnetostatic potential 
values such as to identify 0 = 0 with 7 and 0 = 27r with 0. The 
permeance in any volume element so chosen is SiP = ju, and the 
magnetic flux within the tube becomes 5^rn = 5^P • 57 = 
so that it is possible to count the number of flux elements between 
any two points along a radial line in order to obtain the total 
magnetic flux between these points. For the single line current, 
the grapli can be extended outward to infinity and inward to zero 
radius, having no terminal in either direction; this difficulty was 
pointed out in connection with (13*1). Ascribing, as there, a 
small but finite radius a to the wire removes one of the difficulties; 
the internal magnetic field is then given by (13-3). 

For two or more parallel long line currents, a resultant field 
graph can be obtained by utilizing the principle of superposition 
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as shown by Maxwell,I, p. 287.^ Assume two line currents of 
value { — 21) and (+37) as analogous to the electrostatic example, 
Fig. 19*3. If one chooses n = 16 for the current ( — 27), then 
one must choose n = 24 for (+37) in order to mark equal potential 
differences between successive straight lines in the upper half of 
Fig. 19*3; this, in turn, means that for (+37) the field line circles 
are now spaced closer, namely, in the ratio = 1.3. 

The absolute values of the magnetostatic potentials can be 
chosen in several ways, depending on where one places the dis¬ 
continuity barrier. It is simplest to retain for (+37) the choice 
as for the single conductor, i.e., leave the discontinuity to the right 


ff«0+|/ = +^ IF=-/+3/ = + 2/ 



Fig. 20*1 Choice of Magnetostatic Potential Values for Two Line Currents. 


of the current, and to choose for ( — 27) the discontinuity to the left 
of the current, leaving the space between the two currents con¬ 
tinuous in potential values as shown in Fig. 20-1. 

The combination of the equipotential lines in the upper half of 
Fig. 19*3 for constant resultant values is guided by the broken 
straight lines, whereas the combination of the circular field lines 
proceeds along the intersections of successive circles in the direction 
of the resultant field vector B. One can read from the graph at 
once the flux linkage that, for example, a rectangular linear loop 
would experience if its long sides were of length I and placed parallel 
to the line currents at and R"^ respectively. Between R^ 
and R^^ are exactly two tubes of flux, each containing = 
Ai(27/n), since n = 16 was referred to the current ( — 27); the total 
flux linkage is therefore — 2m(27/16)Z = {^1/8)21, so that the 
mutual inductance becomes M = ^1/8. 

Had the line currents been chosen (+27) and (+37), then the 
same modification would have to be made as indicated in detail 
for the electrostatic analogue. This graphical combination of line 
current fields is very satisfactory; many excellent examples of 
more complicated field distributions in the presence of iron and 
involving theory of images (see section 23 for details) are given 
in Hague®^^. 

^ Extensive application was made by H. Ebert: Magnetische Kraftfelder; 
J. A. Barth, Leipzig, 1905; see also Hague,®^^ p. 351. 
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The inconvenience of using potential barriers for the field lines 
in connection with the magnetostatic potential suggests use of the 
vector potential A, which reduces for line currents to a single 
component 

(3) 

as shown in section 13, where it was also demonstrated that in 
two-dimensional problems the lines of constant value Az are identi¬ 
cal with the field lines. In addition, (6*23) gives the magnetic 
flux as the line integral of Az, which reduces here for unit length 
and for the single conductor to = (jLt/27r)J ln(r 2 /ri), if 
5r = r 2 — ri, since only integration parallel to the axis gives a 
contribution. To select, then, flux lines such as to give constant 
values simply means to keep (/ In r 2 /ri) constant, which is 
exactly the condition for selecting the field lines with the magneto¬ 
static potential above. The use of the vector potential is then 
fully equivalent as far as selection of flux lines is concerned, i.e., 
it will lead in the combination of the two line currents above to 
the lower half of Fig. 19*3; it will, however, not give the upper 
half, which is not too useful except as a check on the flux lines. 

Curvilinear Squares for Two-dimensional Field Plots. For 
general two-dimensional magnetic fields outside of conductors 
and with a known distribution of magnetostatic potential values 
along given surfaces, one can construct elements of constant value 
as defined in (2) by trial and error with successive stages of 
improvement. For unit length normal to the graph paper, the 
surface element dS = 1 • ds, and (2) becomes 

6s 

where 6p is the local permeance per unit length, Ss the line element 
normal to the flux lines, and 61 the orthogonal line element along 
the flux lines. Selecting further 6s = 61, one arrives at curvilinear 
squares^ as outlined for the electrostatic field; see also Fig. 19-4. 

^This method was first introduced by Th. Lehmann, E.T,Z., 30, pp. 995 
and 1015 (1909); see also Richter,®^® Vol. I, 1924; A. D. Moore: Fundameri’- 
tals of Electrical Design; McGraw-Hill, New York, 1927; A. R. Stevenson 
and R. H. Park, Trans, A.LE.E., 46, p. 112 (1927); Hague,p. 268; and 
Bewley,^^ p. 167. 
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Very much effort has been spent on the evaluation of the field 
distribution in the air gaps of electrical machines with salient poles 
in order to determine accurately useful flux linkages as well as 
leakage reactances.^ A first assumption makes the opposite mag¬ 
netic materials, pole face on one side and smooth armature on the 
other, surfaces of constant magnetostatic potentials with = oo 
and with a difference JFi — 3^2 = Hog, where Hq is the value of 
magnetizing force in the uniform part of the field and g the re¬ 
spective air gap length. Refinement is introduced by letting the 
magnetostatic potential vary along the smooth armature (keeping 
H = oo) in accordance with the distributed armature winding; see 
for example Bewley,^^ p. 176. In all these cases there exists a 
region of uniform field in the pole center similar to the region 
below AB in Fig. 19-4, so that the actual flux plot can be carried 
forth as described for the electrostatic field, leading to a total 
permeance JP = fin/m if m is the number of curvilinear squares 
along a field line across the gap, and n is the number of squares 
along the armature surface within one half pole pitch. It is readily 
seen that, even with the simplifications made, an experimental 
investigation in the electrolytic trough would be utterly difficult 
because of the varying potential values on boundary surfaces. 
The graphical method has seemed to give most satisfactory results, 
leading to the composite field picture in the form of an orthogonal 
net. 

Two-dimensional Field Plots Including Current-carrying 
Regions. In many applications, the current regions cannot be 
excluded from consideration, since they directly affect the field 
distribution as the exciter windings on most electromagnets and 
on the poles of synchronous and d-c machines. Inside current- 
carrying regions, certainly the magnetostatic potential does not 
exist, so that the method of curvilinear squares cannot be used. 
However, as demonstrated for two conductors of large circular 
cross section in (15-8), there exists a “kerneh^ into which the 
field lines shrink. Since the boundary conditions on the surface 
of a conductor with finite current density require continuity of the 
magnetic field without any refraction (see section 6), one can con- 

^ See any advanced book on electrical machinery but particularly R. E. 
Doherty and C. A. Nickle, Trans. A.I.E.E.^ 45, p. 912 (1926); Stevenson and 
Park, he. dt.; R. W. Wieseman, Trans. A.I.E.E., 46, p. 141 (1927); and 
Bewley,^^ p. 167. 



Sec. 20] Two-dimensional Current-carrying Regions 211 

tinue the orthogonal lines as well, finding that they converge into 
this kernel K as in Fig. 20*2. Since they can now not be called 
potential lines of any sort,^ but since they are orthogonal to the 
field lines, they are usually called^ ‘fiines of no work.^^ Actually, 
the field lines suffer a change in radius of curvature, i.e., a second- 
order effect in passing across the boundary of a current-carrying 
region. 

In order to continue graphical construction of the orthogonal 
net into current-carrying regions, the curvilinear elements have 



Fig. 20*2 Kernel and Field Lines within Current-carrying Regions. 


to be modified. Applying the line integral of the magnetizing 
force in accordance with (6-3) to the closed path {AKBA), and 
assuming uniform current density J, one obtains the result 

HpU = SJ (5) 

where S is the area (MKN) within the conductor. Obviously, 
only 51 makes a contribution to the line integral, since the other 
path elements are everywhere normal to H. Applying the same 
line integral to the closed path {A'KB'A') gives 

Hp'51' = S'J (6) 

where now S' is the area {A'KB'). With 5s' selected for constant 
flux element and with the same permeability ju inside and outside 

^ This method was developed by Th. Lehmann, Revue g6n. de VUec.y 14, 
pp. 347 and 397 (1923); see also Stevenson and Park, loc. ciL; Hague, 
p. 270; and Bewley,^^* p. 169. 

^ Stevenson and Park, loc. cit.; also in Gen. Elec. Rev., 31, pp. 99 and 153 
(1928). 
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the conductor, one has 5$^ = fiHp8s = ^iHp'8s\ Combining this 
last relation with (5) and (6) leads to the condition 


51' “ 8f S 


( 7 ) 


Inside a conductor, therefore, the curvilinear elements are rec¬ 
tangles of decreasing area as they approach the kernel. In general 
configurations, the exact location of the kernel is, however, not 
a simple matter and frequently compromise methods are chosen.® 
Usually one plots first the field graph without regard for the 
current-carrying regions and guided only by the surfaces of known 
(or assumed) magnetostatic potential values as outlined above. 
One then introduces the modification caused by the conductor as 
a correction, estimating the location of the kernel and checking 
the adjustment of the curvilinear element with relation (7). This 
might lead to slight changes of the assumed magnetostatic potential 
on iron surfaces close to the conductor. 

As an alternative method one can use the superposition of two 
graphs^ each of which is simpler to construct than the resultant. 
In two-dimensional fields, only the component of vector potential 
normal to the field exists, say, and it satisfies (6*18) 


dx^ dy^ 


= —yJz 


( 8 ) 


a Poisson differential equation within the conductor. The mag¬ 
netic field is then 


Bj = ~ 


dAj 

dy 


By' = + 


dx 


(9) 


One can now look for a very simple solution of (8), preferably in 
one coordinate only, which vanishes on at least one conductor 
surface as far as the integration constants permit and plot the 
resulting field lines within the conductor. One can then con¬ 
struct a normal Laplacian field plot by curvilinear squares for 
Bx"y By" which satisfies the usual conditions of the magnetostatic 
potential values and in addition provides together with Bj and 
By the required continuity of the magnetic field vector across the 

® Th. Lehmann, Revue gSn. de I'Slec.y 31, p. 171 (1932) and 34, p. 351 (1933). 

^ J. F. H. Douglas, ELectr. Engg,y 54, p. 959 (1935); H. Poritzky, Trans, 
AJ,E.E,, 67, p. 727 (1938). 
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conductor boundaries. Obviously, this method requires very care¬ 
ful judgment and weighing of alternatives, but it can give excellent 
results particularly if the conductor is in direct contact with iron 
surfaces, which simplifies the satisfaction of boundary conditions. 

Instead of separating the solution for the current-carrying region 
as above, one can use superposition of the complete, field produced 
by the conductor alone, both inside and outside its boundaries, 
as taken from some analytical solution and plot it into the region 
in which the resultant field distribution is required, determine 
the correction needed at the boundaries of the field region to satisfy 
the boundary conditions there, 
and construct a curvilinear 
field plot for this correction. 

The combination will then be a 
complete solution of the prob¬ 
lem. For the application of 
this method to a rectangular 
conductor within a rectangu¬ 
lar armature slot see Poritzky 
(loc. cit.). 

Two-dimensional Field 
Plot or Conductors of 
Arbitrary Section. If one 

desires the field distribution 
surrounding a long conductor 
of arbitrary large cross section 
but uniform current distribution, then it is frequently difficult to 
apply the method of curvilinear squares from the start. One can 
utilize the known field distribution of a very thin rectangular strip 
as given in (15*20), which is, referred to designations in Fig. 20*3, 



Fig. 20-3 Evaluation of Magnetic 
Field of Conductor of Large Section. 




= + —— In— (10) 


27r la 


7la 


and apply it to the individual strips of equal width w into which 
the conductor may conveniently be divided.® The current in 

each strip is given as la = Ha/^laj so that a constant factor 

(«) 



can be deleted. 


At a point P, the contributions of the 


« W. Kramer, E.T,Z,, 53, p. 9 (1932). 
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strips can all be added and the resultant magnitude and the di¬ 
rection of B established. The orthogonal direction of the equi- 
potential line can also be noted. The method is rather rapid, 
since the subdivision need not be made very fine, and will yet give 
good results except very close to the conductor surface. Having 
thus established several field lines and equipotential lines, one 
can continue with the method of curvilinear squares and proceed 
into the conductor as outlined above. 


t' 



Fig. 20.4 Magnetostatic Potential Barriers for Cylindrical Coil. 

Field Plots of Axially Symmetric Systems. The general 
relation (2) applied to axially symmetric systems gives as in (19*5) 

( 11 ) 

if p is the distance from the axis of rotation of the point P within 
the volume element as in Fig. 19*5. The utilization of (11) 
follows exactly the electrostatic case. 

In practical problems, which usually involve cylindrical current 
coils, the field lines close to the axis are nearly parallel, so that bl 
along the lines is reasonably constant and 5.s = 5p. The field lines 
should thus be selected in accordance with (p5p) = K5(p^) = cons, 
so that their spacing is essentially as (r 2 /ri)^ for br = 7*2 — ri. 
At larger distances, the field of coils approximates that of a mag¬ 
netic dipole given in (13*33). The values of the magneto¬ 
static potentials have to be assumed in best agreement with the 



Sec. 21] Images — Plane Conducting Boundaries 


215 


geometry and with the requirement of preventing completely 
closed field lines. For a cylindrical coil of N turns, a possible 
choice is the placement of ± at the two end faces of the coil 
volume and a double cylindrical mantle along which the potential 
difference varies to zero value at the neutral zone z = 0 as shown 
in Fig. 20 *4. A plot of the field lines for this type of coil with and 
without iron core is given in the reference to Poritzky (loc. ciL).^ 
The computation of inductance values from these graphs is in 
good agreement with analytical results. 


21* METHOD OF ELECTRICAL IMAGES 

The solution of the electrostatic field distribution caused by 
point charges and line charges in the presence of simple conductor 
or dielectric surfaces can frequently be obtained without analytical 
means by the method of electrical images introduced by W. Thom¬ 
son.^ It is based on the concept of imaginary point or line charges 
not located within the region of field evaluation but so chosen that 
together with the original point or line charges all boundary con¬ 
ditions in this region can be satisfied. Though these imaginary 
or image charges have no real existence, they can be used as if real 
in order to construct the final field by any one of the simple graphi¬ 
cal methods, to compute the force actions on the original charges, 
and to construct models or analogies for other types of potential 
fields. Some very simple examples are included in sections 10 and 
11, since they follow there rather naturally, and, indeed, have been 
the source of ideas for the generalization of the method. The 
material is here organized according to plane, cylindrical, and 
spherical boundaries, of conductors and dielectrics. No image 
theory exists for spherical dielectric boundaries.^ 

Images with Rcsj3ect to Plane Conducting Boundaries. 
The solutions for fields of point and line charges near an infinite 
plane conducting surface have been given analytically in section 
10 and extended to conductors of very small radii in section 11, 
so that charge distributions and capacitances could be evaluated. 
Frequently, one can interpret ground or walls of buildings for 

^ See W. Thomson: Papers on Electrostatics and Magnetism^ p. 73; Macmillan, 
London, 1872; first published 1848; also Maxwell,^^^ I, p. 244; Jeans,^^® p. 
186; Mason and Weaver,-^^® p. 110; and Ilamsay,^^^ p. 114. 

^ Smythe,-^^^ p. 115; Stratton,^^® p. 204. 
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electrostatic purposes as conducting planes, so that these solutions 
apply directly to many transmission line and related problems. 

A point or line charge between parallel grounded metal planes 
as in Fig. 21-1 requires two infinite sequences of images,^ which 
are summarized in table 21*1, giving signs as well as locations of 
the charges. For a point charge +Q there is symmetry about the 



Fig. 21*1 Point or Line Charge between Two Parallel Conducting Planes. 


x-axis, and the total potential at P will be the sum of all image 
contributions with Ta = + (x — XaY, 


<|>P 


— E- 

47re („) Tec 


( 1 ) 


whereby Qa = in accordance with table 21*1, from where also 
the Xa must be taken. The induced surface charge on either plane 
can be computed by (10*17) as the sum of contributions from the 
pairs of images with respect to each plane. Obviously, the series 
must converge to a finite value, since the total charge on planes 
I and II together must be ( — Q). It is therefore possible to take 
a partial sum as an approximation. 

For the special case of a = 6 = c, the contributions of all the 
point charge images to the potential at the origin become, deleting 
the factor 47re, 


00 


Q L (-1)“ 

a>l 


2 

a ■ 2c 



recognizing the series expansion for In 2. Admitting now a small 
» Maxwell,I, p. 273. 
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but finite diameter d of the point charge, the total potential on its 
surface becomes in good approximation if d c, 


47re \d 



( 2 ) 


where the first term is the potential of the original small sphere by 
itself, and where the second part is the influence of the two 


TABLE 21 1 

Location of Image Charges for a Point or Line Charge Between 
Two Parallel Conducting Planes 


Location of 

Sign of Charge 

Location of 

a 

Order of 

Images re I 

Original 

Images re II 

Image 

0 

~2a<a 


'^ + 2b 

1 

-(2a + 26X; 

+ 

>+(2o + 26) 

2 

-(4a + 26X; 


>+(2o + 45) 

3 

-(4a+ 46)^^ 

+ 

■-- (40 + 46) 

4 

—2n(a + 6)-—^ 


^-*+20(0 + 6) 

2n 

[2n(a -f 6) + 2a] --—' 


-- - - 

2n + l 


grounded planes. The capacitance is given by Q/^. The maxi¬ 
mum induced charge density at the center of either plane is, from 
(10-17), with r — h = c, 3cy 5c, etc., for the image pairs. 


2irc^l 9 25 


^ 0 ^ 

2ir 


( 3 ) 


or about 92 per cent of the maximum density induced if only one 
plane is present, whereas one might have expected reduction to 
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50 per cent. The larger value indicates a compression of the in¬ 
duced charge distribution near the axis as the most pronounced 
effect of the second plane. 

This solution can also be interpreted in terms of current flow 
from a small spherical source, or from a semispherical source 
through one half the space between the planes. In the latter 
case the resistance between the hemisphere and plane becomes 



where 7 is the conductivity of the medium, and the factor 2 
entered because the total current I leaves through only one half 
the spherical surface.^ 

For the line charge between the planes a two-dimensional field 
results with no dependence on z. In this case, 

E X„ In r„ (5) 

(«) 

which can be interpreted as logarithm of the infinite product of 
Ta values and identified with a closed expression.^ Using the 
alternation of the image signs, this can also be expressed as the 
logarithm of the infinite product of ratios of two values, thus 
making the logarithmand a pure numeric. The closed form can 
be obtained in simpler form by conformal mapping in section 27. 

A line charge within a rectangular channel, obtained by adding 
two conducting planes parallel to the x-z-plane in Fig. 21*1, leads 
to infinite arrays along both x and y directions.® The complete 
solution involving elliptic integrals is also found more readily by 
conformal mapping, section 27. 

Images with Respect to Plane Dielectric Boundaries. As¬ 
sume any number of point and line charges in a dielectric medium £i 
at distances ha from a semi-infinite dielectric £ 2 ; as in Fig. 21 * 2 . 
Whatever the actual charge distribution in £i, its field must be so 
arranged that across the boundary plane x = 0 continuity of 
potential values and normal dielectric flux density are preserved. 
If the actual charge distribution produces potentials ^a(ha y, z) 

4 Ollendorff,^^^ p. 326. 

® J. Kunz and P. L. Bagley, Phys. Rev.^ Series II, 17, p. 147 (1921); Smythe,^^^ 
p. 84. 

® C. M. Herbert, Phys. Rev., Series II, 17, p. 157 (1921). 
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and the effect of the dielectric £2 is to be represented by image 
charges, then they must be located at geometrical image points 
in order to permit satisfying the boundary conditions, i.e., they 
must produce potentials ^a'{ha + x, 2 /, z), which at a; = 0 have 
the identical dependence on ( 2 /, z) as the ^a values. 



Fig. 21*2 Point or Line Charge and Plane Dielectric Boundary. 


For any one point or line charge (see Fig. 21*2), the total po¬ 
tential in £1 is thus assumed to be 

‘^la = Qa<t>(ha “ 3:, IJ, z) + Qa'<l>{ha + X, y, z) (6) 

whereas the potential in medium £2 is assumed to be produced by 
a charge Qj at the location of the original charge, thus 

^2a ~ Qa ^{ha (7) 


To condense notation, Qa has been chosen in this subsection for 
both point and line charge, though the latter has been designated 
X elsewhere because it is a charge per unit length. The functions 
0 are identical with l/ 47 r£iri^ and l/ 47 r£ir 2 „, respectively, for a 


point charge; and with 


InroM^ , lnro/r2, 


and 


respectively, for 


27r£i 27r£i 

a line charge, where ro is chosen arbitrarily as a scale reference 
value, which might be identical with since it represents an 
additive constant to the potential as in (12*28). Applying the 


boundary conditions and defining 



= ?o give 

0 



220 


Field Plotting Methods 


[Ch. 6 


the two relations 

Qa<t>0 + Qa^<t>0 = Qa<l>0 

ei(Qa?0 "" Qa%o) = ^2Qa^0 
from which the image charges can be evaluated 


Qa =-^-Qa, 

Si + £2 


ei + £2 


( 8 ) 

(9) 


One can now construct the resultant field picture by superimposing 
the fields of the point or line charges appropriate for each region. 
Thus, in medium si for x > 0, one draws the resultant of Qa 
and Qa'j up to the plane x = 0 ; in medium £2 x < 0, one draws 
the radial field picture of the single point or line charge Qa- In 
drawing the resultant field plot, a uniform dielectric material si 
must be assumed throughout space, since the difference in dielectric 
constants has been accounted for in the values of the image charges. 
Good field graphs or detail derivations are given in Attwood,^^ 
p. 163, for the line charge; and for the point charge in Abraham 
and Becker,p. 77; in Jeans,p. 200; in Mason and Weaver, 
p. 148; in Harnwell,^® p. 66 ; and in Ramsay,-^^^ p. 134; Smythe,^^^ 
p. 113, gives the generalized derivation. For ei < £ 2 , the image 
charge Qj' is negative and for 62 “^°® approaches ( — Qa), the 
image value for a conducting plane; in this latter case Qa' —> 0 as 
it should. 

The force action upon a point charge Qa is computed as the 
interaction with Qa"y since their combined action defines the 
resultant field, 


1 QaQa'' ^ 1 ei-e2 /Q«Y 

4irti {2ha)^ 4xei ei + t\2ha) 


( 10 ) 


which means attraction to the dielectric for £1 < £ 2 . Two equal 
charges placed symmetrically with respect to x = 0 in the two 
dielectrics will, therefore, not react with equal forces upon each 
other. Assuming charge Qa to reside on a small sphere of radius 
a, then its potential can be found from ( 6 ) as 

^ _ Qa I Qa _ Qa ^2 £l ^ "I 

“ 47r£ia 47r£i2/i« 4'7r£ia L £2 + £i ^haj 


The capacitance Ca = Qa/^a is larger for £2 > ei in the presence 
of the dielectric £2 than without it. The charge distribution can 
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readily be found by applying (11*13) with the appropriate substi¬ 
tution of values. 

The force action per unit length upon a line charge can be com¬ 
puted as QaEa'y where Qa is the charge per unit length and Ea' 
is the value of the field strength Bit x — ha produced by image 
charge Qa''. This yields 


/ = 


1 gl - £2 Qa 

2xei 6i "b E2 ^ha 


( 12 ) 


which means attraction to the dielectric for ei < 62 - With 
^0 = ha in the potential expression, ^la = 0 at the origin. With Qa 





Fig. 21-3 Point or Line Charge Midway between Two Plane 
Dielectric Boundaries. 


assumed to reside on a cylinder of small radius a, then, with re¬ 
spect to the origin, the conductor has the potential value 

(13) 

27rei La £2 + ei J 


The charge distribution can be found by appropriate application 
of (12*36). 

A point or line charge between two parallel plane dielectric 
boundaries requires two infinite sets of images to satisfy the 
boundary conditions at both surfaces. Assume as in Fig. 21*3 
a point or line charge in medium si midway between the two like 
dielectrics 62 , then table 21*2 gives the necessary locations of 
the image charges for si now symmetrically distributed. The 
first-order images, iQ", satisfy the boundary conditions on the 
surfaces next to them but not on the farther surfaces, so that 
they must be taken as new original charges leading to second-order 
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images, and so forth. If the factors in (9) are introduced as 


then 


2si 

ei + £2 


t 

= ^ > 


£1 — £2 tt 

——— = n 
+ 62 


(14) 


^Q” = 2 Q" = nQ" = {.■n"YQ (15) 

The fictitious charges iQ^ serve to define the fields in II and III 
and by themselves need no further compensation, since their effects 


TABLE 21-2 


Location of Image Charges for a Point or Line Charge Midway 
Between Two Parallel Plane Dielectric Boundaries 


Charges Defining 
Field in D (Sj) 


jQ* at x = 0 
gQ' at jc = + 2h 
gQ" at Of = + 4/i 

at jc = + (2n - 2)/i 


Charges Defining 
Field in I (e j) 

Original 
Q at jc = 0 


at X = + 2 h 
at X = + 4A 

3 Q''atx=:- 6 A j,Q"atx = + 6 /i 


Charges Defining 
Field in m (e^) 


jQ' at X =5 0 
gQ' at X = - 2A 
3Q'atx = -4/i 


„Q" at X = -2n/t „Q" at x = + 2nh „Q' at x = - (2n - 2)^ 


do not appear within I. Again, these charges are related to the 
nQ^' values, and one has 

iQ' = 'n'Q, 2 Q' = v^'Qy nQ^ = (16) 


For each section, the resultant field can readily be determined by 
the infinite series which are certain to converge; one will assume a 
uniform medium si for this purpose, since the effects of the di¬ 
electrics are accounted for by the image charges. 

For a quasi point charge Q at x = 0 of small radius a, one can 
determine the potential on its surface as the sum of contributions 
of the original charge and all the image charges defining the field 
in I. With a -C /t, one can take the distances directly from table 
21*2 and obtain 


$ = 


JL 

47rei 



" (v'r i 
2nh J 


Q 

Ittsi 


’1 



(17) 





Sec. 21] Images *— Cylindrical Conductor Boundaries 223 

since the absolute value of 77 ^^ is certainly less than unity. For 
£2 > 61 this indicates an increase in capacitance Q/<l> caused by the 
presence of the two dielectrics, as compared with ( 11 . 2 ) for the 
single quasi point charge. For 62 —^ one obtains (2), the same 
result as for two conducting planes, as it should be. 

Maxwell,I, p. 443, treats the more involved case of a point 
source within a medium of conductance 71 at a distance h from an 
infinite plane parallel slab of thickness a > h and of conductance 
72 followed by an infinite-extent medium of conductance 73 . 
By analogy, this can be translated into the electrostatic problem^ 
of a point charge in si in front of an infinite slab of £ 2 , followed by 
an infinite-extent medium £3. Two infinite series of images are 
necessary; their locations are found in the same manner as for 
conducting planes and their charge values by appropriate applica¬ 
tion of (9). 

Images with Respect to Cylindrical Conductor Bounda¬ 
ries. The solution for a line charge parallel to, and located at dis¬ 
tance b from, the axis of a conducting cylinder surface of radius R 
was treated in section 12 , locating the opposite and equal image 
line charge on the center line within the cylinder at a distance d = 
R^/b from the axis. A point charge close to a conducting cylin¬ 
der cannot be treated by simple image theory, since its potential 
function is incompatible with the logarithmic potential function 
of the two-dimensional cylinder (see section 32). The method of 
images can be applied also to the potential solution for two parallel 
cylinders of finite cross section either excluding or including each 
other^ (see section 12 ). 

The application to a conducting cylinder with two symmetrically 
located opposite line charges as in Fig. 21 *4 can readily be made. 
The location of the image line charges is given by d = R^/b; 
the field outside is the resultant of the four line charges, and the 
field inside is of course zero. If now the two line charges recede 
to infinity, 6 —> 00 , the two images approach symmetrically the 
origin. In the limit one has the case of a conducting cylinder in 
a uniform electric field produced by the two line charges, which 
can be taken from (12-33)ata: = 2 / = 0 a,nd with c replaced by b as 

^ See also Smythe, p. 181, who uses direct analytical methods. 

® Attwood,^^ p. 149; A. Russell, JL 64, p. 238 (1925). 


(18) 
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where both X —> oo and 6 —» oo to produce a finite field. The field 
outside is now given as the superposition of and the dipole line 
formed by the image charges, which have a dipole moment per 
unit length 

p = +X^2y^ i = 2TeR^JS°i (19) 

also directed along the positive x-axis. The field of the dipole 



Fig. 21.4 Conducting Cylinder and Two Line Charges. Limiting case for 
6 —► 00 : conducting cylinder in uniform field E^. 


lines is given directly by (12-53) in cylindrical coordinates, in 
which the uniform field has the components 

= E^ cos 0 , Eo^ = --E^ sin 0 

The direct addition of the fields and use of (19) give the resultant 
field 

cos 0, Ee = —E^ ^1 — sin d ( 20 ) 

which is the solution usually obtained by expansion into circular 
harmonics; see Smythe,^^^ p. 65. The field graph can very readily 
be drawn as graphical combination of the circles and parallel 
lines of the individual fields, leading to local convergence upon the 
conducting cylinder with proper orthogonality there. As seen 
from ( 20 ), the electrical field strength doubles at the surface of the 
conductor for r = 0 = 0 . The same solution occurs, of course, 

in hydraulics, with interchange of field lines and potential lines, 
as for example Bewley,^^ p. 32, and references in Appendix 4, C, c. 



Sec. 21 ] Images — Cylindrical Conductor Boundaries 225 


The two-conductor cable shown in Fig. 21 • 5 can be treated in 
the same way by the method of images if the conductor radii 
are small compared with the radius of the sheath, a -C i2. The 
images of the given line charges with respect to the sheath are 
located at distance b = E^d from the origin, if 2d is the center 



Fia. 21*5 Two-conductor Cable. 


distance of the two conductors. Combined with the original 
charges they produce the potential at P 

X 


T. I 

= — In- 7 

Ztts rir2 


( 21 ) 


which gives zero value on the sheath, as is easily demonstrated 
for point P\ To establish the capacitance of the conductor pair 
in the presence of the sheath, one can form the potential difference 
— <l>ii by introducing into (21) the distances to the centers 
of the conductors, except that ri = a for and r 2 = a for 4>ii. 
This leads to 



or, if one uses b = P^jd 

X , /. 
— ^ii = — ml 

TTS V 


~ d^ 2 ( 
+ d^ 


7 ) 


( 22 ) 


from which the capacitance per imit length can be obtained® 
® Attwood,^^ p. 144. 


226 


Field Plotting Methods 


[Ch- 6 


as X/C*!*! — If one plots the resultant field and equipotential 

lines by graphical superposition of the line charge fields, one can 
find a better approximation, particularly for larger radii a, by 
shifting the conductor centers slightly away from the line charge 
location towards the sheath.^^ One can also obtain closer ap¬ 
proximations by taking more images with respect to the conductor 
cylinders and imaging these in turn on the sheath. With this 
method, two- and four-conductor cables have been treated.^^ 

If the two conductors are transmission wires suspended within 
the cylindrical sheath, then they can be spaced so that they ex¬ 
perience no force. On lead I the resultant force would be 

A r _ izA ^ (+M 1 

2irel{h-d) 2d (h + d)j 

where the signs account for force directions and signs of charges. 
For vanishing force one computes at once 2d = RV Vfi — 2. 

Images wilh Respect to Dielectric Cylindrical Boundaries. 
The problem of line charges. parallel to a dielectric cylinder is 
very similar to that of a plane dielectric boundary, consider¬ 
ing the latter as a cylinder of infinite radius. One expects, there 
fore, that a line charge (+X) in Fig. 21-6, located in medium 
ei outside the dielectric cylinder 62 of radius R requires an image 
charge from (14) at the geometric image point d = R^/b 

with respect to the cylinder surface in order to describe the field 
external to the cylinder. However, that puts effectively a line 
charge within a medium that must remain uncharged, so that 
another line charge ( —X") is necessary at the axis; this neutralizes 
the first image charge and, being spaced from it a distance d, 
produces the effect of a dipole line. The total external potential 
is, therefore, the combination of three line charges 

where 4>o and In R are constants. The field within the dielectric 
cylinder is determined, as in the plane case, by a line charge 
X^ = r]\ from (14) located at the place of the original charge. 
If the radius 00 , the solution for the plane dielectric boundary 

Breisig,^'* p. 68 , also gives good field graph. 

H. Meinke, F.AT.r., 17, p. 42 (1940); F. Sommer, E,N.T., 17, p. 281 
(1940). 
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results. A general verification of the image arrangement is given 
by means of circular harmonic functions in Smythe,^^^ p. 67. 

The extension to two symmetrically located line charges (~X) 
and (+X) as in Fig. 21-6 is rather obvious; the compensating 
charges at the axis are not necessary, since the images ±X^^ 
already neutralize the dielectric cylinder. If the two external 
line charges recede to infinity, 6 —> oo, the images (dbX'') approach 



Fig. 21*6 Dielectric Cylinder and Two Line Charges. Limiting case for 
6 —> 00 : dielectric cylinder in uniform field E®. 


symmetrically the origin. The case is entirely analogous to that 
of the conducting cylinder with the only adjustment in value of 
line charges! In analogy, in the limit 6 —> oo, the problem is the 
one of the dielectric cylinder in a uniform field and the resultant 
external field in cylindrical coordinates is given by ( 20 ) with the 
extra factor r}"j for the dipole line contribution, and the adjust¬ 
ment in sign 

Er^ = - 

+ (24) 

If one lets then 77 " (~1) and (20) results again. The 

internal field is defined by the two symmetrical line charges 
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(±X') located at the same place as the original charged lines, 
which, however, have receded to infinity. Thus, inside the di¬ 
electric cylinder, a uniform field remains, weakened by the factor 
r?', or 

Bin = (25) 


This solution (24) and (25) is the same as obtained by means of 
circular harmonics by Smythe,^^^ p. 67. If £i > $ 2 , the field 
strength inside the cylinder becomes larger than and in the 
limit can reach twice that value. Since frequently the dielectric 
of lower dielectric constant has also lower breakdown strength, 
such a physical combination is rather unfortunate. 

If a line charge is placed within the dielectric cylinder 62 , say, 
X at A in Fig. 21-6, then it requires an image line charge at 
A to describe the field inside the cylinder, but no further neutraliz¬ 
ing charge; here, of course, X'' = (£2 — £ 1/22 + £i)X because of 
the interchange of relative positions. The field outside the di¬ 
electric cylinder is again given by X' = (2£i/£i + £ 2 )X located 
at A" and a balancing line charge X" at the origin, so that the 
effective charge within the cylinder remains X' + X'' = X, as it 
should. It is easily demonstrated that the boundary conditions 
requiring continuity of Dr and Ee in the cylindrical coordinates 
are satisfied if one selects a point on the periphery of the cylinder 
and equates with proper algebraic signs the sum of the local com¬ 
ponents on either side of r = 22. Again, if 22 —^ 00 , the origin 0 
moves also to infinity and the solution of the plane dielectric 
boundary results. For the composition of the resultant outside 
field graph from the individual line charges one must assume uni¬ 
form space of £ 1 ; conversely, for the composition of the inside field 
one must assume uniform space of £ 2 . This method has been 
applied to the computation of cable capacitances to take into 
account the influence of the dielectric constants. 

Images with Respect to Spherical Conductor Boundaries. 
The effect of a single point charge upon a sphere of radius 22 has 
been extensively treated in section 10 and for a given point charge 
of small finite radius in section 11 . If the actual point charge is 
located a distance b from the center of the sphere, then the image 


point charge of value 



= —Q' lies within the sphere 


12 H. H. Meinke, E.N.T., 17, p. 108 (1940). 
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along the center line at a distance d = R^/b from the center. 

The application to a conducting sphere with two symmetrically 
located opposite point charges, as in Fig. 21*7, can readily be 
made; their images are symmetrically located at d = R^/b from 
the origin and their values are l^QR/b^ respectively. The field 
outside the sphere is axially symmetric and is the resultant of the 
four point charges; the field inside is, of course, zero. Because of 
symmetry, the sphere will have zero potential and zero resultant 



charge. One can add any arbitrary point charge at the origin 0 
without disturbing the symmetry or the boundary conditions. 

If now, for the uncharged sphere, the two point charges in Fig. 
21 • 7 recede to infinity, 6 oo, and the two image charges ap¬ 
proach symmetrically the origin. In the limit one has the case 
of an uncharged conducting sphere in a uniform electric field pro¬ 
duced by the two point charges, which can be taken from (10*12) 
at the origin {z' = 0) as 


— 4- ^ ^ 


(26) 


where both Q —» oo and 6 oo to produce a finite uniform field. 
The two image charges form a dipole of dipole moment 

p = ^ * Q • k = 4:wzR^E^]s, 

0 0 


(27) 
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also directed along the positive 2 -axis. The field of the dipole is 
directly given by (10*35) in spherical coordinates, in which the 
uniform field iP has the components 

Er^ = IP cos e, Ee^ = -E^ sin d 

The direct superposition of the two field expressions and use of 
(27) give for the resultant field 

Er = E°(^l + COS 0, Ee = ^1 - sin 0 (28) 

which indicates the convergence of the field lines upon the sphere 
to terminate thereon orthogonally. The complete details and 



Fig. 21*8 Grounded Sphere and Uniformly Charged Wire. 

graph of the field lines are found in Jeans,p. 192; and in 
Ramsay,^^^ p. 132. As seen from (28), the field strength has the 
largest value at r* = 72, 0 = 0, at the positive ‘^pole’^ of the sphere, 
where it reaches 3E^, Again, the analogous problem occurs in 
hydraulics with a spherical obstacle in the uniform flow of an in¬ 
compressible fluid, known as the Dirichlet problem; see references 
in Appendix 4, C, c. 

Extension of the image theory to the effect of a uniformly charged 
line of finite length upon a grounded sphere is possible by dividing 
the line into point charge elements {Q/2l)dx as in Fig. 21*8. Each 
element has associated an image element dQ\ whereby 

b= (c^ +3^)^, d = y» dQ' = - dx^ I (29) 
The total image charge within the sphere is also the charge Q' 
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induced on the sphere and is obtained by direct integration; see 
Ramsay,p. 123: 


Q' = 


21 


R 


J r^=-^^dx _ 

x = —i h 


Y R sinh ^ ~ 
I c 


(30) 


which reduces to the expression for a single point charge if l/c is 
very small so that sinh“^ l/c = 'l/c. 

The electrostatic field of two finite conducting spheres can be 
described only by an infinite sequence of images. If the two 
spheres have radii Ri and R 2 , potentials and ‘f> 2 , and a center 
distance 2c, one uses the principles of linear superposition to evalu¬ 
ate the respective charges Qi and Q 2 which will accumulate on these 
spheres. One first assumes on sphere 1 with a fictitious point 
charge Qi = 47rs/?i^i at its center, which would produce this 
potential were this sphere alone. The presence of the second 
sphere can be accounted for only if it has potential zero by placing 
an image point charge — (i 22 / 2 c)Qi at a distance from its center 
R 2 /2c towards sphere 1. However, this requires a new image 
charge within sphere 1 whose charge and location follow from the 
elementary image theory; this process goes on ad infinitum but 
with quick convergence of the charge values so that a few terms 
are generally sufficient. Complete details for the general case 
are given in Maxwell,I, p. 270, who also computes the force 
action and in Kirchhoff,^^^ p. 64, based on an earlier paper;^^ a 
very complete account is found in Russel,^’' I, p. 236, who also 
gives many numerical values for the image series and computes 
maximum field strength and forces based on earlier papers,to 
which Jeans,p. 196, also refers. A treatment can also be given 
in terms of a difference equation leading to solutions in terms of 
hyperbolic functions, as in Smythe,^^^ p. 117, and in Ollendorff, 

p. 266. 

For two spheres of equal radii, or plane and sphere, the relations 
are somewhat simpler; see in addition to above references Att- 
wood,^^ p. 147; Schwaiger,®^^ p. 87, gives a rather comprehensive 
treatment in connection with the practical application as cali¬ 
brated sphere gap for high-voltage measurements. It is important 
to note that the actual charges on the spheres and therefore the 

B. Kirchhoff, Crelles Jl, 69, p. 89 (1861). 

A. Russell, Phil. Mag., VI, 6, |:). 237 (1006); Proc. Phys. Soc., 87, p. 485 
(1912), 24, p. 22 (1913), and 97, p. 120 (1920). 
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field strength on their surface and in the space between them 
depend on the values of the potentials assigned to the spheres, so 
that the distributions = +F/2, ^2 — — ^/2, or = V, 
$2 = 0 will give different results. The successive images define 
the induction coefficients in accordance with table 21*3; only 

TABLE 21*3 


Potentials and Charges on Two Finite Conducting Spheres 



Sphere 1 

Sphere 2 

Case 1 



Potential 

*1 > 0 

0 

Charge 

Qii = kn^i > 0 

Qi 2 = ki2^i < 0 

Case 2 



Potential 

0 

<^2 < 0 

Charge 

Q2I = k21^2 > 0 

Q22 = A;224>2 < 0 

Case 3 



Potential 

V 

$1 = + - 

V 

^2 = — :r 


2 

2 

Charge 

V 

Qi = {kii — k2i) — 

V 

Q 2 — — (k 22 — ^12) -- 

Capacitance 

Cl — /C21 — k21 

C 2 — k22 — ^12 

Case 4 



Potential 

^1 

4>2 

Charge 

Qi = kii^i + k2i^2 

Q 2 — ^22^2 + ki 2 ^i 


the sjmimetrical potential distribution permits the general con¬ 
cept of capacitance for each conductor, and only if the two spheres 
are alike, so that = —Q 2 , does a capacitance of the system exist, 

C = ^ = 2(fcii - fci2) (31) 


in which case 

00 

kii — k 22 — R sinh jS YL [sinh (2n — 

n=l 


00 


ki 2 = --R sinh ^ Yi [sinh 2n fi] ^ 

n =1 


(32) 
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where p is defined by cosh p = R/c, with R the radius of the spheres 
and 2c their center distance. 

22* METHOD OF MAGNETIC IMAGES 

The solution of the magnetic field distribution caused by line 
currents in the presence of magnetic materials has not been as 
generally common as the corresponding electrostatic case. Though 
the principles can be formulated in rather similar manner, the 
actual application frequently does not lend itself to simple transfer 
of a known electrostatic solution because of the restrictions which 
one must impose upon the scalar magnetostatic potential (see 
section 6). It must be borne in mind, too, that the mirror image 
of the electrostatic field of a positive charge is again that of a 
positive charge because of its essential source nature; the mirror 
image of the magnetic field of a positive current is, however, that 
of a negative current, since the circulation of the field lines reverses 
in the mirror, so that for geometrical imaging one must substitute 
negative current values. Finally, since there is no magnetic 
conductor analogous to electrical conductors, a boundary of a 
magnetic material, even if of infinite permeability, need not be an 
equipotential surface; if it should be one, it must be specified 
explicitly in order to state the boundary conditions in an un¬ 
ambiguous way. 

Images with Respect to Ideal Plane Equipotential Bound¬ 
aries. The solution for the magnetic field of any line currents in 
air (confined to mathematical lines but of arbitrary geometry) 
near a plane equipotential boundary of magnetic material of infinite 
permeability is found by substituting the geometric image of the 
line conductors, with the currents flowing in the same direction as 
in the original in place of the magnetic material, and finding the 
combined magnetic field in air. This is analogous to the procedure 
on a plane conductor surface in electrostatics with the appropriate 
change in sign of the source image, and, indeed, the magnetic field 
lines will be identical with the equipotential lines of the positive 
line charges of the same geometry, placing the positive image 
behind the boundary plane^ which, of course, cannot be then a 
conductor. The magnetic field will not extend into the magnetic 

^ Hague,p. 93; also S. P. Thompson and Miles Walker, Phil. Mag., V, 
39, p. 213 (1895), and H. Ebert: Magneiische Kraftfelder; J. A. Barth, Leipzig, 
1905. 
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material because of /x = oo, as the law of refraction (6*11) 
indicates. 

If one long straight line current flows in close proximity of such 
an ideal magnetic boundary, as in Fig. 22*1, the field in air is the 
combination of two like and equal line currents which can readily 
be obtained by the simple graphical methods of section 20; see 
also Attwood,^^ p. 395, and Russel,p. 448. The placement 
of the potential barrier is subject to choice; it would, however, 



Fig. 22*1 Long Line Current Parallel to Ideal Plane Magnetic Boundary. 


cause difficulty in the boundary plane if one chose the image bar¬ 
rier to the right of the image current. 

For a parallel pair of long transmission line wires. Fig. 22*2 
shows the arrangement of the pair of image currents; a good field 
graph can be found in Attwood,"^^ p. 398. The proximity of the 
magnetic material increases the self-inductance of the line; this 
increase can be computed from the flux produced by the image 
conductors and linked with the original loop. Thus, from (13*20) 
it follows at once per unit length 


ALi = +|^In 



( 1 ) 


where the appropriate values from Fig. 22*2 were substituted. 
Obviously, as d decreases, ALi increases to the maximum external 
inductance of the original loop when it touches the surface; one 
usually assumes doubling of the entire self-inductance since the 
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internal inductance is a very small amount. The same procedure 
can be used for any linear current loop, so that the forms of section 
13 become directly applicable. For uniform current densities, 
this method can be extended to conductors of finite cross sections, 
subdividing them into current elements J dS and applying the 
imaging method to each in turn. 

Intersecting plane boundaries of magnetic materials can be 



Fig. 22*2 Two Long Transmission-line Wires Parallel to 
Ideal Magnetic Boundary. 


treated similarly. Assume a long straight line current in air 
between planes SF = 0 which intersect at any angle 7r/n, where n 
is an integer. The geometrical location of the (2n — 1) images is 
the same as for point charges discussed in section 10, but all the 
image currents have the same direction as the original. The 
resultant field distribution can readily be composed as the super¬ 
position of the total 2n line currents. The image location is given 
in Hague,®^^ p. 100, and a resultant field graph for right-angle 
intersection in Attwood,^^ p. 397, and in Hague,p. 102; other 
resultant graphs equally applicable to 2n-conductor cables with 
symmetrical arrangement in Russel,p. 462. 

A long straight line current in air between two parallel ideal 
magnetic equipotential surfaces similar to Fig. 21*1 requires an 
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infinite series of images which are located exactly as shown in 
table 21 • 1 for the corresponding electric arrangement, except that 
again all the image currents are positive here; see Hague, 
pp. 172 and 169, and also Bewley,^^ pp. 158 and 137. It is ad¬ 
vantageous to use the vector potential for the original and image 
line currents, since the magnetostatic potential becomes somewhat 
unwieldy. According to (13*23), the resultant vector potential is 

Az = - ^ I (2) 

quite similar to the electrostatic potential (21*5) for the analogous 
problem; with /x for 1/e and I for the alternating charges, one can 
get (2) from (21*5). Now Va = [(x — Xa)^ + 2/^]^, with x^ from 
table 21*1, and the two infinite products can be identified in closed 
form; this can be obtained more simply by conformal mapping 
(see section 27). Graphs are given in Hague,p. 169, and in 
Bewley,^^ p. 137; Attwood,^^ p. 400, shows related ones of several 
currents between two ideal iron boundary surfaces. Should one 
feel uneasy about the logarithms of distances in (2), then one 
could introduce some fixed distance R as reference and write 
In Ta/R; however, all these In R terms would collect into an additive 
constant in (2) whose value would remain unknowable since the 
vector potential itself is not observable. Because the field vectors, 
as the derivatives of the vector potential, would in no case contain 
these arbitrary constant terms, the vector potential will generally 
be written in the form (2). 

A long straight line current within a rectangular channel in 
iron of infinite permeability and bounded by equipotential surfaces 
leads to infinite arrays of positive image currents;^ the solution 
can be obtained more simply by conformal mapping. 

Images with Respect to Plane Magnetic Boundaries. 
Assume any number of parallel straight line currents /« in medium 
fii at distances ha from the plane boundary of the semi-infinite 
medium similar to Fig. 21 • 2. Whatever the line current dis¬ 
tribution in Ml, the total field must satisfy the boundary conditions 
(6*7) and (6*10), excluding the presence of a current sheet in the 
boundary plane x = 0, If the individual line currents produce two- 
dimensional vector potentials with only ^-components, Az^{ha — 
X, y)j and the effect of the medium m 2 is to be represented by 

^ B. Hague, World Powerj 6, pp. 124 and 206 (1926). 



Sec. 22] Magnetic Images — Plane Boundaries 


237 


image line currents, then they must be located at geometrical 
image points in order to permit satisfying the boundary conditions, 
i.e., they must produce vector potentials AzJ'Qia + x, y) which 
have at x = 0 the identical dependence on y that the values 
have. 

For any one line current the total vector potential in /xi is then 
assumed to be 

= mice X, y) + ml a” • + X, y) (3) 

whereas the vector potential in ^2 is assumed to be produced by a 
line current Ij at the location of the original line current, 

= M 2 /.' • y) (4) 

The functions 4^ are identical, respectively, with (l/27r) ln(l/ria), 
and (l/27r) ln(l/r 2 a), where ri« and r 2 a are designated in Fig. 
21*2; the more general functional form is chosen to indicate the 
possible extension to the more general arrangements. In the 
chosen coordinate system, the boundary conditions require con¬ 
tinuity of Bx = +{^Az/dy) and Hy = — {l/yL){dAz/dx). De¬ 
fining {d'^/dy)x:=.Q = ^i, and {d^/dx)x=.Q = ^ii, the boundary 
conditions give with (3) and (4) 

mla^l + mla"'^! = 

(5) 


from which the image currents can be evaluated 

/ __ r " _ ^2 ~ T 

Aa — , J^aj ia — _L 

Ml + M2 M2 + Ml 


( 6 ) 


The field picture in medium mi for x > 0 is obtained by (3) as 
the resultant of the given line current la and the image current /«", 
which, as comparison with (21-9) shows, has again the opposite 
sign of the image charge Qa" in the electrostatic case. In medium 
M 2 with vector potential by (4) the field lines are drawn as coming 
from a line current la' located at the same place as the given 
original.^ In a more general geometry of line currents, all three 
components of the vector potential must be used as in Smythe,^^^ 
p. 282; the final result is, however, exactly the same as (6) since 
both tangential components Hy and give identical equations. 

It is now seen that, for m 2 > Mi, the image Ij' will be positive; 

® G. F. C. Searle, Electrician, 40, p. 453 (1898). 
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for /i 2 < Ml, i-e., if the line current were imbedded in iron, the 
image would be negative. As /i 2 la and ij 0, 

as used in the preceding subsection; conversely, when mi 

> { — la) and ij 21 a, a case which will be taken up later 
in more detail. Excellent graphs for a single line current are 
given in Attwood,^^ pp. 403, 405; in Hague,pp. 105, 107; and 
in Moullin,®^^ p. 224. 

The force action on the single line current la can be computed 
by Ampere’s law (5*1). Since the resultant field in medium gi 
is the combined action of /« and one can assume the actual 
force to be that between these two currents, so that per unit length 

n ^ ^ ^ m M2 — Ml Ig^ 

2t 2ha 2 t /X2 + Ml 2ha ^ 


exactly analogous to (21.12), giving the force action between two 
parallel line charges. The same result can be obtained by using 
the force expression in terms of the magiu4ic field Ba^^ produced 
by There will be attraction to the iron for m 2 ^ Mi, since the 

force is positive. 

For a pair of long transmission line wires in air parallel to a 
plane iron surface; of /x, as shown in Fig. 22*2, the resultant field 
in air is determined by the original current and the image la" 
from (6). The proximity of the iron increases the self-inductance 
of the line, and this increase can be found as in the previous sub¬ 
section, except that the factor from (6) enters. 


ALi 


Mo M — Mo , 

--In 

27r ju + /xo 



( 8 ) 


For decreasing distance d, the total external inductance increases 
to a maximum value on the surface when image and original be¬ 
come geometrically identical 


L 


maxi 



M — Mo V 
M + Mo/ 


exi 


2jli 

M + MO 


-'exi 


(9) 


where Lexi is to be taken from (13*17). This form (9) holds for 
any wire loop placed on the surface of a semi-infinite iron block. 

A single very long straight line current in air between two 
infinite-extent blocks of iron a distance 2h apart, analogous to 
Fig. 21*3, requires two infinite series of images to satisfy the 
boundary conditions. For symmetrical arrangement the geo- 
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metrical location of all the images can be taken from table 21*2, 
and the image current values can be found quite analogously to 
the electrostatic problem. It is important to combine the vector 
potentials of the individual images with the proper permeability 
in each medium as indicated by (2) and (3); this is different from 
the electrostatic case. Thus, in air one has 

^ ^ /[in r + Z (/')" ln(rii„riiij] (10) 


where in analogy to (21 • 14) but with the pertinent modifications 


and where 


^Iln = 


2mo _ / 
M + Mo 

{x + 2nh)^ + y^, 


M — Mo n 

- = j 

M + Mo 


( 11 ) 


= (x - 2nKf + 


For two parallel very long wires arranged as in Fig. 22*2 but 
midway between two blocks of iron a distance 2h apart, one has 
from (10) 



+ E (/')" In 


n=l 


(ni„ ) (rni„ ) ' 
(rii+) (rm/). 


( 12 ) 


with the radii to positive and negative currents as indicated. 
The first term is the vector potential of the original current pair 
exactly as in (13*13); the summation term is the effect of the image 
pairs. The total inductance of the loop can be found exactly as 
in (13*16), taking the difference of the vector potential values at 
the two wires. Again the first term gives the normal external 
inductance in air (13*17) if the loop is by itself, so that the in¬ 
crease in inductance becomes 


^‘=7.?, fey] 


since on conductor +7 

rii„- = = {{2nhY + (2c)2]^ 

and vice versa on conductor —7. Comparing (13) with (8), one 
recognizes the additive effect of all the image pairs of currents. 
Obviously, this principle can be extended at once to any plane 
linear current loop between two blocks of iron. 

The same result can also be used for two parallel wires imbedded 
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in the center plane of an infinite slab of iron of thickness 2h, 
Interchanging /i and /hq, one obtains 

and recognizes that there is a decrease in inductance on account 
of the finite thickness of iron, since (14) is an alternating series 
and the first and largest term is negative. Again, this can be 
extended to any plane linear current loop. 

Images with Respect to Cylindrical Magnetic Boundaries. 
The problem of long straight line currents parallel to a cylinder 
of magnetic material is similar to that of a plane magnetic boundary 
and completely analogous to the electrostatic case in section 21. 
For a single long line current +7 as in Fig. 22-3, located at A 
in air with mo, at a distance h from the center of the magnetic 
cylinder with the field in air will be described by placing an 
image line current (+/'') into the geometric image line d = R^/b 
from the axis; additionally, one must place another line current 
( — 7^^) along the axis in order to neutralize the first image line. 
The total external vector potential at a point P will therefore be 
with (11) 

^ex= + (15) 

The field within the magnetic cylinder will be that of a single 
line current (+7)' located at the place of the original current; 
the field lines will therefore be circular arcs and the vector potential 

(16) 

By interchange of g and mo, one obtains the solution for a straight 
cylindrical tunnel in iron with the line current placed in the iron. 
Excellent field graphs for both alternatives are given in Hague, 
p. 115. 

The extension to two symmetrically located line currents ±7 
as in Fig. 22*3 is rather obvious; the compensating line currents 
=F7^' at the origin are now not needed. If the two line currents 
±7 recede to infinity as 6 —^ oo, the images (±7^') approach the 
origin as d == (R^/b) —> 0, so that they form a dipole line current. 
In the limit one has the case of a magnetic cylinder in a uniform 
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magnetic field produced by the two line currents, which can be 
taken from (13-16) at a: = j/ = 0 as 

where both 7 — > oo and b —> oo to produce a finite field, quite simi¬ 
lar to (21-18). The field outside is given as the superposition of 



Fig. 22*3 Magnetic Cylinder and Two Line Currents. Limiting case for 
6 00 : magnetic cylinder in uniform field B°. 

this uniform field and the current dipole line formed by the 
image currents, which have a dipole moment per unit length 
from (13-19) 

m = 7 (2 y) i = ^ (18) 

directed along the positive x-axis. The field of the dipole line is 
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given in section 13 in the cylindrical coordinates r, 6, x, in which 
the uniform field has the components 

Br^ = BoP cos 6, Be^ = —Bx sin 0 

The direct addition of the fields and use of (18) give the resultant 


field 


which checks with the solution obtained with circular harmonics; 
see also Moullin,®^® p. 198. If one lets /x —> oo, then r" —> 1 and 
the forms become analogous to (21-20), which describe a conduct¬ 
ing cylinder in a uniform electric field; the field lines will therefore 
be normal to the cylinder surface. The internal field is given by 
the two symmetrical line currents (db/^) which receded like the 
originals to infinity and therefore produce a uniform field given 
by (17), but with tx for mo, 


7r\6/ Mo 


( 20 ) 


2m 


which is much stronger than the original one by the factor 

M + Mo 

As the field inside will approach twice the original uni¬ 

form field. 

If a line current +/ is placed within the magnetic cylinder m, 
say, at A" in Fig. 22.3, then it requires, as in the electrostatic 
analogue, an image line current (+/^0 Ihe geometrical image 
point of to describe the field within the cylinder, where now 
= (mo “* m)/(mo + m)!^ = from (11) because of the inter¬ 

change in relative position; the field outside the magnetic cylinder 
is given by a current = 2mo/ (m + Mo)-^ = at A", the location 
of the original, but now it requires another line current of value 
at the axis in order to have the external field determined by 
the effective current I = I' + l" within the cylinder. The 
demonstration that these images satisfy all the boundary condi¬ 
tions, i.e., continuity of Br and He in cylindrical coordinates, is 
simply given by selecting a point at the periphery and equating 
with proper algebraic signs the componental contributions on either 
side. Hague,^^^ p. Ill, gives considerable details and also shows 
excellent graphs for the above case as well as the reverse, a line 
current in a cylindrical air tunnel in a block of iron. In the latter 



Sec. 22] Currents within Ideal Magnetic Materials 243 

application, /x and no must be interchanged and the mechanical 
force per unit length upon the current is simply the interaction of 
it and the image determining the field in the air tunnel, namely, 

^ MO II" _ Ho ti- Ho d 

2irb-d 27r n + 1X0 ^ ’ 

if d is distance of the current from the axis (A" in Fig. 22*3). 
The force is attraction to the iron, as the positive sign indicates. 

Currents within Ideal Magnetic 
Materials. If a line current is im¬ 
bedded in a magnetic material of in¬ 
finite permeability g = qo, then the 
image relations (6) and (11) place the 
negative image current into the am¬ 
bient medium at the geometric image 
point in order to describe the field 
within the magnetic material. In 
this case, then, the electrostatic image 
solutions apply directly with inter¬ 
change of electric equipotential lines 
to magnetic field lines and vice versa. 

In this manner, a long straight line 
current within g = oo and parallel to 
a plane boundary surface, as in Fig. 

22*4, has a magnetic field given by 
the equipotential lines of a long straight charged line parallel 
to a plane conducting surface; they will be the family of circles 
described in (13-15). Thus, the equipotential boundary surface 
of the electrostatic analogue becomes a field line surface in 
the magnetic material, even though it is boundary to a medium 
/i = oo. The field in air is supposedly given by a line current 
V = 21 at the place of the original; this would represent circles 
in air quite inconsistent with the fact that the boundary surface 
itself coincides with field lines. One usually disregards the ex¬ 
ternal field completely and suppresses the image I\ 

For a long straight line current within a magnetic cylinder of 
infinite permeability, the field lines will again be wholly contained 
within the cylinder and will be identical with the equipotential 
lines of two eccentric cylindrical conductors enclosing each other; 
see (12-43). 



Fig. 22-4 Long Line Current 
within Ideal Magnetic Material 
Parallel to Plane Boundary. 
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The method of electrical images has been expanded into a more 
general tool by using the geometrical process of imaging for the 
transformation of certain given geometries into simpler ones. 
This is of particular value in three-dimensional problems involving 
spherical surfaces; it is of less importance in two dimensions where 
one has available the very powerful method of conformal repre¬ 
sentation. 



Fig. 23*1 Inversion in a Sphere. 

The Kelvin Transformation. Geometrically, the inverse 
point to A with respect to the sphere of radius R, center 0 in Fig. 

R^ 

23* 1, is point A' with radial distance ta' = — and the coordinates 

ta 

rA Ta 

since %a Jxa = ta jvA^ etc.; similarly for other points B and C. 
If the three points lie on any closed surface wholly outside the 
sphere J2, then the inverse in the sphere will again be a closed 
surface in which the successive points are arranged as the mir¬ 
ror images of the points of the original. In particular, one 
can show that spheres remain spheres or degenerate into planes 
as special cases of spheres. Thus, a sphere of radius m 

and center M in Fig. 23*2 tangent to the sphere of inversion 


See* 23j 
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at T becomes again a sphere S 2 tangent at T but of radius 
m! == R — d ^ R{1 — 72/6). As m—> 00 , the sphere S 2 be¬ 
comes the plane aSi and its inverse becomes the sphere S\ of 
radius R/2 passing through the origin 0; this point 0 becomes 
obviously the inverse of the point P as it moves into infinity. 
To preserve one-to-one relationship, it is conventional to consider 
infinity as a single point, as the inverse of the origin. This then 



also means that any sphere through the origin 0 and of radius 
p < R has as inverse a plane at a distance 6 = R^/2p from the 
origin and normal to the center line. 

Spheres which intersect the sphere of inversion orthogonally 
are transformed into themselves. Take the sphere through point 
B in Fig. 23 • 1 with radius m and center M. Its equation is 

{x - xm)^ + - 2xmx + xm^ = (2) 

Introducing r = R^/r' and x = x'r^lR^ gives, upon reordering 
into the same form as (2), 


(/)" 


2xmR^ , R^ 

2 2 ^ 2 2 * ® 
xm — mr xm — mr 


( 3 ) 


but = R^ form the right triangle MSO, so that (3) can 
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at once be written in identical form as ( 2 ) with (r')^ and x' instead 
of and x. Therefore, the segment SB'S' of the spherical surface 
within the sphere of inversion will be point by point the inverse 
of the spherical surface SBS' outside. One can use this property 
to show in simple manner that this transformation by inversion on 
a sphere is conformal; the angle between any two line elements is 
the same as that between their images. One need only consider 
the line elements dsi and ds 2 as elements of great circles of spheres 
intersecting orthogonally the sphere of inversion; then their images 
will be elements of the same great circles intersecting at the same 
point and at its inverse. It has been shown^ that there are no 
more general possibilities of conformal transformations in space 
than the Kelvin transformation. 

Suppose that it is desired to find a potential function ^(x, 2 /, z) 
for some given conductor configuration with known surface po¬ 
tentials. Introducing arbitrarily a convenient sphere of inversion 
of radius R, one can find the inverse geometry of the conductors. 
The potential function solving the problem in the inverse co¬ 
ordinates is then given by 


V(x',»',/). 5 f,,', (4) 


To show this, one might transform the Laplacian differential equa¬ 
tion for $ from coordinates (x, 2 /, z) to those (x', y', z'). Following 
the general transformation equation (31-27), one has for example 
for the x-coordinate because of the symmetry of the Cartesian 
coordinate system 



where dx = {R^/r'^) dx from ( 1 ) defines the uniform scale factor 
h = But one can write 




dx'^ 



1 4 - 9 ^ A _L * 

r' dx'^ dx' dx' V / dx'^ \r') 


( 6 ) 


The last term in ( 6 ), when taken with the corresponding terms in 
y' and x', gives the Laplacian of ( 1 /r') which must be zero since 

^ Kellogg,p. 235, who refers to Blaschke: Vorlesungen xiher Differential- 
geometric, Vol. I; J. Springer, Berlin, 1924, 
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(1/r') defines the potential of a single point charge; see (10*2). 
The first two terms in (6), however, are also 


' J_ ^ ^ / j_\1 _ , 

r'" + r' ax' ax' V'/J ^ 


This leads with (5), adding the corresponding expressions in the 
other coordinates, to 

^(x, y, z) = (vy $(x, y, z)J = 0 (7) 


where v' means differentiation with respect to the inverse coordi¬ 
nates and where of course the original coordinates must be expressed 
in terms of the inverse ones as in (4). Omitting the extra factor 
(r'//t!)^, one sees that (4) will be the potential solution for the 
inverse function, satisfying the boundary conditions in the inverse 
geometry^ if there the charge values are multiplied by (R/r'). 
The entire potential problem is therefore transformed, not actually 
solved, by this Kelvin inversion in a sphere. It will be helpful 
in all cases where inversion reduces the problem to one already 
solved at least in part, or readily solvable by means of images. 

The transformation ratio of a line charge density X can be 
found by noting that line elements transform as in (1), and charges 
transform in the ratio /2/r' = r/j?, so that 



In general it will become a variable charge density unless r is a 
constant. Surface charge densities transform in the ratio 



Intersecting Spheres. Assume two spheres of radii Ri and 
R 2 intersecting orthogonally as in Fig. 23*3, carrying a total charge 
Q. By inversion on a sphere selected with center at 0 in the inter¬ 
section of the given spheres and of radius 2 J? 2 , the two spheres 
become planes intersecting normally at 17' the inverse point to U, 
Now, if the original conductor had a charge Q, all the field lines 

^ W. Thomson: Papers on Electrostatics and Magnetism; Macmillan, London, 
1872; first published in Jl. de math,, 12, p. 256 (1847). See also Kirchhoff,-^^* 
p. 53; Maxwell,^^^ I, p. 253; Ollendorff,p. 335; Kellogg,^^^^ p. 232; and 
Murnaghan,^^® p. 141. 
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from it go to infinity, which in the sense of inversion is a point and 
must be the location of a point charge (~Q). This point charge 
has been transferred to the point 0 with respect to the two planes, 
but its value must be changed, though it cannot be determined in 
the usual manner. Assume that its value be (—QO- 



In the inverse geometry the problem is now to find the solution 
of a point charge (—QO in the space between two conducting 
planes intersecting at right angles, a problem treated in section 
10, Fig. 10*3. Placing image charges at Pi, P 2 , P 3 as shown in 
Fig. 23*3, one can at once find the potential anywhere in the space 
between the two planes, which by (4) can be transformed into the 
potential solution outside the two intersecting spheres. One can 
also solve directly in the original geometry if one now inverts all 
the image charges on the sphere of inversion, as shown in table 23*1. 
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The total charge on the intersecting spheres is the sum of the three 
inverse images 


Q == Q\ + Q2 + = Q 


f (1 + r).V 1 + T 
2tV1 + 


where t = and the potential of the spheres can be de¬ 

termined as the superposition of the three point charge potentials 
for any one point of the surface, say, U, where 

47re\i22 RJ 4 irt 2R2 ^ ^ 

if one uses the values of table 23-1. The capacitance is then, 
with (10), 

c = ^ = 4xe^:2 (— - - 7 ==) ( 12 ) 

Q \ r Vl + tV 


When r 00 , the capacitance approaches that of the larger sphere 
and if r—^0, it approaches that of sphere 72i. The surface 
charge density can be evaluated by inversion of the charge dis¬ 
tribution on the planes, using relation (9). The field vector and 
the field graph can best be found as the superposition of the three 
point charges. A field graph and the complete solution originally 
given by W. Thomson (loc. cil.) are given in Maxwell,I, p. 261, 
and in Fig. IV there; a brief treatment is in Ramsay,p. 128; 
see also Smythe,^^^ p. 123, and Murnaghan,^^'^ p. 152. 

Two spheres intersecting at any angle ir/n, where n is integer, 
can be treated by the same method, the inversion leading to planes 
intersecting at angles 7r/n; see Maxwell,^’^ I, p. 261. From Fig. 
23*3 it is also seen that a spherical lens as formed by the over¬ 
lapping dotted spherical segments between 0 and IJ is inverted 
into the space between the dotted continuations of the planes 
containing the point P 2 . The field distribution desired is now 
the one outside the dotted right-angle plane corner with the 
point charge ( —Q') at 0, which cannot be obtained by the image 
method but requires the construction of Greenes function^ (see 
section 34). 

If the intersecting spheres are to be considered isolated and 
under the influence of an external point charge Qo, then in addition 

® Bateman,^^ p. 472. 
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to the solution above, one has to solve the plane geometry for the 
effect of the inverse charge Qo^ i-e*, add another set of three images 
zbQo^ and transfer these back into the intersecting spheres. 
The sum total of all charges within these spheres must be zero, 
which determines the value of the charge Q' from above. The 
potential is that obtained by the superposition of all point charges 
within finite distance of the origin 0. 



As a special case one might consider two spheres of radii Ri 
and R 2 contacting each other as in Fig. 23*4 under the influence 
of a point charge Q. Assume the spheres to be grounded and at 
zero potential; then inversion on a sphere with center at the point 
of contact and radius 2 R 2 produces two parallel planes with the 
inverse Q' of the point charge between them. The solution of 
this problem leads to an infinite number of image charges and has 
been indicated in section 21 (see also Maxwell,I, p. 274). For 
equal spheres Ri = R 2 = R and the point charge in the center 
plane, the solution is symmetrical and 2c = 4/2. 

Maxwell,^^^ I, p. 263, considers also three spheres intersecting 
orthogonally and gives the charge distribution. 

Segments of a Sphere. If the segment of a spherical surface 
or a spherical bowl is given like l-r-2 in Fig. 23*2 of sphere 
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aS/, then one can choose a sphere of inversion (as shown) which 
will transform Si into the plane Si and the spherical bowl into 
the circular disk Assume the charge on the bowl as +Q; 

then its field lines go out into infinity defined as a point for purposes 
of inversion, and terminate there on a point charge ( —Q). The 
inversion brings this charge into the point 0 but of value ( — QO 
as in the previous subsection. Thus in the inverse geometry one 
has to find the solution of a circular disk exposed to the influence 



Fig. 23-5 Spherical Bowl. 

of a single point charge ( —QO located at 0; this cannot be solved 
by usual image methods. It is seen, however, that the side of the 
circular disk facing the point charge will have the larger charge 
density induced; by inversion this becomes the convex side of the 
spherical bowl which will therefore carry the larger charge. 

The field of a charged spherical bowl can be found also by 
superposition of partial solutions satisfying the boundary condi¬ 
tions on the surface of the bowl and that of the sphere S' in Fig. 
23*5 obtained by inversion of the circular area S on the sphere 
of which the bowl is part. With ^>o as the potential of the spher¬ 
ical bowl, R its radius, and its segmental angle, one finds the total 
charge on its inner and outer surface, respectively, as 

Qi,e = 2ei?4>o j^sin Q + A =F ^ (1 - cos fl) j (13) 

For fl —»■ TT, —»0 and Qe 4xeK$o, as they should. The total 
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charge defines then the capacitance 

C = 9l±^ = 4£i2(sin a + a) (14) 

^0 

Extensive details are found in the original treatise by W. Thomson, 
Zoc. cit.y p. 178, who gives specific applications for several values 
of Q; also in Maxwell,^^^ I, p. 276; in Jeans,^^^ p. 250; and in 
Kirchhoff,"^^^ p. 58. Ollendorff,p. 366, gives a very thorough 
treatment and applies the results to the computation of the ca¬ 
pacitance of suspension insulators; he also uses the inversion of 
this problem to solve a circular disk and a plate with a circular 
hole under the influence of a point charge. 

Stereographic Projection. As discussed in connection with 
Fig. 23*2, the plane Si and the spherical surface Si are related 
as mutual images by inversion on the sphere 72, center 0. A 
different interpretation is possible, stating that any point 1 on 
sphere Si is projected from the center 0 onto the plane aSi in a 
one-to-one relationship such that angles are preserved. In fact, 
if a potential distribution on the spherical surface aS/ satisfies the 
two-dimensional Laplace equation [see Appendix 3, (40)] 



where 6 measures the colatitude and 0 the longitude; then the 
transformed relation in terms of the polar coordinates p and <t) 
in the plane is again the pertinent form of Laplace's differential 
equation.^ Designating the radius 72/2 = a, then 

e a / de\ d a 

p = 2a tan- > Pzr = [PT’)Ti — sm 6 — 

2 dp \ dp/ as ad 

so that (15) becomes 



Any solution of Laplace's differential equation in the plane can 
therefore, if expressed in polar coordinates, be projected directly 

^ Maxwell, I, p. 286; Kirchhoff,^^® p. 139; Smythe,^^^ p. 239. 
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upon the spherical surface and constitute a solution of Laplace’s 
equation on the sphere. This interpretation is called stereographic 
projection and is particularly useful for the solution of current flow 
problems in thin spherical shells and bowls. 

Assume two point electrodes on the sphere with a potential 
difference V and in locations (t>i and 02, </> 2 , constituting current 
entry and exit points which, of course, can readily be made very 
small circular areas to keep densities finite. In the projection on 
the plane, the locations become 

Pi = 2 a tan ^ > <^i, p2 = 2 a tan > (t >2 ( 17 ) 


and the problem is identical with the two-dimensional one of finding 
the electric field distribution between two parallel long straight 
lines solved in ( 12 - 29 ). Introducing there by analogy the cur¬ 
rent / for X, the conductivity 7 for e, one has 


<t>) = — 
Zttj 




n 0 0 ^ 1 ^ 0 01 , . 

tan"' - + tan"* — — 2 tan - tan — cos (</> — 0i) 

z z z z 

0 02 ^ ^2 

tan^ “ + tan^ — — 2 tan “ tan ~ cos (0 — </)2) 

z z z z 


(18) 


where ri and r2, the radius vectors from the source points to the 
point of observation in the plane P(p, 0), have been expressed in 
terms of the spherical coordinates. Special choices of the values 
( 17 ) permit simplifications. For example,^ 0 i = 02 = «, 0 i = 
—02 = 7 r/ 2 , representing two electrodes on one great circle of the 
sphere, leads to 


<i>) = 7r~ ^ 



a 

2 


0 a . 

2 tan - tan - sin 0 
2 2 



1 ~ cos a cos 0 
sin a sin 0 sin 0 


(19) 


^ Smythe,-^^^ p. 240. 
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Assume two small diameters di and ^2 for the actual electrodes; 
the total resistance can be found by analogy from (12*46), if one 
uses (8*11) and admits a small finite thickness t 


U = -^ = J_ In . . 

yCit iryt Vdi'dz 


where the distance D between the electrode centers in the plane is 

r 0 6 0 6 ”1 

D = 2a I tan^ ~ + tan^ ^ ^ ~2 2 ~ ] 


4a tan 


The first form is the general expression, and the second form holds 
for the special arrangement above. The diameters d/ and ^ 2 ' in 
the plane are approximately given in the special case a < 7 r /2 as 



if one projects the ends of the diameters upon the plane and uses 
in first approximation d = a5a, and tan {a + ha/2) = tan {a/2) + 
{ha/2) (1 — tan^ «/2). Combining (21) and (22) with (20), one 
finally has 


^ 1 / 4a a\ 

R = — In I - - 7 : :- . - : tan - I 

\Vd1d2 2 / 


The same method can be applied to a segment of a spherical 
surface, such as the spherical bowl l-T-2 Fig. 23*2. The pro¬ 
jection on the plane >Si is now a circular area of diameter l'-2' 
and the flow problem has to be solved within the circle, usually 
with boundary condition preventing flow out of the circle. However, 
one could assume a heavy ring as border of the bowl and a single 
electrode contacting the surface at some point. All these problems 
in the plane can be solved best by means of suitable conformal 
transformations of the circular area as shown in sections 26 and 28. 

Two-dimensional Inversion. Quite analogously to the three- 
dimensional inversion with respect to a sphere, one can formulate in¬ 
version of two-dimensional fields with respect to a cylinder which is 
different from the method of conformal representation.® Geomet- 

® For example Smythe,-^^^ p. 87. 
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rically, the inverse point to A in Fig. 23 • 1 (all figures can readily 
be interpreted geometrically as applying to spheres or cylinders) 
with respect to the cylinder of radius axis 0 , is point A' with 
axial distance ta == It a and the coordinates 

xx = — ^Ay Va ^ —Va (24) 

Ta Ta 

As with spheres, so with cylinders; upon inversion, cylinders 
remain cylinders or degenerate into planes and vice versa. Thus, 
a cylinder S 2 of radius m, axis M in Fig. 23 • 2 tangent to the cylinder 
of inversion at T, becomes again a cylinder 82 ^ tangent at T but 
of radius m' = R{1 — R/h), As m— > 00^ cylinder 82 becomes the 
plane Si, and its inverse becomes the cylinder of radius RJ2 
passing through the axis 0 , which is obviously the inverse of the 
infinitely distant cylinder. To preserve one-to-one relationship, 
it is conventional to consider two-dimensional infinity as a line, 
as the inverse of the axis at 0. This then means that any cylinder 
through the axis 0 and of radius p < R has as inverse a plane at 
a distance b = R^J2p from the axis 0 and normal to the center 
line. 

Cylinders which intersect the cylinder of inversion orthogonally 
are transformed into themselves; the proof is exactly the same as 
in (2), (3), with the omission of the coordinate z. Thus, in Fig. 
23.1, the segment 8 B' 8 ' of the cylindrical surface within the 
cylinder of inversion will be point by point the inverse of the 
cylindrical surface 8 B 8 ' outside. The transformation is conformal. 
Angles between line elements in the a:-?/-plane are the same as 
between the inverted line elements, which coiild readily be demon¬ 
strated by considering these line elements as belonging to cylinders 
intersecting the cylinder of inversion orthogonally. 

In two dimensions, the transfer of the Laplacian differential 
equation to the inverse geometry can be done in the same manner 
as in the Kelvin transformation, only that now hi = h 2 = h as 
before, and /13 = 1 , since no change takes place in the ^-direction. 
As consequence, 

( 26 ) 

that means that the same function solves the potential problem 
in the two inversely related geometries; no adjustment of charge 
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values becomes necessary. However, surface charge densities will 
transform in the ratio of the surface elements; since the depth is 
uniform, surface elements will transform in the same manner as 
line elements in (24), and, therefore, 



As an example, take a single conductor formed of two orthog¬ 
onally intersecting cylinders as in Fig. 23*3, carrying a charge X 
per unit length. By inversion on a cylinder selected with axis 
at 0 in the intersection of the two cylinders and of radius 2 / 22 , 
the cylinders become the orthogonally intersecting planes. If the 
original conductor carries the charge X, its field lines go into 
infinity and terminate there on a line charge ( — X) which by 
inversion is distributed on the axis. The problem in the inverse 
geometry is, therefore, that of a line charge (—X) in the corner 
formed by the orthogonally intersecting conducting planes, as in 
section 12. The solution requires three image charges (+X), 
(—X), (+X) at P 2 , P 3 , P 4 , respectively; and transferring these 
back into the original geometry, their locations are given in table 
23*1, where di, ^ 2 , ds are, respectively, their distances from the 
axis 0. The sum of these three image charges is (+X), which is 
also the charge on the intersecting cylinders, and the potential 
in the outside space is simply the superposition of the three line 
charges. The actual field graph can also be obtained by cor¬ 
responding graphical superposition. The potential of the inter¬ 
secting cylinders themselves presents the same difficulty as that 
of a single wire (12*28), so that it is not possible to define a unique 
value of capacitance. However, the distribution of the surface 
charge can be obtained by inverting the surface charge densities 
on the two planes by means of (26) onto the cylinders. 

With the addition of a line charge ( — X) parallel to 0 and located 
at Pi in Fig. 23*3 as the return wire, the field lines from the 
intersecting cylinders will all terminate on this charge (—X). The 
inversion leads now to the two planes as before with the inverse 
of (—X) located at P/, which is also O 2 . The solution of the 
problem with the planes now requires locations of the three images 
as shown in table 23*2. The total charge on the intersecting 
cylinders is again (+X); their potential is the superposition of 
the four line charge potentials given in the right-hand column. 
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For example, for point 0 for which the distances are those given 
in the table, one has 


ARzVl + 16r^ _ A In 9(1 + 

2’re 4x6 9 + 16r^ 


(27) 


and the capacitance per unit length is then simply 


Cl = 


X 

W) 


4xe 


In 


9(1 + 16t^) 
9 + 16t2 


Two cylinders intersecting at any angle 7r/n, where n is an 
integer, can be treated in a similar manner. The orthogonal 
intersection of three cylinders leads to a rectangular metallic slot 
in the inversion. 


24* NUMERICAL METHODS 

For very complicated two-dimensional or axially symmetrical 
boundaries of electrostatic or magnetic fields, numerical iterative 
processes have been developed to solve in successive approxima¬ 
tions the system of difference equations which can be substituted^ 
for the partial differential equation of the potential. The syste¬ 
matic process of satisfying the difference equations only at distinct 
points in the desired field region by reducing step by step the local 
error to an inappreciable value is now called the relaxation methocP 
because of the early application to problems of stress calculations 
in frame works where the errors can be construed as residual un¬ 
wanted forces which are gradually relaxed^ or “liquidated.^^ 
These relaxation methods lead to a net of potential values through 
which equipotential lines can be drawn; because of the numerical 
computation of the potential values, the solutions can be obtained 
more accurately than by the purely graphical method of curvi¬ 
linear squares. 

^ L. F. Richardson, Phil. Trans.j A210, p. 307 (1910); see also Bateman, 
p. 144. 

^ R. V. Southwell: Relaxation Methods in Theoretical Physics; Oxford Uni¬ 
versity Press, England, 1946. 

® R. V. Southwell, Proc. Roy. Soc.y A161, p. 56 (1935) and A153, p. 41 (1935); 
see also R. V. Southwell: Relaxation Methods in Engineering Science; Oxford 
University Press, England, 1940. 
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Relaxation Method for Two-dimensional Potential Fields. 

The Laplace differential equation for the electrostatic and mag¬ 
netostatic potentials, (2*2) and (6*6), respectively, can be solved 
for a circular boundary with known values on it by means of the 
Poisson integral (28*1) expressing the potential value anywhere 
within the circle in terms of the boundary values. In particular, 
at the center of the circle taken as the origin of the cylindrical 
coordinates one has 

^(0) = T f ** = lim E 4’nl (1) 

Z7rt/^=0 iNr->ooL-^n=l J 

where are the boundary values as a continuous function of 

angle and where the summation is extended over discrete values 
along the circular periphery. Relation (1) defines the value of 
the potential in a Laplacian field as the average of all the equi¬ 
distant values. It is this property that can be used for a numerical 
trial and error procedure by choosing upon first inspection a set 
of potential values at equidistant points throughout the field 
region and then applying the criterion (1) and noting the differences 
between the assumed values and those expected according to (1). 
A revision of the first set must then be made, guided by the dis¬ 
crepancies in the first choice, with a second check by relation 
(1). A final solution is obtained if everywhere in the field region 
equation (1) is satisfied. 

In a practical problem, one will first draw at rather large scale 
the given arrangement of known potential boundaries, as for 
example Fig. 24-1. Selecting, to begin with, a rather wide square 
net^ with intersection points as indicated by 0, 1, 2, 3, 4, one fills 
the entire area and indicates at each point a guessed-at potential 
value, preferably guided by a crude field plot. Obviously, one 
will start in regions, like @ and ©, where the potential distribution 
is practically linear between boundaries. With a square net, (1) 
reduces to 

-44>(0) + + #2 + ^3 + ^4 = R(0) (2) 

where for the exact solution R{0) = 0, but where for the assumed 
distribution a finite residual 72(0) is obtained which is indicative 

^ Instead of a square net of points, one can choose either hexagonal or 
triangular nets of points, of which only the latter have attained some practical 
significance; see Southwell, footnote 2. 
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+ 500 

Fig. 24*1 Relaxation Method Applied to Two-dimensional Field; First Potential Assignment. 
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of the degree of approximation obtained. Certainly /E(0) must 
go to zero eventually, but any correction at 0 itself will affect the 
residuals at all its neighbors as well. It requires, therefore, some 
little experience to estimate the corrections needed, and it is 
generally desirable to note next to the assumed potential values 
the residuals in brackets as shown in the upper part of Fig. 24*1. 
One will use the distribution of the residuals for the second esti¬ 
mate, which might best be entered on a duplicate of the potential 

boundary sketch. It is to be ex¬ 
pected that the largest residuals 
will occur in the region of greatest 
non-uniform potential variation, 
as at © and ® in Fig. 24*1, but 
it is also important to note that 
the procedure is a definitely con¬ 
vergent one,^ even if one starts 
from a rather crude first guess. 
Good results are recorded by 
Strutt,p. 38, for electron tube 
problems.^ The method^ is illus¬ 
trated in Cosslett,®^^ p. 22, and 
Zworykin et p. 386, for electron optical problems, and in 

Southwell^ for the magnetic flux distribution in a generator; many 
applications have been made to elastic and heat problems.® 

Instead of equidistant points, one can choose points in any 
desirable combination and derive relations corresponding to (1) 
and (2) with appropriate coefficients. Assume the general spacing 
of four points as in Fig. 24*2; then in first approximation 

/d^\ /d^\ 

+(w...® 

^ Bateman,p. 147; R. Courant, K. Friedrichs, and H. Lewy, Math, Ann., 
100, p. 32 (1928). 

® See also M. J. O. Strutt, Ann. d. Physiky 87, p. 153 (1928). 

^ See particularly G. Shortley and R. Weller, Jl. Appl. Phys., 9, p. 334, 
(1938) and Bull, No. 107, Ohio State Univ. Engg. Exper, Station, 1942. 

®R. V. Southwell: Relaxation Methods in Theoretical Physics j p. 92 and 
Figs. 37, 38; Oxford University Press, England, 1946. 

® D. G. Christopherson and R. V. Southwell, Proc. Royal Soc., A168, p. 
317 (1938); R. Weller, G. Shortley, and B. Fried, Jl, Appl. Phys., 11, p. 283 
(1940); M. M. Frocht and M. M. Leven, Jl, Appl, Phys,y 12, p. 596 (1941); 
and H. W. Emmons, Trans, A, S,M,E,y 66, p. 607 (1943). 



Fig. 24*2 General Spacing of 
Potential Points. 
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where the derivatives can be chosen, for better approximation, as 
the average values between the end points indicated by the sub¬ 
scripts. Thus, 


_ /^\ 1 /^\ 

,dx/oi \dx/o 2 \dx^/ 


hi 


(4) 

'^\ _ /^\ 1 /^\ ^ 

.dx/so Xdx/o 2 \tov ^ 


Introducing (4) into (3) and adding the two forms (3) after divid¬ 
ing, respectively, by hi^ and one has 



An identical relation obtains for (d^^/dy^) if one expresses 4>2 
and 4>4 in a manner analogoTis to 4>i and 4>3 above. The sum of 
the second derivatives must vanish, being the Laplacian of the 
potential 4>(0). On the other hand, one can take the sum of 1/hi 
of the first line in (4) and l/h^ of the second line, and with (3) 
express the first derivative in terms of the distinct potential values, 
namely. 



__L_ (b ^ A 

hi+h\hi h 7 


. ~ ^3 ^ 


( 6 ) 


and exactly analogous for (d^/dy)o by changing subscripts 1 and 
3 to 2 and 4, respectively. Using these values for the derivatives 
in the Laplacian, one has the single exact relation 

/J_ + -LU(o)^ .^3_. 

\hihs ^2^4/ hi{hi + hs) h^{hi + hs) 

_ ^2 _I_ 4>4 

^2(^2 “!“ ^4) ^^4(^2 H” ^4) 

which can be applied in rectangular spacing with hi = A 3 and 
A 2 = A 4 , or in any local change in spacing, or in case of points 
close to irregular boundary surfaces. If Ai = A 2 = A 3 = A 4 = A, 
( 7 ) immediately goes over into ( 2 ) with 12 ( 0 ) = 0 ; conversely, 
one can write (7) in the form of (2) with the residual 12(0) not 
necessarily zero but approaching it. 

With some experience, one usually finds reasonably satisfactory 
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14 


12 


11 


residuals after about six to eight complete traverses of the field 
region, or after that many approximations for a particular point 

spacing. However, this might not per¬ 
mit a good field graph to be drawn, so 
that closer spacing at least in the re¬ 
gions of rapid potential variation might 
become necessary. Since halving of the 
spacing means fourfold slower conver¬ 
gence, it is advisable to start in any 
case with the wider spacing. One can 
expedite convergence by a factor n with 
the use of improvement formulas^® 
which give better potential values for 
blocks of points in terms of the 
bordering potential values, thus smooth¬ 
ing out the effect of any one change upon the neighboring resid¬ 
uals. For a four-block as (0, 1, 2, 3) in Fig. 24-3 one can obtain 
an improved value at 0 by 


r* 

3 _ 



.. » 1 

1 

1 

1 

1 

1 


1 

L.. 


r* 

.j 

1 


15 


10 


8 


13 


Fig. 24*3 Four-block Im¬ 
provement Relation. 


^( 0 ) = )^ 4 [ 7 ( 4>4 + #5) + 2 ( 4>6 + ^7 

-h 4>8 + ^9) + ^10 + ^11] ( 8 ) 


and with this one can now successively improve 

+ ^8 + ^9 + ^15) 
4>2 = + ^6 + ^s) 

4*3 = }i{^o + + 4>7 + ^ 9 ) 


(9) 


where 4>o and are the improved values from (8) and (9), 
respectively. Instead of applying such improvement formulas to 
the potential values themselves, one can apply them with advantage 
to the differences in successive approximations, as 8^ ^(0) = 
— 4>’'(0), if the superscript indicates the order number of 
the approximation. 

As illustration consider the 4^ region of values in the dotted 
box C of Fig. 24-1, which has rather irregular potential values. 
The first set of values as shown in the figure was chosen after 
drawing the few representative field lines free hand and with no 
attempt to be accurate. Apparently, the choice of potential 
values left much to be desired, because the residuals in the center 


Shortley and Weller, footnote 7. 
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of the C-block are rather large; for convenient reference the values 
are reproduced here: 




(600) 

480 

C±l) 

450 

(S) 

400 

(+ 120 ) 

Ann 

370 

GD 

(860) 



C+no) 






■■■■■0600 

400 

(=W) 

280 

GM) 

(180) 





(400) (250) 


The heavy lines indicate the fixed potential values of the electrodes; 
the numbers in parentheses are the potential values just outside 
of C, which are needed to compute the residuals /2(a). The latter 
are the encircled numbers with the proper sign in accordance with 
(2). Applying the system of numbering given in Fig. 24-3 to 
the sixteen points above, and computing the improved potential 
values by (8) and (9) for the four center points, lead to this new 
set of potential values and residuals: 


-500- 


■600- 


■600- 


■600- 


(600) 


(500) 


480 

464.4 

426 

370 

C+24.4) 

(HD 

(Hi) 

GD 

480 

461.5 

369.4 

200 — 

(+1L6) 

(TO) 

C-o.i> 


—600— 

—600 

400 

280 



(-60.6) 

<EM) 



(400) 

(260) 


(360) 


(180) 
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Though the changes in potential values in the center block are not 
large, they are so much in the right sense that the residuals have 
become very small. One can now proceed to the adjoining 4^ 
block to improve the four values shown in the dotted line right 
above. After having reduced the residuals everywhere to rather 
uniformly small values, it becomes necessary to go to a finer mesh 
as indicated in Fig. 24*1 by the primed points l'2'3'4'; again, the 
four-block improvement formulas (8) and (9) will be very helpful. 

Since it is well established that the method gives a convergent 
iteration for the potential function ^), one can either attempt 
to establish directly the limiting value^^ or attempt to minimize 
the error in the sense of the least-squares method.^^ The former 
becomes necessarily very complicated for any practical boundary 
geometry. The latter is of value after several steps of approxima¬ 
tion have been carried through; one can then select for example 
the best correction of the potential at 0 by adding 

54 >( 0 ) = — [/ 2 i + S2 + /?3 + ^^4 4 / 2 ( 0 )] ( 10 ) 

where Ra are the residuals at the indicated points in accordance 
with (2). This introduces a smoothed-over correction similar to 
the improvement formulas (8) and (9) but directly in terms of 
the residuals. Thus, for example, one can correct the value to the 
left of © in Fig. 24*1 by = — 1, that to the right of O 
by 54> = —2; these small changes tend to reduce the local residual 
appreciably but to affect the neighboring residuals only little. 

The extension of the relaxation method to the Poisson equation 
of the form (2*4) 

dx^ dy^ e 

is easily made. Restricting attention to uniform spacing, one has 
with (5) and the corresponding form for (d^^/dy^) 

^ ^ ^ [«>1 + + ^3 + -^4 - 44 .( 0 )] ( 11 ) 

which is to be equal to (—p/e). Thus, 

-4$(0) + 4.1 + #2 + 4>3 + $4 + ^ = R(.0) 

D. Moskowitz, Quart. Appl. Math., 2, p. 148 (1944). 

^0. L. Bowie, Jl. Appl. Phys., 18, p. 830 (1947). 


(12) 
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constitutes the modified form taking the place of (2). Knowing 
the value of density p(x, y) as a function of the local coordinates, 
one can readily carry through the same procedure as above. 

The relaxation method can also be extended to two-dimensional 
non-homogeneous and even non-isotropic electric current fields by 
replacing the field region by a network of resistors with nodes at 
arbitrarily selected points. 

Plotting of Field Graph. A satisfactory numerical plot of 
the potential function as obtained by the relaxation method gives 
a more or less dense set of discrete point values. It is possible 
to draw the equipotential lines by inspection and then construct 
the field lines as the orthogonal curves; in such case, however, the 
accuracy needs to be checked by the graphical method of curvi¬ 
linear squares to give reliable results. 

It is better also to compute the field vector and the direction 
of the field lines at each point of the final numerical plot and thus 
determine more accurately the direction of the equipotential lines 
themselves. The field vector is essentially known by relation (6) 
and its corresponding expression for the T/-derivative 


EAO) = 

Ey(0) = 



—L-(h $3 - ^ 

H + ^3 \^3 hi ) h^hi 

> - ^ ~ $0 

hz + h \hi ^2 7 hhz ° 


where all the potential values are the final numerical solutions 
at a selected point 0 and its neighbors as in Fig. 24*1. The angle 
of the field line with the x-axis is given by tan </> = Ey/Ex- 

In the regions of uniform point raster, one has all ha = h, and 
thus much simpler 


Ex{0) = 


(<l>3 — 4>i) 

2h 


Ey{0) = 


(^4 - ^ 2 ) 

2h 


(14) 


so that the value of the field vector becomes^^ 


^^(0) = (-i>4 - ^2)=*]^ (15) 


L. Tasny-Tschiassny, Jl. Appl. Phys., 20, p. 419 (1949). 
« B. Van der Pol, Jl. I.E.E., 81, p. 381 (1937). 
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and the direction of the field lines is defined by 


tan 

rjx 

where <f> is the angle with a:-axis. 
have directions defined by 

tan ^ 

Eli 


^4 — ^2 

$3 — 

Thus, the equipotential lines 

^4 — ^2 


The application of the method to magnetic fields with boundaries 
of known magnetostatic potential [F, or in fact to any Laplacian 
potential field, follows by direct analogy. Though in the Cartesian 
coordinate system the vector potential outside of electric currents 
reduces in two-dimensional problems to a single component 
satisfying the Laplacian differential equation, application of the 
relaxation method needs considerable modification because the 
vector potential does not define a gradient field. 

Relaxation Method for Axisymmetrical Potential Fields. 
For axially symmetric fields, the potential equation has the form 


dp^ p dp dz^ \dp^ dz^) p dp 


(16) 


where p is the distance from the axis. For any selected point 0 
as in Fig. 24*2, with 1-0-3 parallel to the axis, one can again 
evaluate the second derivatives exactly as in the (3) to (6), 
except that now the extra term with the first derivative appears 
in (14) with the absolute scale factor 1/p, which adjusts the scale 
of potential values in accordance with the distance from the axis. 
Calling this po for the selected point 0, which is, of course, the same 
also for the points 1 and 3, one can use the analogous form (6) 
applied to points 2 and 4 and obtains upon collection and ordering 
of all terms, 


/ 2po ^ 2po + ^4 ““ 
\hih^ /i2^4 

2po 




3 .( 0 ) - 


2po 


$1 


+ 


hz{hi + /la) 


3*3 + 


hi (hi 4 -/ 13 ) 

2po 4- ^4 ^ , 2po 


/i2(/i2 4- /14) 


3*2 4“ 


h^ 


hi{h2 4- /14) 


4-4 (17) 


which corresponds to (7) for any general spacing of the points 
neighboring on 0. 
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For uniform spacing of the points with all ha = A, and designat¬ 
ing the axial distance po = mhy relation (17) reduces to 

—8?w^(0) -f- -f- (2/71 “I* 1)‘^2 "f* 2|71$3 

+ (2m - 1)$4 = fl(0) (18) 

where i?(0) =0 for the exact solution. For a particular problem, 
one assumes again, as in the two-dimensional problem, a set of 
potential values throughout the field region and computes the 
residuals in accordance with (18), noting these next to the originally 
assumed potentials. A revision of the first set must then be made, 
guided by these residuals, with a second check by (18). A final 
solution is obtained if equation (18) is satisfied everywhere. One 
can expedite the convergence of the method by certain improve¬ 
ment formulas^^ for which coefficients have been computed and 
tabulated. Again, it is simpler to work with the difference values 
of potentials 6'’4>(0) = <^>'’'^^(0) — 4>’’(0), where the superscripts 
indicate the order of the approximation. 

The final result is a net of potential values through which 
equipotential lines can be drawn. It is advisable, however, to 
compute the field vector also, which for electrostatic problems is 
given by 

if p and z are the coordinates taking, respectively, the places of 
X and y of the two-dimensional field. The expressions for the 
field components are, therefore, identical with (13) and (14), and 
the directions of the field lines as well as the equipotential lines 
are defined in the same manner as there. 

The extension of the method to the solution of Poisson’s dif¬ 
ferential equation is made in exactly the same way as for the two- 
dimensional problem. 

Automatic Computing Aids. With the increasing perfection 
of mathematical machines,^® numerical methods for the solution 
of partial differential equations have become very economical in 

G. Shortley, R. Weller, P. Darby, and E. H. Gamble, Jl Appl Phya.^ 
18, p. 116 (1947). 

F. J. Murray: The Theory of Mathematical Machines; Columbia Uni¬ 
versity Press, New York, 1947; D. R. Hartree: Calculating Instruments and 
Machines; University of Illinois Press, 1948. 
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time, assuming that a machine is available at the time of need. 
For two-dimensional potential problems, for example, one proceeds 
by first laying out the set of points and ascribing some reasonable 
potentials to them. Then, one uses (2) or (18) directly for the 
improved second set, by computing the new 4>(0), setting /^(O) = 0. 
This process, which is normally slowly convergent, becomes ef¬ 
ficient if one employs automatic high-speed computing machines, 
such as punched card machines,^^ or electronic digital computers.^® 

A different approach is by means of analogue computers. Net¬ 
work analogues for partial differential equations have been 
developed^® and models built^^ which allow the automatic solution 
of potential problems of the Laplace and Poisson type, as well as 
of the various types of wave equations. 

PROBLEMS 

1. Construct the resultant electrostatic field lines and equipotential lines 
for two parallel line charges as in Fig. 19*3 but with line charge densities 
(+2X) and (-fSX). What will be the field picture at great distance from the 
charged lines? 

2. Assume three symmetrically located line charges of linear densities 
(+X), (~3X), (-h2X) in free space. Construct the resultant equipotential 
lines and field lines. What will be the field picture at great distance from 
the charged lines? 

3. A long cylindrical conductor of large radius R extends parallel to two 
planes which intersect orthogonally. Construct the field plot if the cylinder 
has center distances 2R and ZR, respectively, from the two planes, (a) Find 
the mutual capacitance per unit length. (6) Find the charge density induced 
in the planes, using a relative scale, (c) Find the breakdown voltage for 
R — 10 cm. 

4. Using the same cross-sectional geometry as in the preceding problem, 
assume an axis of rotation parallel to the line with center distance 3R from 
the circle and a distance 2R from this line. Construct the field plot of the 
resulting geometry, i.e., a toroid outside and coaxial with a cylinder of radius 

W. J. Eckert: Punched Card Methods in Scientific Computation; the 
Thomas J. Watson Astronomical Computing Bureau, Columbia University, 
1940. See also M. Kormes, Rev, Scient. histr.^ 14, p. 248 (1943). 

“Proceedings of Symposium on Large Scale Digital Calculating Ma¬ 
chinery,*' Annals of Computation Lab.j Harvard Univ.y 16 (1948); C. F. West 
and J. E. DeTurk, Proc. I.R.E.y 36, p. 1452 (1948). 
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located above a plane orthogonal to the cylinder, (a) Find the mutual 
capacitance. ( 6 ) Find the breakdown voltage for J? = 10 cm. 

5. A long cylindrical conductor of large radius R extends in air parallel 
to the boundary plane of a solid dielectric of absolute dielectric constant s. 
Construct the field plots for a distance 2R of the axis of the cylinder from the 
dielectric. Find the charge density distribution on the cylinder, using a 
relative scale. Find the force action upon the cylinder. 

6 . Using the same cross-sectional geometry as in problem 5, assume an 
axis of rotation within the dielectric at a distance 2R from the boundary 
line and parallel to it. Construct the field plot for the resulting geometry, 
i.e., a toroid outside and coaxial with a dielectric cylinder, (a) Find the 
capacitance of the toroid, {h) Find the critical voltage for appearance of 
corona if jR = 10 cm. 

7. Construct the field plot in free space of two very small spheres of radii 
R\ and R 2 = 2i2i, with a distance of the two centers d = 10722, and with 
charges Q 2 = SQi. Find the singular point. What is the field picture at 
large distance from the spheres? Define the field maps in terms of capacitance 
coefficients and give their relative values. 

8 . A long rectangular bus bar of dimensions 2a and 26 < 2a extends parallel 
with its broader side to an infinite conducting plane at a distance 46 from 
its plane of symmetry. Construct the field plot if a /6 = 5, and (a) find the 
capacitance with respect to the plane, ( 6 ) find the breakdown voltage if 6 == 
2 cm, (c) find the capacitance and breakdown voltage between two like bus 
bars with 6 = 2 cm for which the infinite plane is the plane of symmetry. 

9. Three parallel long rectangular bus bars form a three-phase transmission 
system. Construct the field plot for three identical bars with a /6 = 5 and 
with mutual distances c = 2 a if the voltages to the very distant ground are, 

sin 46^ 

respectively, Fi, F 2 = — Fi cot 15°, F 3 = Fi • -— • (a) Find the 

sin 15 

mutual capacitance coefficients per unit length; ( 6 ) find the charges per unit 
length on all three conductors; (c) find the forces acting on the conductors. 

10. Assume the same cross-sectional geometry as in problem 8 and take the 
line parallel to the rectangle as axis of rotation. Construct the field plot if 
a = 6 and find the capacitance of the annular ring. 

11 . Construct the resultant magnetic field lines in air for two parallel line 
currents of values I\ and 1 2 = — 3/i, by using (a) the vector potential, ( 6 ) the 
magnetostatic potential function. Find the field at large distance from the 
wires. 

12. Construct the resultant magnetic field lines for a three-wire, three- 
phase transmission system of symmetrical geometry carrying the currents 
(a) /i, h = - 2 / 1 , /3 = /i; Q>) Ih U = -4/i, H = +3/i. Find the field 

at large distance from the wires. 

13. Assume four parallel wires in air so arranged that in a cross-sectional 
plane they are located at the vertices of a square. Find the resulting magnetic 
field plot if the currents in the upper two wires are =b/i, in the lower two 
wires =F2/i, so that the magnetic fluxes oppose. Obtain the mutually linked 
flux per unit length from the resulting field plot and compare with the analyti¬ 
cally predicted value. (See also section 7.) 
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14. Construct the magnetic field plot in the space between two ideal 
magnetic boundary surfaces of constant magnetostatic potentials if one 
surface is an infinite plane and the opposite surface has a perpendicular distance 

varying as go/cos > where is the minimum distance of the two boundaries, 

T 

X the linear distance along the plane surface, and t the spatial period of the 
field distribution. Find the magnetic reluctance per unit length, 

15. The symmetrical poles of a magnet have pole faces of width 2a from 
which the steel tapers linearly over a height ^ = 5a to the larger cross section 
of the pole core of width 2b = 5a. Taking it as a two-dimensional field 
problem (of great length normal to the cross section) between ideal magnetic 
surfaces of constant magnetostatic potentials, construct the field plot for an 
air gap 2g = a/2. Find the magnetic reluctance per unit length. Find the 
variation of the magnetic flux density in the plane of symmetry halving the 
air gap. 

16. Assume a single long conductor of square cross section carrying uni¬ 
formly distributed current. Construct the field plot both inside and outside 
the conductor by using (20*10). Verify for several points along a field line, 
that At = cons in accordance with (15*21). Verify the validity of (20*7) 
inside the conductor. 

17. The vector potential of a long thin rectangular bar is given by (15*19), 
and the lines Ag = cons represent the magnetic field lines. Apply this to 
a single conductor of square cross section carrying uniformly distributed 
current in order to obtain its magnetic field lines. Choose a subdivision into 
six strips and check several points by the exact solution (15 *21). 

18. Apply the method of the preceding problem to two long parallel and 
identical conductors of square cross sections with sides 2a and center spacing 
6a. Find the resulting magnetic field lines for equal and opposite currents. 
Find the location of the kernels and check the validity of (20*7) inside the 
conductors. 

19. Apply the method of problem 17 to two long parallel conductors with 
equal and opposite currents, of circular cross sections and of radii Ri, R 2 == 2i?i, 
and with center spacing 2 R 2 . Find the magnetic field lines and the location 
of the kernels and check with the exact solution in section 15. 

20. The inductance of a loop formed by two long parallel conductors of 
finite cross sections with equal and opposite currents is defined by (7*1) and 
(7*2) and reiterated in (15*11). Assume the two conductors of identical 
square cross sections with sides 2a and center spacing 6a as in problem 18. 
Knowing the magnetic vector potential values, one can evaluate the integrals 
(15* 11) graphically; find the inductance per unit length of the current loop. 

21. A single long conductor of square cross section with sides 2a carrying 
uniformly distributed current extends parallel to an ideal magnetic boundary 
surface of constant magnetostatic potential. Find the magnetic field lines 
and the location of the kernel for a distance 4a of the plane from the center 
of the conductor; compare the location of the kernel with that in problem 16. 

22. In problem 21 assume the cross section of the conductor oriented with 
its diagonal normal to the magnetic boundary plane, keeping the same center 
distance. Find the magnetic field lines and the location of the kernel. 
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23. A cylindrical coil of mean diameter 2R carries a total current-turns 
value N1 uniformly distributed over a rectangular cross section of small radial 
width ba and of height 2b = 2R, Construct the magnetic field plot, utilizing 
the superposition of solutions for a circular loop of current given in section 13. 
Demonstrate the validity of the superposition. Find the inductance of the 
cylindrical coil. 

24. A circular cylinder of magnetic steel with relative permeability Mr = 200, 
radius R, and height h = 2/2, carries a circular loop of wire on its surface in 
the orthogonal plane of symmetry. Construct the field plot. Find the 
inductance if the wire loop has a small radius a. 

25. A flat pancake coil has a mean radius 12, a small height 56, a width 
2a = /2, and carries a total current-turns value NI uniformly distributed 
over its cross section. Construct the magnetic field plot, utilizing the 
superposition of solutions for a circular loop of current given in section 13. 
Demonstrate the validity of the superposition. Find the inductance of the 
coil. 

26. Two identical flat pancake coils as defined in problem 25 are arranged 
coaxially with a center distance 2c = i2i. Find the mutual inductance, 
utilizing the field plot of problem 25. 

27. Two thin flat pancake coils of mean radii R\ and R^ = %Rh small 
heights 56 1 — 562 , and widths 2ai = %Rit 2ai = /2i, are arranged coaxially 
with a center distance 2 c = i2i. Find the mutual inductance if the numbers of 
turns are Ni and respectively. Utilize the result of problem 25. 

28. A circular cylinder of magnetic steel of relative permeability nr = 100, 
radius Ri, and height A = 2/2 carries on its surface a thin cylindrical coil of 
the same height h and with a total current-turns value NI. Construct the 
magnetic field plot. Find the inductance of the coil if the layer of wires is 
thin but finite. 

29. Two small spheres of equal radii p are located at large distance 2c from 
each other in the plane x = 0 of Fig. 21*1. Assume one of the spheres to be 
the source of current I and the other to be the sink within the infinite stratum 
of conductivity 7 and thickness (a 6 ). Find the resistance R if the space 
outside the stratum is non-conductive. 

30. Consider the same geometry as in problem 29 but assume the spheres 
to carry charges ±Q, respectively, and to be in air bounded by two conducting 
planes. Find the capacitance between the spheres as influenced by the prox¬ 
imity of the conducting planes. Find the induced charge densities on the 
planes. 

31. Find in first approximation the charge distribution on the small sphere 
of Fig. 21*1 with o 6 ; assume then a = 6 . 

32. Find the force action between the two spheres of problem 30; demon¬ 
strate that the force follows Coulomb’s law if one defines appropriately an 
equivalent center distance r'. 

33. A long thin wire is located midway between one conducting plane 
and one plane dielectric boundary, as for example in Fig. 21*3, if the medium 
II is replaced by a perfect conductor. Find the capacitance per unit length 
between the wire of radius a and the conducting plane. Find the charge 
density induced in the conducting plane. 
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34. Two parallel very long wires of small radii a and with mutual center 
distance 2c are located with their axis in the boundary plane between two 
media of conductivities 71 and 72 and dielectric constants ei and 82. Find 
the capacitance per unit length between the wires; find the current per unit 
length between the wires if their potential difference is V. 

35. Two homogeneous thin cylinders of radii a and temperatures Ti and T2 
extend parallel to the plane boundary of two media of thermal conductivities 
ki and /c2; the cylinder at 7\ is located in medium 1 with its axis a distance 
10a from the boundary plane, the cylinder at 7^2 is located in medium 2 with 
its axis a distance 20a from the boundary plane. Find the heat flow (ex¬ 
change) between the two cylinders per unit length. 

36. A small dipole of large moment p in arbitrary direction is located be¬ 
tween the two plates of an infinite plane condenser similar to Fig. 21*1, if 
one assumes a potential difference V between the plates. Find force and 
torque action upon the dipole. 

37. Find the induced charge density in the cylinder of radius R in Fig. 21-4 
if it is grounded and exposed to the two parallel symmetrically located line 
charges iX. Demonstrate the identity of the solution with (21-20) for 
r = R if the line charges recede to rfc «». 

38. In a three-phase, three-conductor cable, the three cylindrical conductors 
are located within the grounded sheath symmetrically with respect to each 
other at distance d from the central axis. Find the approximate potential 
distribution if the radii of the conductors are a and their potentials with re¬ 
spect to the sheath Fi, — 3^Fi, — J/2F1. Find all the capacitance coefficients. 
Check the degree of approximation by comjmting the resultant potential 
values over the surfaces of the conductors. 

39. Show that in problem 38 one can get a better approximation if the 
equivalent line charges of the conductors arc not located in their axis but 
shifted slightly radially towards the central axis. 

40. A thin long wire of radius a and linear charge density -\-\ extends paral¬ 
lel to a dielectric cylinder with distance h between axes as in Fig. 21-6. hind 
in first approximation the charge distribution over the surface of the wire 
and demonstrate the influence of the proximity of the dielectric cylinder. 
Plot the maximum charge density as a function of the dielectric constant 82 
of the cylinder. 

41. For the same geometry as in problem 40, compute the maximum 
charge density on the wire as a function of the radius R of the dielectric 
cylinder, keeping constant the distance from the axis of the wire to the nearest 
surface point of the dielectric cylinder. Show that for R 00 one obtains 
the same value as for a wire parallel to an infinite plane dielectric boundary. 

42. Two metal pins are molded into a plastic cylinder giving the same 
geometry as in Fig. 21 • 6 with the pin centers at A" and B'\ the plastic cylinder 
of dielectric constant 82 surrounded by air. Find the potential distribution 
between the pins if they have a potential difference V applied between them. 
Find the capacitance per unit length and compare it with the value in air 
alone. 

43. A thin circular ring of charge is coaxial with a grounded sphere of 
radius R, i.e., the axis of the ring passes through the center of the sphere. 
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Find the capacitance of the ring with respect to the sphere if the plane of the 
ring is at distance c from the center of the sphere, and if its wire radius a is 
small compared with all other dimensions. 

44. Find the increase in external inductance for a thin circular loop of 
current lying parallel to (a) an ideal equipotential magnetic boundary plane, 
(6) a boundary plane of magnetic material of permeability ju. Find the force 
upon the loop in both cases. 

45. Assume the plane of the two-wire transmission line in Fig. 22-2 to 
make an angle /S with the magnetic boundary plane. Find the total external 
inductance if the magnetic material has permeability /x. Plot the variation 
of this inductance as a function of the angle /3, keeping the distance d constant 
and equal to c, one half the spacing of the wires. 

46. A single thin wire carrying current 1 lies in a slot formed by two parallel 
solid blocks of iron a distance 2h apart and closed by an orthogonal block. 
Find the magnetic field in the slot if the axis of the wire has distances a and 
b — 2h — a from the parallel boundaries, and distance c from the base block. 
Find the force upon the wire. 

47. A long thin wire carrying current -{-I extends parallel to a magnetic 
cylinder of relative permeability Mr = 200 as shown in Fig. 22*3. Construct 
the magnetic field plot if the distance h = 2R. Find the force upon the wire. 

48. A cylindrical shell of magnetic material of permeability m has outer 
radius Ri and inner radius R 2 and is brought into a uniform magnetic field Bq, 
Find the resultant magnetic field if the flxis of the shell is orthogonal to the 
magnetic field. 

49. A thin long wire carrying current I is located halfway in the space 
between a solid magnetic cylinder of radius Ri and a coaxial shell of inner 
radius R 2 and outer radius Rz. Construct the magnetic field plot if the 
magnetic materials have the same relative permeability ixr — 100 and if 

Ri = 2 R 2 - SRi. 

50. The end connections of windings in electrical machines might be con¬ 
sidered as rectangular loops extending normal to the iron core. Assume, then, 
a thin wire carrying current I and forming a rectangular loop of sides a normal 
to, and 2b = 5tt parallel to, an infinite plane magnetic boundary. Find the 
inductance of the loop section in air if the permeability of the iron is m and 
the radius of the round wire is f. 

51. Two isolated and conducting spheres are intersecting orthogonally as 
in Fig. 23-3. Find the electric field distribution if a point charge -j-Q is 
located at the intersection of the line UO with the sphere of inversion on the 
opposite side of U, Find the force upon the point charge. Find the capaci¬ 
tance of a small sphere of radius a carrying the charge +Q and having its 
center at the location of the point charge. 

52. Two spheres contacting each other as in Fig. 23*4 are grounded and 
under the influence of a point charge -\-Q located at the intersection of the 
a:-axis with the sphere of inversion. Find the electric field distribution. 
Find the induced charge density on the spheres. 

53. Use the same cross-sectional geometry as in problem 52, but solve it 
as a two-dimensional problem with a line charge -j-X replacing the point charge 
and cylinders replacing the spheres. 
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54. Two parallel cylinders intersecting at ir/3 form a single conductor 
carrying a charge +X per unit length. Find the potential distribution. Find 
the charge distribution over the cylinder surfaces. 

55. A very thin hemispherical shell of radius R has two point electrodes 
applied to its surface at diametrically opposite points of the parallel circle 
of radius R/2. Find the resistance of the shell if the electrodes can be assumed 
as small equipotential circles of radii a and if the shell has thickness t and 
conductivity y. Find the current distribution in the shell. 

56. Assume that the hemispherical shell of problem 55 is reduced to a 
zone by cutting off the section below the parallel circle of radius R/2 so that 
the electrodes are applied with their centers on the rim of the zone. Find the 
resistance. 

57. A long cylinder of radius R is coaxial with a rectangular sheath of small 
sides 2a = iR and large sides 2b = lOR. Find the capacitance between the 
two conductors. Hint: solve for the potential distribution first by the 
relaxation method, assuming the potential difference V = 100 volts; then 
construct curvilinear squares to obtain the capacitance. 

58. Demonstrate the validity of the improvement formulas (24-8) and 
(24-9). 

59. Two identical long bus bars of rectangular cross sections are arranged 
parallel with their larger sides 26 at a center distance 2c = 6a, where 2a is 
the smaller side. Find the potential distribution between them by the re¬ 
laxation method if a potential difference V is applied. Find the capacitance. 

60. Find the potential distribution between the two deflecting plates of an 
oscilloscope inclined symmetrically at an angle of 20° with respect to the center 
plane. Assume the plates as very thin of width 26, with a minimum distance 
0.26, and infinitely long normal to the cross-sectional plane. Find the value 
of the transverse electric field vector along the axis if the potential difference 
is V. Find the capacitance per unit length. 

61. Find the magnetic field distribution for the two-dimensional geometry 
shown in Fig. 27* 13c if the finite distances are defined as follows; 6'~6" = g, 
4-5 = IOQj 3-4 = 20^, 2'-2" = 40g. Establish the boundary line for homo¬ 
geneous field distribution. Find the reluctance per unit length for the in¬ 
homogeneous part of the field. 



7 . TWO-DIMENSIONAL 
ANALYTIC SOLUTIONS 


For many purposes it is desirable to secure analytic solutions of 
field problems, since they permit deduction of broad design 
principles as long as they remain manageable. Two-dimensional 
potential theory has had the great benefit of the branch of mathe¬ 
matics known as “Theory of Functions of a Complex Variable” 
(see Appendix 4, D), which has led to many rigorous solutions in 
singularly simple form particularly well adapted to the inter¬ 
pretation of the field geometry. 

25- CONJUGATE FUNCTIONS 

To fix any point in a plane, two real coordinates have to be 
given. With an orthogonal coordinate system, any number pair, 
as for example (x, y) for the plane Cartesian, or (r, </>) for the plane 
polar system, signifies a point P. Such a number pair or a point 
can also be denoted in complex form^ by 0 = (x + jy) with 
j == and = -1. 

As one lets x and y take on all possible real values between (— oo) 
and (+ 00), z covers the entire plane, usually then referred to as 
the complex z-plane. From Fig. 25 • 1 one also takes for point P 

z = X + jy = r cos (l> + jr sin </> = (1) 

where r = \z\ = {x^ + y^)^ is the absolute value of the complex 
number z, sometimes also called modulus^ and where 0 is the 

^ Mathematical texts normally designate complex numbers by z = x iy 
with z = \/—1; in electrical engineering, it has become customary to use 
j for the imaginary unit in order to avoid confusion with the symbol for 
electric current which traditionally is chosen as i. 
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argument of z\ e^^ can be interpreted as a direction factor^ having 
the absolute value unity, similar to a unit vector in vector analysis. 
However, there are basic differences between plane vector analysis 
and complex function theory which make the latter vastly more 
powerful as a mathematical method of analysis. 

Obviously, the absolute value of a complex number can also 
be obtained by writing 

|zp = (x + jy)(x - jy) ^ zz = + y^ (2) 

if again = — 1 is observed. The combination x — jy — z, 
which in the g-plane leads to the image point {x, —y) of the point 



Fig. 25*1 Representation of Functions of a Complex Variable: (a) complex 
2 -plarie, (h) complex ic( 2 )-plane. 


{Xj y) with respect to the a:-axis, is called the conjugate complex 
number of z. 

The product of two complex numbers is again a complex number 

ziZ2 = (xi + jy{){x2 + iy2) = (xiX 2 - yiy2) + + X21/1) 

as is also the square of a complex number 

= (x + jyY = (x^ - 2/2) ^ j2xy (3) 

and, indeed, any conceivable functional operation will always 
again result in a complex number (of which real or imaginary 
numbers arc then only special cases). Complex numbers thus 
form a closed number system. It is, therefore, possible to interpret 
any function /( 2 :) = w again as covering a plane with w = u -\r jv, 
as in Fig. 25*1, in which any point w is then the image of the 
generating point z of the 2 :-plane. The possible relationships 
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between w and z planes are the primary object of function theory; 
see particularly the references in Appendix 4, D, b, and Kellogg, 
chapter XII. 

Analytic Functions of a Complex Variable. For applica¬ 
tions to linear field problems, functions must be regular within 
the regions considered and they may have prescribed discontinuities 
on the boundaries corresponding to physical sources like charges, 
currents, etc. It is therefore natural to restrict study of complex 
functions to regular or analytic functions in the same sense as with 
real functions, i.e., require single valuedness, continuity, and 
differentiability within the regions of interest. Single valuedness 
can usually be met by proper restriction of the variables and intro¬ 
duction of barriers as already done in the case of the magnetostatic 
potential, section 6; for complex functions one must require that, 
to every point Za chosen in the neighborhood of z in Fig. 25-la, 
there corresponds one and only one point Wa = f(za) = Ua + jva 
in the neighborhood of w in Fig. 25*16. Continuity requires that 
the point Wa can be made to move arbitrarily close to w by selecting 
Za properly close to z and that, in the limit, Wa goes into w as Za 
goes into 2 , no matter in what direction the latter is done. 

With respect to differentiability one has to consider that 

w ^ f{z) = u(x, y) + jv{x, y) (4) 

is the complex combination of two functions each of which depends 
on the two real variaV)les x and y. Differentiability means, there¬ 
fore, the existence of the continuous first partial derivatives of 
u and V with respect to x and y as well as that lim Aw/Az —> dw/dz 

Az—>0 

exists, i.e., has the same value at a point Zy no matter how Az —> 0. 
Whereas with a real variable only two opposite directions are 
possible in approaching a point Xj with a complex variable z there 
are infinitely many directions in Avhich to approach this point z. 
Choosing for convenience once the x- and once the y-direction, 
the partial derivatives follow with the use of (4) as 


dw 

dx 


du . dv 
dx dx 


dw ^ du ^ , dv 
djy djy ^ djy 


(5) 


Assumin g the existence of the continuous partial derivatives, both 
results must have the same value, so that upon equating and 
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separating the expressions in u and v into real and imaginary parts 
one finds 

du ^ dv du dv 

dx dy dy dx 


the fundamental Cauchy-Riemann differential equations, which 
bring to light the inherent regularity of the analytic functions and 
constitute the necessary and sufficient conditions for any complex 
function to be analytic at a point P{x, y). The sufficiency follows 
from the fact that, if one now formulates the general expression 
for the derivative 


Aiy 
lim — = 


/du . dv\ 

(- h j — ) Ax + 

\dx ^ dxj 


KdyZl^y/ 


Ay 


Ax + jAy 


Ax—-►O 
Ay—►O 


and uses relations (6), one reproduces the expressions (5). 

It is also desirable to assure integrability of the analytic function 
/ (z) in the complex plane. With (4) one has 


fm dz = /<“+ jv) (dx + j dy) 

= J' (u dx — V dy) + jj* (udy + V dx) (7) 


For a closed regular path (which has no cross overs or discon¬ 
tinuities) in the real x- 2 /-plane, each of the line integrals can be 
transformed^ into a surface integral of the partial derivatives of 
u and V which already have been assumed to exist and to be 
continuous, namely, 



f(.udv + vdx).+ff(^^-^')dxdy 


However, for the analytic function, the Cauchy-Riemann equations 
(6) make the integrands on the right-hand side vanish at every 

^ This is essentially the divergence theorem (Gausses theorem) in two di¬ 
mensions; for the specific form see any book on advanced calculus, like 
Doherty and Keller,p. 247; Sokolnikoff and Sokolnikoff,^^ p. 173; as well 
as all references on functions of a complex variable. 
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regular point, so that for any closed regular path entirely within a 
regular region one has 


y Siz) dz = Q 


(9) 


Therefore the integral over any open path in a regular region cannot 
depend on the path itself but only on the end points (Cauchy's 
integral theorem) and will itself be an analytic function of either 
one of the limits, since its derivative is/(^) which was assumed to 
be analytic in the first place. It further follows that for analytic 
functions derivatives of any order exist and that, in turn, they are 
all analytic functions. 

Conjugate Functions and Potential Fields. From the 
above it is assured that the higher partial derivatives of u{x^ y) 
and v{x, y) exist. Differentiating, therefore, the first of equations 
(6) wnth respect to x and the second with respect to y and adding 
both, or, conversely, differentiating the first with respect to y and 
the second with respect to x and subtracting both, one obtains 


d^u d^u ^ dh dh 


( 10 ) 


Both the real and imaginary part of w = /(2), considered as func¬ 
tions of the ordinary real coordinates x and ?/, satisfy the Laplacian 
differential equation and thus are harmonic functions and solutions 
of potential problems (see section 2). 

As real functions of the tw o variables x and y^u = cons, as well 
as z; = cons, defines families of curves in the real rr-2/-plane as in 
Fig. 25*2; the slopes of these two families are related, as division 
of the Cauchy-Riemann differential equations (6) reveals 

du/dx ^ __ dv/dy 
dujdy dvjdx 


i.e., the two families of plane curves are mutually orthogonal. It is 
customary to identify the real part of the complex harmonic 
function w as the potential function; then in the form w = u jv, 
V is called the conjugate^ function or the harmonic conjugate to u; 
in the form (—jw) = v — ju, (—w) is called the conjugate func¬ 
tion, or harmonic conjugate to v. Since u and v can be conjugate to 

® This should not be confused with the definition of conjugate complex 
numbers given in connection with (2). 
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each other, one frequently designates them as ^^conjugate func¬ 
tions.” Because of the mutual orthogonality, the conjugate 
function defines the gradient lines or field lines of the potential 
field, so that the complex harmonic function gives at once the 
entire orthogonal field geometry without necessitating further com¬ 
putations. On the other hand, if only u{Xy y) is given as a real 
harmonic function (satisfying the Laplacian differential equation), 



Fig. 25*2 Use of Conjugate Functions in Electrostatic Field. 


then one can construct an analytic function {u + jv), whereby v 
is found for example from (6) by integration of the derivatives 
of u{x, y) 


' =/(f: 




dx + 


— dy\ 
dx 


( 12 ) 


It is self-evident that the sum of two complex harmonic functions 
(wi W 2 ) is again a harmonic function and therefore sums of 
conjugate functions are again conjugate functions. It is also 
readily shown that, if t = r + js is an analytic function of 
w — u + jv, and this in turn an analytic function oi z = x + jy^ 
then t is also an analytic function of {x + jy) and r and s are con¬ 
jugate functions of x and y. Since 


dr 

dx 


dr du dr dv 
du dx dv dx 


and the Cauchy-Riemann equation are valid, one has 
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showing the validity of the Cauchy-Riemann equations for r and 
s in terms of x and y and therefore their conjugate relationship. 

The use of conjugate functions will be discussed as they apply 
to the mapping of electrostatic potential fields, but transfer to any 
other field problem can readily be made by means of table 9*1. 
Assume, then, in the complex harmonic function w = u + jv, the 
real part u{x, y) = ^ SiS the potential function; the field strength 
vector E follows as gradient in the real x-y-plane 


E, 


du 

dx 


E, 


du 

dy 


(13) 


and the complex combination, taking into account the second 
relation (6), gives^ 




(14) 


Comparison with the first relation in (5) shows that this can also 
be expressed as 


£ = - 




(15) 


so that the absolute value of the complex derivative is a direct 
measure of the field strength and the conjugate complex derivative 
is the equivalent of the two-dimensional gradient of vector analysis. 

The dielectric flux per unit length in a two-dimensional Cartesian 
system between any two points in the field is given by 


^1 = r^D dS 



{Dx dy — Dy dx) 


Using (13) but substituting the derivatives of v from (6), one has 

/ dv dv \ 

or the dielectric flux between 1 and 2 is measured by the difference 
of the values of the conjugate function at the two points. There- 


^ In what follows, any vector field quantity appearing as a complex number 
will be designated without indices or other distinctive marks; the absolute 
value will be designated by two vertical bars and any component by a suitable 
subscript. 



284 


Two-dimensional Analytic Solutions [Cli. 7 


fore, one frequently calls the conjugate function also the flux 
function (or stream function in hydrodynamic problems). 

One can also establish the relationship to the method of curvi¬ 
linear squares (section 19). Selecting two equipotential lines Ui 
and U 2 in Fig. 25 • 2 with a potential difference 

— Ui — U2 = 1^1 As' = jE^Ax' + EyHy' (17) 
and two flux lines Vi and V 2 to give the same numerical difference 
Vi — V2 = \E\As'' = ExAy' — EyAx'^ (18) 

then one must have 

At/" = Ax', Ax" = —At/' 

the two elements As' and As" must be of equal length and, of 
course, orthogonal to each other. Or also, with the potential 
difference between electrodes divided into equal increments and 
flux lines selected by choosing values of v with the same increments, 
one obtains at once the analytic equivalent of the curvilinear 
squares. The capacitance of the individual curvilinear square is 
then again e as in section 19. 

Given two electrode surfaces of potentials ^ Ui and <^ii = 
Uii, with values of flux function Vi and vu measuring the total 
flux of the vector E between these electrodes (or those parts of 
interest), the capacitance per unit length (total or partial) is then 



Ui — Uii 


(19) 


This can at once be translated into all other potential fields by 
means of table 9*1. 

Finally, one can take from (14) with (5) 


„ . du , dv 

— Ex + jEy = ~ + J “ 
dx dx 


dw 

dx 


dw 

dz 


or, taking the logarithm of both sides, 

i In (£;/ + Ey^) +j(ir- tan"* = In = P + jQ (20) 

The lines of constant field strength are thus defined^ by P = 

^ Re(ti?) means the real part of the complex function, Im(it;) the imaginary 
part. 
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Re 

Q - 


O-l) 


> and the lines of constant direction of field lines by 


Im 


(■”S: 


^ • This is of particular interest in flow problems, 


but has significance in all design problems. 

An investigation of all analytic functions will, therefore, lead to 
a corresponding array of potential solutions, whereby again simple 
types of fields can be superimposed to give solutions for more 
complex cases. 

Line Charges and Line Currents (Source and Vortex 
Lines). One of the most widely used functions is w = F In Zy 
where F is a constant to adjust for physical scale quantities. 
Assuming F to be real, then, 


w = F In z=^F In r + jF<t> = u + jv (21) 

representing concentric circular equipotential lines and radial field 
lines as the charged line (12-28). To stay within physical inter- 
pretability, i.e., make In z single valued, the angle </> must be 
restricted to 0 ^ </> < 27r, laying a barrier plane at 0 = 2t, for 
example. As an analytic function, In z is regular in the entire 
2 -plane except at the origin 2 = 0, where the derivative 1 jz becomes 
infinite, corresponding to the location of the line charge. To 
avoid this singularity one can admit a very small but finite radius 
of the charged line, making it a quasi line charge, as indicated in 
section 12. The total dielectric flux per unit length from the line 
according to (16) is the difference between the extreme values of 
the flux function along an equipotential line, i.e., 


^ = 6(?V=o 2^<^=27r) = — eF27r = X (22) 

The field vector is 


so that F = — X/27re as noted in table 25-1. 
according to (15) 


27re \z) 2’Ktr 




(23) 


and is directed radially outward. 

Interchanging potential and flux lines (with V real) 

w = In 2 = V(f> — jV In r = u + jv (24) 

one has the magnetic field of a line current (vortex line) as in 
(13-36), for which the magnetostatic potential 7 ^ u. The 
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*S = X/27re (electrostatics) or II2xy (for current flow in thin sheets) 

V =* —//27r (current in negative direction in right-handed system) or r/2T ffor hydrodynamic circuitation). 
t hydr. = hydrod 3 niamic example; curr. = current flow example. 
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potential values must now be made unique by introducing the 
same barrier plane as before, restricting 0 ^ < 27r; as seen, the 

potential increases with angle 0, so that the field lines are directed 
clockwise. The constant V must now be determined from the 
fact that the line integral of the field vector which equals the po¬ 
tential difference across the barrier is also the value of the current 
causing the field; thus, integrating in the mathematically positive 
sense, 

^H ds = = F(0 - 2t) = / (25) 

SO that V = — //2tr. To avoid this negative sign, which just 
expresses the fact that clockwise field lines belong to a current 
in the negative third axis direction of a right-handed coordinate 
system, one could, of course, choose a positive sign in (24), but 
then either the potential values w^ould be negative or one would 
have to introduce u = V(27r — (f>) as potential function; all these 
possibilities have been used. In hydrodynamics, where the con¬ 
cept of vortex line originated, this difficulty does not arise because 
the velocity vector is usually defined as positive gradient of the 
potential function (table 25*1). 

The single vortex line can also be used to represent the field 
between two coplanar potential surfaces with an infinitesimal gap 
between them as shown in Fig. 25 •4a, In this case, the constant 
V is to be chosen as (4>i — 4>2)/7r and one adds the constant ^2 
which is always possible, obtaining 

. 4>i — ^2 1 , ^ 

11 ; -= -In 2 ; + ^>2 

TT 

= [($1 - $ 2 ) - + f-zl -j In r (26) 

L TT J TT 

as the complete solution for the upper half 2 -plane. 

Superposition of two equal line charges with opposite sign, i.e., 
of a source and a sink line, leads to the same results as in section 
12, permitting the same general use for finite cylinders. Table 
25 • 1 gives the function as well as several references using it and 
showing graphs; the notation is illustrated in Fig. 25*3 for a con¬ 
venient choice of coordinates. If the two charged lines recede 
symmetrically to infinity, one has 
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otherwise vanish. Then, for <#>i — ir, <t >2 0, one should have 

u = ^2 which requires V = (^2 ~ for <t>i = <t >2 = tt one 

finds then again. Thus, 


, — z + a 

w = +j -In-h 




z — a 

$2 


(<t>i — <^ 2 ) 


+ (29) 

J TT 72 


is the complete solution for the upper half 2 -plane. 

For more than two source or vortex lines, the same process of 
superposition can be followed. Solutions have been given for N 
coplanar charged lines® and for N equally charged lines equally 
spaced on a cylindrical surface of radius R 2 and parallel to its axis. 
In the latter case, one can write the sum 

Z In (30) 

ZTTS = 1 


since Za = Rg exp (j27ra/N) are simply the n unit roots multiplied 
by the constant radius Rg. Close to the individual wires, the 
potential lines are practically radial; at a distance a little more 
than the mutual spacing, the potential lines merge into practically 
concentric circles; see Bewley,^^ p. 53, for N = G. 

Superimposing onto the cylindrical array (30) a concentric field 
by placing a line charge Qc into the center of the cylinder, one has 
the model of a cylindrical vacuum triode, with 

= —Xc In 2 — X^ In ( 2 ^ — 2 ^^) — 27re^^>o (31) 


where ^0 is a real constant to adjust potential values. Making 
the assumption that the grid wire spacing is small compared with 
the radial distances of the centers of the grid wires from both anode 
and cathode, one can take the contributions of the grid wire 
potentials as practically constant over these electrodes. The 
conditions are, therefore (see also Fig. 25*5), 


= $ = 0 on cathode where 2 = Rce^^ 

u = ^ = Vg on grid wires where 2 = 2^ + pge^ '^ > 

u ^ ^ = Va on anode where 2 = Ra^^"^ 

® W. H. Barkas, Phys. Rev., 49, p. 627 (1936). 


(32) 
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With Ra^ ^ Rg^ ^ Rc^ one can simplify the rationalization of 
In {z^ — Za^), so that corresponding to (32) one has 

0 = —Xc In Rc — \g In Rg^ — 27rev^o 

2irz^Vg = -X, In - X^ In {Rg^-^Npg) - 27r£,,^o \ (33) 

^TTEvV a — — Xc In Ra — \g In Ra^ — 2t£v^Q j 

from which one can readily evaluate the line charge values. The 
amplification factor, defined as the ratio of the partial capacitance 



Fig. 25 • 5 Schematic of a Triode with Cylindrical Structure. 

between grid and cathode to that between anode and cathode, 
follows then as^ 

^ dK/dVg ^ N In Rg/Rg 
^ ~ dK/dVa \nK„/Np„ 

Using a double grid of line charges, N positive on an inner and 
N negative on an outer cylinder at the same equal angular spacing, 
one obtains close to each doublet potential lines which closely 
approximate cable conductors.^ For = 3 and N = A complete 
solutions for electrical and thermal characteristics are given in the 
references. 

Infinite Arrays of Line Charges or Currents. The periodic 
functions of the meromorphic type, i.e., functions which behave 
like rational functions anywhere in the finite z-plane (excluding 

^ W. Schottky, Arch. f. EleMrot.^ 8, p. 1 (1919) and M. v. Laue, Ann. d. 
Physik, 69, p. 465 (1919); see also Rothe et al.p^ p. 89; Ollendorff,p. 156; 
Chaffee,p. 173; Dow,®“^ p. 39; and Spangenberg,®^^ p. 138. 

» G. Mie, E.T.Z., 26, p. 1 (1905); Ollendorff,p. 134. 
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the point at infinity), generally represent infinite plane arrays of 
line charges or line currents. Thus, with proper restriction to 
single values of the logarithm itself. 


is non-analytic at Zn — :±:nja, at periodic intervals along the 
imaginary axis. It behaves near these singularities like In 2 , 
i.e., represents positive line charges, since one can write there 
{2TrIa)z = 2Trjn + (27r/a)f, with f = »/ + small, so that 


w, 


near Zn 


= — — In 
27re 


. 2 t 27r 

cosh — f + sinh — f — 1 
a a 


- — In 
27r£ 


(^) 


(36) 


The field lines from the positive grid go towards + 00 , where 
y) = — (x/e)( 2 :/a); there is no field at z—> — co. Thus, (35) 
represents an infinite plane array of positive line charges with a 
superimposed uniform electric field parallel to the positive x~ 
direction and large enough to cancel the grid field as 2 : —> — 00 . 
An excellent graph is shown in Maxwell,^^^ I, Fig. XIII. 

For numerical application, one needs the real potential function, 
which is obtained by expanding 


/ z\ ( 2tx\ 2'Ky , . 2x7/ 

exp [2t~ ] = exp I-I cos —- + J sin —^ 

\ 0 / \ / L « a 


and, expressing the logarithm in polar form, 


= u{Xy y) = 



For distances from the grid array along the positive x-direction of 
the order of a, the grid wire spacing, one can disregard all but the 
first term, since « 500, and one has left a uniform field directed 
in the positive a;-direction with 
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with field gradient EP = X/ea. Closer to the wires one can write 

(a \ X \2Trx 

\2 / 47re [ a 

indicating a slight variation in the 2 /-direction, producing a wavy 
potential line. For values of ^ 0.2(a/27r), one can use the 
approximation (36), which means that one could use the same 
field picture for finite wire radii of the order of (0.2a/27r) or less. 
Assume now a conducting plane of ground potential placed at 
distance h a parallel to the plane of the grating as in Fig. 25 • 6a 
and add to the potential function (37) an arbitrary constant $o- 
Then, with (38) and (36), one has, respectively, 


= 0 =- h + ^irl=p — ~ "I” ^0 (39) 

m 27 re a 

where 4>(|f| = p) is the grid wire potential. Eliminating <I>o, one 
has 


^iri =P 


X / 2irh ^ j a \ 
2ire \ a ird) 


(40) 


which defines the capacitance of the “Maxwell’’ grating with 
respect to ground per unit length and for one section as 


Cl 



ZTre 


(—+ 1 ”^) 

\ a ird/ 


(41) 


This field distribution can be used for the capacitance of parallel 
antenna wires,® for the grid-cathode capacitance if the grid is 
very close to the cathode, and for the approximation of the wire 
effect in high-voltage windings.^® With the superposition of a 
uniform field it approximates also an infinite grid between two 
distant planes and has been used to compute the effect of grid 
wires in triodes on electron paths. 

® P. O. Pedersen, Zeits. f. Hochfrequenziechnik, 7, p. 434 (1913). 

W. Grosser, Arch.f. ElektroL, 26, p. 193 (1931). 

K. Spangenberg, Proc. LR.E., 28, p. 226 (1940), 
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Similarly, the function 

X , . TTZ 

w = — -— In sm — 
27re a 


(42) 


with restriction to the principal part of the logarithm to assure 
single valuedness, is non-analytic at Zn = ±na. Setting in the 
neighborhood of these singular points z = na + one has 


'*^near Zn — 



again equal positive line charges spaced at intervals a along the 
a;-axis. The potential function is upon rationalization 


^ = u(x, y)— -In cosh-cos- 

47r£ a a 


+ — In 2 (43) 

4x5 


which for values \y\ ^ (a/2) is practically a constant potential, 
so that one can introduce symmetrically located plane equipoten* 
tial surfaces and thus have an infinite grid midway between two 
parallel conducting planes. Proceeding as in the previous applica¬ 
tion, one finds 




\ firh , a" 
— — -f" In —: 
2x£ l a 


(44) 


from which again the capacitance can be computed,^^ or the resist¬ 
ance by use of (8-11). Interchanging potential and field lines by 
using Wi = —jw in (42), one has the solution for the magnetic 
field of a line current between two parallel magnetic eqiiipotential 
surfaces of infinite permeability and a distance a apart shown 
in dotted lines in the left part of Fig. 25T)?>; see Hague,p. 
167, and Walker,^^^^ p. 69. For an infinite array of vortex lines 
see Lamb,^^^ p. 207. Adding a second grid of negative wires as 
in Fig. 25 • 6c, one has 

w — — ^ In sin - (2 — jb) — In sin - {z + jb)\ (45) 
2xe La a J 

which gives at the plane y = 0 the potential $ = 0 and represents 
an infinite grid very close to a grounded conductor plane so that 
the image grid has to be used,^^ or the current flow in a thin metal 

^ In different form, but same result see Ollendorff,p. 158. 

J. H. Fremlin, Phil. Mag., 27, p. 709 (1939); also Spangenberg,®^® p. 162. 
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sheet of width a between two cylindrical electrodes^^ of small 
radius p as in the shaded area in Fig. 25* 6c. The capacitance 
between two of the opposite grid wires within one of the periodic 



Fig. 25*6 Infinite Plane Arrays of Line Charges: (a) Maxwell grating, 
(b) grating midway between parallel conducting planes, (c) parallel positive 
and negative gratings, (d) alternating grating, (e) dipole grating. 


strips can be obtained from (44) if one substitutes 2h for h. The 
resistance between the two electrodes if the metal foil has thickness 


t is then given by 


1 27r6 a 1 

-—- 1 " 

2^7^ L ’raj 


(46) 


Interchanging the potential and field lines in (45) leads to the 
magnetic field of two opposite line currents midway in an air gap 
of length a between two infinitely permeable magnetic pole faces; 
see Hague,p. 177, and Bewley,^^ pp. 158 and 137. Hague 
also uses two coplanar infinite plane grid arrays of like sign to 
simulate the effect of magnetic imaging if a single line current is 
in arbitrary position between ideal pole faces. All computations 
follow the same pattern as given above. It does not matter 

F. Ollendorff, Arch. f. ElektroL, 19, p. 123 (1927); also Ollendorff,p. 
159, and Rothe ei p. 96. 
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whether one uses trigonometric or hyperbolic functions, whether 
sin z or cos z\ as complex functions they differ only by constants 
or irrelevant shifts of the origin. 

An alternating array of line charges is represented by 

w = — ^ In (tan — ^ fin sin — — In cos —^ (47) 

27re \ a/ 27r£ \ a a) 

which can at once be considered a superposition of two arrays 
(42) interlaced so that the singular points are now spaced a/2 
apart. The potential function is found by rationalization as 


4> = u{x, y) = - —\n 
4x6 


cosh 


2Try 27rx 

-cos- 

a a 


2Try 2wx 

cosh —^ + cos- 

a a 


(48) 


Good graphs of the field distribution are found in Bewley,^^ p. 
55, and Rothe et p. 96. It can represent a thin infinitely 
long metal strip of width a/2 with tw^o thin electrodes at opposite 
sides, as (B) in Fig. 25-Gd, or it can represent a thin cylinder 
midway between parallel conducting planes, as at (A) in Fig. 
25-Gd and also treated in section 21. In the latter case, the 
potential vanishes at a; = zb (a/4); on the cylinder of radius p 
it becomes 


= p 


X 7rp X a 

— — In — = + — In — 
27re a 2Te Trp 


because tan (irz/a) ^ (irz/a) near the origin, 
per unit length is then 


Cl = 


27re 

In (a/irp) 


The capacitance 


(49) 


One can as well select any one of the equipotential surfaces which 
are of oval shape for example to simulate the cross-sectional shape 
of poles in a large generator and find the leakage flux between 
adjacent poles. 

An infinite plane array of dipole lines is described by the function 

B. Hague, Jl. I.E.E., 61, p. 1072 (1923). 
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for which the potential function becomes 


^ = u{x, i/) = + 


2‘7r£ 27rl/ 

cosh- 

a 


The analytic function has singularities at Zn = dbna; in their 
neighborhood, one has 2 = na + f, so that 

. X a 

which represents a dipole line of dipole moment Xa/7r per unit 
length directed in the positive t/-direction as indicated in Fig. 
25-6^. Superimposing a uniform field in the positive y- 
direction with a potential produces resultant field 

lines convergent in the neighborhood upon the dipole lines and 
remaining uniform at larger distance from the grid, as in the case 
of the single dipole line (21-20); this is readily seen by letting y 
become large in (51). There will exist an almost circular equi- 
potential line surrounding each dipole, which can be used to define 
a comparatively large cylinder and simulate the problem of a 
grating with radii p not negligible compared with mutual distance 
a. This radius can be determined by finding the point along the 
a:-axis where Ey = 0, where the imposed uniform field E^ equals 
the opposing field of the individual dipole. The field vector of 
the dipole grating can be found from (50), using (15), 

Along the a;-axis, y = 0, so that p can be determined from 


TT • 2 f'^P\ 
- sin^ ( — ) 

a L / 


or one can select the dipole moment for a given radius p. Assuming 
the resultant potential (<l>^ + ^) to be defined as shown in Fig. 
25-Ge, namely, €>r = +(F/2) at 1 / = —h and = ~‘(F/2) at 
y = +hy one has with h > a the conditions 


y = 


_ X , 2Th 

doEPh =F -— tanh- 

27 re a 
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With (52) these relations permit now the evaluation of the capac¬ 
itance. The charge per unit area on the conductor +(7/2) is 
(eJ^), since a uniform field gradient exists on it; the capacitance 
of the parallel plate condenser per unit depth and for a length 
Na '> 2h with the grating becomes with (52) 


Cl = 


NaeE^ 

V 


Nae 


2/i — 2 - sin^ 

TT 




(53) 


is therefore increased considerably as p increases. Lamb,^^^ p. 
68, has treated the flow of an incompressible fluid through such a 
grating of finite diameters. Ollendorff,p. 165, has used the 
interchange of potential and field lines to simulate the effect of 
round holes in transformer laminations upon the magnetic flux, 
assuming the uniform magnetic field lines parallel to the a:-axis. 

Elliptic Geometries. The inverse trigonometric or hyperbolic 
functions lead to confocal conics^ Because these are many valued, 
it is necessary to define the principal values carefully.The 
function 


w = sin ^ z 

z = sin w = sin u cosh v + j cos u sinh v 


(54) 


gives upon separation of real and imaginary parts 
X = sin u cosh v, y = cos u sinh v 


from which, by elimination of u, and respectively z;, one finds 
\sin u/ \cos u/ 

(cosh (sinh z;) 


(55) 


These relations define the lines u = cons as confocal hyperbolas 
and those v = cons as confocal ellipses. One can interpret the 
field as that produced by two coplanar equipotential planes with 
a gap of width 2 between their edges, as shown in Fig. 25 • 7. In¬ 
terchange of the confocal families by using 

Wi{z) = —jw = —j shr^ z = — sinh“^ (js;) 

B. Dwight, Tram, AJ,E,E,^ 61, p. 851 (1942). 


(56) 
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leads to elliptic cylinders as equipotential surfaces; see Maxwell, 

I, p. 290, and also Fig. X; in the limit these become a plane strip, 
the reverse of Fig. 25*7, which has been used to evaluate the 
capacitance of bus bars.^^ Flow of an incompressible fluid through 



a slit as in Fig. 25-7 or around a plane strip is treated in Lamb,^^^ 
p. 69. 

As a special case one might consider 

w = z"\ z = (57) 

which leads upon rationalization to 

zt'\/x^ + i/] 

^ _ (58) 

= -mx =F Vx^ + i/] 

constituting coiifocal parabolas and giving the flow of an incom¬ 
pressible fluid around a single plate, as the left-hand one in 
Fig. 25*7; see Prandtl-Tietjens,^^^ p. 157. 

Construction of Conjugate Functions. It would, of course, 
be desirable to construct for a given equipotential surface 
f(Xj y) = 0 directly that analytic function which is the complex 
potential solution with f(Xy ?/) = 0 as boundary. This, however, 
can be done only for unicursal curves which are uniquely defined 
by a single parameter. 

To find the complex potential w(z)j describe the conductor 
surface/(x, ?/) = 0 in complex form as 


z* = x*{p) +jy*{p) 
D. Gabor, Arch. f. Elektrot., 14, p. 247 (1924), 


(59) 
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where p is the real parameter. On the other hand, the inversion 
of w{z) would lead to 

z x + jy = x(u, v) + jy{u, v) 

If one lets here u = 0 and selects x = x*, y = j/*, he again describes 
the conductor surface in complex form with potential u = 0 and 
parameter v = p. The analytic potential function w{z) is then 
actually found by the inverse function 

z{w) = x*{-jw) +jy*{-jw) (60) 


or essentially by replacing in (59) the real parameter p = ?; by 
the conjugate functions v — ju ^ which assures analyticity 
of z{w) and reduces to (59) for u = 0. Expressing from (60) w 
as a function of z gives the final explicit solution;^® this, however, 
is frequently not possible. 

Assume an elliptical cylinder as conductor, with major axis 2a 
and minor axis 2b. The expression for the ellipse in normal and 
parametric forms is 


©H0 


= 1, a: = a COS p, p = 5 sin p 


where the parameter p is actually the generating angle of the 

ellipse from the two bounding circles of radii a and 6. In complex 

form this gives * , i • 

z^ = a cos p + jb sin p 

and, replacing p by one has 

z = a cos (—jiv) jb sin {—jw) (61) 

This can be transformed into 

w = cosh”^ (z[a^ — b^]'~^) — tanh””^ - (62) 


an inverse hyperbolic function, as one would expect from the 
preceding subsection; Jeans,p. 270. The equipotential lines 
can be found more directly from (61) as 

( Y + ( . 1 , „ . tenh- 

\a cosh {u + OL/ \b sinh {u + a)/ \a/ 

(63) 

^ Jeans,p. 269; S. Higuchi, Technology Reports of Tohoku Univ.f Sendai^ 
Japan, 10, No. 4, p. 38 (1932); Smythe,^^^ p. 78. 
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From this, one can find the potential ui of another elliptic cylinder 
of major axis ai = a cosh (ui + a)/cosh a; with the flux function 
from (62) one can then evaluate the capacitance by (19). For 
other unicursal curves such as the cycloid, epicycloid, catenary, 
and some spirals see Higuchi, loc. ciL 

26- CONFORMAL MAPPING 

The discussion of properties of functions of a complex variable 
^ = /(2) has already introduced in Fig. 25*1 the concept of a one- 
to-one relationship of points in the w == u + jv plane to those in 
the z = X + jy plane and vice versa. One considers the ly-plane 



Fig. 26 • 1 Conformal Mapping by Analytic Functions. 

a map or representation or transformation of the z-plane. The 
existence of a non-vanishing derivative of f{z) at and in the neigh¬ 
borhood of Zj which assures that the function is analytic there, has 
unique geometric consequences. Consider Fig. 26*1; let Wi and 
W 2 be in this order the images of Zi and 2 : 2 , and assume their re¬ 
spective distances from w and z to be the infinitesimal and cor¬ 
responding elements dwi^ dw 2 j and dzi, dz 2 ^ Obviously, dwi must 
be the map of dzi and dw 2 that of dz 2 and, in polar form, 

dwi = dSie^^^y dzi = 

dw2 = dS2e^^, dz2 — ds2e’“* J 

Now, because of the existence of a non-vanishing derivative, the 
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ratios of the two pairs of elements must have the same value, so 
that 

Oil) _ ^'^2 _ dS2 ^y(A2~a2) _ (2) 

dzi dsi dz2 ds2 


BothM = 


dw\ 

dz 


and fi can depend only on the location of the point 


P{x,y) or on the value of z. Comparison of the arguments shows 
also 

Ai — A2 = a\ — a2 = OL 


or that the angle between the two elements dzi and dz 2 is the same 
as that between dwi and d'W 2 in magnitude and in sense. Thus, 
going from the z- to the i(;-plane, the whole infinitesimal neighbor¬ 
hood of the point z is rotated through a definite angle m and enlarged 
or reduced in a definite ratio according to the scale factor M ^ 1; 
in other words, the transformation maintains infinitesimal pro¬ 
portionality: the regions about the corresponding points z — x + 
jy and w u + jv are infinitesimally similar. This means further 
that angles between intersecting curves in the 2 :-plane are preserved 
between the corresponding curves in the t^-plane; in particular, 
orthogonal families of curves in the 2 -plane remain orthogonal 
when mapped into the w;-plane, however much they may appear 
distorted in finite dimensions. A transformation of this kind is 
called conformal transformation or conformal representation or con¬ 
formal mapping. 

Any analytic function provides conformal mapping at all its 
regular points where its derivative does not vanish. It can be 
shown also that the converse is true, that functions u{x^ y) and 
v{x^ y) which provide conformal mapping can always be combined 
into an analytic function u + jv = f{z). 

Transformation of Potential Problems. Potential fields 
satisfying the Laplacian differential equation in the x-y-plane are 
described by harmonic functions (see section 2), or analytic 
functions in the complex domain. To find a solution in the x- 
2 /-plane one can either use conjugate functions as described in 
section 25 or one can conformally map the geometry of the x- 
y-plane onto a u-?;-plane by means of an analytic function w = f{z) 
and then solve the potential problem in the transformed geometry. 
In the first case one identifies the potential function y) with 
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the real part u{Xj y) of the complex function w{z); in the latter 
case, now to be discussed, one has to find the potential solution 
as a function of the new coordinates Uj v. One can obviously 
find or construct a complex potential solution 

P{w) = v) + jS(w, v) (3) 

where 2 is the conjugate to v) and is the electric flux function, 
so that the dielectric flux between any two points becomes 

^ = e(Hi -- E 2 ) (4) 

as in (25*16); the curves v) = cons and E {u, v) = cons will 
again form curvilinear squares in the tt- 2 ;-plane if one selects equal 
increments. 

The transformation of the Laplacian differential equation for 
from the a:-?/-coordinates to the it-?;-coordinates (which are assumed 
to be harmonic functions of Xy y because of the analyticity of the 
mapping function) can be performed directly, since 


dx 

dx^ 


du d4> dv 

du dx dv dx 


^ ^ ^ ^ ^ d^ /^Y 

du dx^ dip \dx) dv dx^ dv^ \d:c/ 


and similarly for the ^/-derivatives. In the sum representing the 
Laplacian in x, ?/, the first derivatives d^/du and d^/dv appear 
multiplied by the Laplacians of u and Vy respectively; both of 
these vanish because of (25*10). Using for the remaining terms 
the Cauchy-Riemann equations (25*6), one finds 


dx^ ^ dy^ dv^) \dx) \dx) J 


(5) 


The factor to the Laplacian in u, v is the absolute value 


dw^ 

dx 


2 

because of (25*5) and on the basis of the existence of the 

derivative oi w{z)’y but it must be further required that dwfdz 9 ^ 0 
in order to obtain for <I>(w, v) again the Laplacian potential 
equation. The Laplacian potential equation is therefore in¬ 
variant to conformal mappings of the geometry at all regular points 


dw 

dz 
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of the analytic mapping function where the derivative does 
not vanish. 

The field vector in the t^-w-plane is given as in (25*15) by 


Eu + jEv 



( 6 ) 


It can readily be transformed into the original geometry in the 
a;-i/-plane by _ _ 


Ex + jEy 


dx ^ dy 



( 7 ) 


since P as analytic function in the lo-plane is also analytic in the 
z-plane (section 25). Indeed, one can evaluate it in the 2 ;-plane 
directly from the mapping function without first finding it in the 
i(;-plane, as long as one has evaluated the complex potential 
solution P. The absolute value of the field vector is from (7) 


IE|(.) = 



( 8 ) 


and transforms in the direct geometric transformation ratio at 
each point, so that integrations of charge densities over correspond¬ 
ing conductor surfaces in the two planes give the same result. 
Therefore, capacitances, inductances, resistances evaluated in the 
ly-plane geometry and expressed in terms of 2 ;-plane dimensions 
have the same values as if evaluated directly in the 2 -plane from 
the potential distribution there. 

This can also be seen if one considers the field energy. The 
energy density as given in (3*20) can be expressed by using (8) 

and observing that on account of (2) for two orthogonal elements 
2 

dxdy; thus 


dudv = 


dw^ 

dz 






dw^ 

dz 


du dv 
dw^ 
dz 


( 9 ) 


demonstrating that it is invariant to conformal transformations. 
The total field energy in corresponding field spaces will therefore 
be the same. 

One might inquire into the transformation possibilities of space 
charge problems. Since field energy density can be expressed in 
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the alternate form (3-18) and the potential is invariant, one has 


(p)(*) dxdy = (p)m 


du dv 
dw\ 
dz 


— (p)(ty) du dv 


( 10 ) 


or one must transform space charge densities in the ratio 


\dw\ 

dz 


-2 


from the x- 2 /-plane into the w-y-plane in order to preserve invariance 
of the Poisson equation, which now becomes with the Laplacian 
from (5) 


^ (p)w 

du^ dv^ 6 


( 11 ) 


The same is, of course, true for the two-dimensional magnetic 
field problems involving current distributions and being described 
by one component of the vector potential.^ 

Points of Non-conformality of Mapping. The fact that 
conformality is maintained only at regular points of the mapping 
function at which its derivative does not vanish requires a brief 
and reassuring examination of the properties of analytic func¬ 
tions and their derivatives. All discussions refer to one-valued 
functions or to the properly restricted domains of many-valued 
functions. 

Assume f(z) to be analytic at every point in a region R of the 
x-y-p\txne around a point zq. Then f{z)/z — Zq will also be analytic 
there and even very close to z — zq, except directly at z = Zqj 
where the derivative does not exist; one might exclude this point 
Zq by a small circle C' as in Fig. 26-2. The integral of f{z^) over 
any closed curve T around Zq and with points z' wholly within R 
vanishes because of Cauchy^s integral theorem (25*9). Now the 
integral of f(z')/{z' — Zq) over the same closed curve T will not so 
vanish; but because of (25*9) it can be contracted into the small 
circle along which one can express 

( 2 ' — Zq) = dz' = jpe^'^ d\l/, z' = Zq + pe^'^ (12) 

This then gives 

J C f(z') dz' 

f = 3 / /(2o + pe^'^) = 2rjf{zo) (13) 

c' z — 2o 

^ For an interesting application to inductance calculations of eccentric 
circular annular bars see T. J. Higgins, JL Math,, and Phys.^ 21, p. 159 (1942). 
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where p can be made so very small that f(z') —>/(2o)* 
(13) leads to Cauchy^s integral, 


27rj J z — 2o 


Relation 


(14) 


which states that the value of an analytic function at any point z^ 
in a regular region can always be expressed in terms of the known 
values along a regular closed curve within li surrounding that 



Fig. 26*2 Series Expansion of Analytic Functions. 


point. Not only the function itself, but also its derivatives at 
eo, can be expressed by integrals because of the assumed regularity 

of /(z'), 


d/(zo) 

dzo 



f{z') dz' 

iz' - zo? 




f{z') dz' 
{z' - 


(15) 


Designating the distance \z' — Zoj = r', then one can see at once 
that the derivatives have as upper bound 




(16) 
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The value of the function f(z) at a point z in the region R 
(Fig. 26*2) can now be expressed in a power series with the point 
zo as center and with a range of validity, say, to circle C, Since 


J - Z {J - Zq) - {z - Zo) 

=r 1+4::!^+(4^ Y+• • • 1 

z - Zo I z - Zo \z - Zo/ J 


is absolutely convergent because \z — Zo\ < \z' — Zo\t one can 
multiply each term by f(z') dz' and integrate over the circle C, 
which gives with (14) and (15) at once 


/(2) = /(2o) +/'(20)(Z - 20 ) + i/"(20)(2 - Z0?+- ' 

= i; a„(2 - 2o)“ (17) 

a=0 

This is a Taylor series expansion; breaking off at a finite value a, 
one can estimate the remainder by (10). The series (17) is 
definitely convergent within any circle C within which the 
function/( 2 :) is analytic at every point; this form illustrates that 
the derivatives are also given by convergent Taylor series expan¬ 
sions. For rational functions, the Taylor series reduces to a 
polynomial with no derivatives of higher order than the poly¬ 
nomial. 

If in the Taylor series (17) the first coefficient vanishes, or 
«o = f{zo) = 0, then zo is a root of the first order; in this case, 
f(z) has a vanishing derivative of the first order and can be 
written 


f{z) = (z - Zo)[ai + a2(z - Zo) - ] = (2 - Zo)g{z) (18) 

where now g{z) is without root at z = zo- If the first m coeffi¬ 
cients are zero, then zo is a root of mth order, a factor {z — Zo)^ 
can be isolated, and the first m derivatives vanish. It is important 
to note, however, that a root occurs only at an isolated point, since 
(18), for example, gives non-vanishing values for any z except 
exactly z = zo^ Indeed, one can show (for example Kellogg,^^® 
p. 352) that, if f{z) should vanish in infinitely many points 
within R, then it must vanish all through R, This means for 
conformal mapping that within any finite regular region of a 
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mapping function there can be only a number of zeros or roots 
of the function where the derivative vanishes, that all these roots 
occur at isolated points and can be excluded by extremely small 
circles around each of them, and that in the immediate neighbor¬ 
hood of the root values conditions of conformality exist. 

Should/( 2 ) be regular everywhere within R in Fig. 26*2 except 
at the point where f —> qo or, better, where the derivative 
f(zo) does not exist, then the Taylor series expansion cannot be 
used, since its very basis (14) does not apply. It is possible, 
however, to give a power series expansion for the region bounded 
by C on the outside and by the small circle C' on the inside, if one 
extends the integral (14) over C and C' and connects these two 
circles by the closely spaced parallel lines ah and cd in Fig. 26*2 
to provide essentially one single continuous and completely 
analytic path without encircling zo itself.^ Because the contribu¬ 
tions of ah and of cd are equal and opposite, one can really dis¬ 
regard them and consider only C and C'. On C one proceeds as 
for the Taylor series; for 2 ' on C' one develops, because of opposite 
direction of integration, 

1 1 
2 ' - 2 (2 - 2o) “ ( 2 ' - 2o) 



This again is absolutely convergent because now \z — zo\ < 
[2 2 o| along C\ Multiplying this expansion term by term by 

f{z') dz and integrating over C' give its contribution to the closed 
integral. Combining this latter with the Taylor series for C gives 
the total result 

/( 2 ) = T{z - 2 o) + —^ ^ ' (19) 

2 Zq \Z Zq) 

where T{z — Zq) is the right-hand side of (17), portraying the 
regular behavior of the function far from 20 , whereas the extra 
terms portray the singularity existing at 20 . The values of the 
coefficients ha are from the above 

61 = ^ £f(z') dz'; ^ £ ( 2 ' - 2 o)‘^V( 2 ') dz' ( 20 ) 

^ The direction of integration along the boundary of any region shall always 
be such that the region lies to the left of the path of integration. 
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If only hi is different from zero, the function/(z) is said to have a 
pofe 0 / the first order at z = Zq; it is obvious from (19) that the 
derivative does not exist at z = zo, in fact, that it must have a 
pole of second order there; indeed, all higher derivatives must have 
poles of one order higher than their order. The function (z — zq) 
/(z) = g(z) is, of course, regular in the entire region R and can 
again be represented by a positive power series like (17). If the 
highest order non-vanishing coefficient is bmy then zq is a pole of 
the mth order and one can segregate a factor (z — ZoT^- It is 
again important to note, however, that a pole occurs only at an 
isolated point, since (19), for example, gives non-infinite values for 
any z except z = zq. This means for conformal mapping that 
within any finite regular region of a mapping function there can 
be only b. finite number of poles of the function, that all these poles 
occur at isolated points and can be excluded by extremely small 
circles around each of them, and that in the immediate neighbor¬ 
hood of the poles conditions of conformality exist. 

If the number of coefficients ba is unending at a point Zq, then 
it is called an essentially singular point, and it can be shown that 
in its neighborhood there exists an infinite sequence of points (a 
distinct point set) at which/(z) either takes on the same value or 
has a pole of first order. The neighborhood of essentially singular 
points is therefore unsuited for conformal mappings and must be 
carefully avoided. 

Whether or not a transformation can be considered conformal 
at z = 00 is a matter of convention. Mathematically, it has 
become customary to attach to z = 00 the characteristics of a 
point because by a transformation 



z 


the region z = 00 of the z-plane is transformed into a definite 
point, i = 0 (origin), of the f-plane. In fact, one defines the 
characteristic of a function at the point z = 00 as identical with 
the character of the same function of argument t — 1/z at ^ = 0. 
Thus w = z^ has a pole of second order at z = 00 , because w* = 
1/t^ has a pole of second order at t — 0, In fact, all positive 
power polynomials are regular in the entire z-plane and have a pole 
at z = 00 of the same order as the highest power of z indicates. If, 
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therefore, an analytic function is regular everywhere, including 
2 = 00 , it can only be a constant (theorem of Sturm-Liouville). 

Simple Linear Mapping Functions. The only class of 
functions that assures one-to-one relationship between the entire 
2 - and the entire w;-plane without restriction except for a zero or 
a pole is the class of linear functions. It illustrates rather well a 
great variety of possibilities in simple form. To identify cor¬ 
responding points and regions, it is advisable to use numbered or 
lettered coordinate lines of either uniform square mesh or of polar 
type. 

The function 

w = z + Zoj u = x + Xq, V = y + ijo (21) 

is a simple translation or shift of the origin. The function 

w = mz = (22) 

is for |m| = 1 a pure rotation of the 2 :-plane by an angle ju; for 
jit = 0 a pure scale change by a factor uniform in all directions, 
a contraction for \m\ < 1 and a dilation for |ml > 1; and for the 
general case a combined rotation and scale change which could be 
done in two steps 

zi = \m\zj w — e^^Zi 

The combination of (21) and (22) superimposes also a shift of the 
origin, or a translation. These transformations have not intro¬ 
duced any finite distortion, circles remain circles, and straight lines 
remain straight lines. 

The transformation by 

w = - = (23) 

z r 

is of the type of inversion; however, because of the change in sign 
of the argument, angles are mirrored. In addition to inversion 
at the unit circle there is also inversion at the real axis. Figure 
26*3 indicates the relationship between z- and w- planes. Any 
potential problem in the border-shaded infinite region outside the 
quarter circle 1-4 in the i><;-plane has its counterpart within the 
small region 0-I-4-0 in the 2 ;-plane. The function \/z is analytic 
everywhere in the plane except at the origin 2 = 0, where it has 
a pole of the first order; thus, the origin is to be excluded from the 
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mapping region by a very small circle, corresponding in the vh 
plane to a very large circle, excluding it; = qo as a “point.” Any 
potential solution can, therefore, not be considered to remain 
regular in the point ^ = 0 itself. This can be seen at once if one 
considers current flow in a thin metal sheet shaped as the quarter 
circle 0140 in the 2 -plane and thin rod electrodes applied, a posi¬ 
tive one at 1 and a negative one at 4. If the point 0 is admitted, 
the current density would have two directions, one from 1 towards 
0 and the other from 0 towards 4; this condition does not exist 
ever so close to 0, it holds only for the mathematical point 2 = 0; 
the exclusion of 0, which resolves this difficulty, can be interpreted 




Fig. 26-3 Mapping by to = l/z, Complex Inversion. 


as admission that no physical metal sheet could ever actually 
possess the mathematically sharp corner. The same argument will 
apply in all cases of poles and roots of a mapping function. 

A different interpretation of the same mapping function is 
obtained by writing it 


1 

W = U+JV = - = 


-J 


y 


+ y 


(24) 


As Fig. 26-4 illustrates, the square net of lines parallel to Vr and 
r-axes in the ir-plane corresponds to circles passing through the 
origin in the 2 -plane. Several corresponding areas are indicated; 
if they are cut out in the shapes shown to be the maps of the 
shaded squares of the tt^-plane, they will all present exactly the 
same resistance between electrodes placed at opposite corners, such 
as 24-1, 2-13, 6-19, 23-1; in the last case, I itself is actually excluded 
but one can go ever so close. 
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This mapping function can be used to solve any problem involv¬ 
ing orthogonally intersecting cylinders. The two cylinders drawn 
in dotted lines in the 2 ;-plane and marked w=+l, y = —2 be¬ 
come the two corresponding planes in the i^-plane, the exterior of 
the cylinders corresponding to the area in the right angle. It is as 
if the cylinder surfaces had been separated at I and straightened 
out into planes and stretched to infinity at the same time, preserv¬ 
ing the original right angle at A, Placing a line charge +X any¬ 
where outside the cylinders and parallel to them one can find their 
capacitance by solving the problem of a line charge +X between 
orthogonally intersecting planes in the ly-plane. Specifically, take 



the diameter of the larger cylinder as d; then that of the smaller is 
d/2; locate the line charge (+X) at point 7 with x = 0, 2 / = d. 
The introduction of diameter d for unity in the 2 -plane means that 
the unit circle is replaced by a circle of radius d, and thus Wi = 
d^/ 2 , the mapping function instead of (24); this is readily evident 
from (23). The geometric image of the line charge 1 in the w- 
plane has then distance d from both planes; its electrical images 
are therefore at the corners of the square of side 2d, center A. 
Ascribing zero potential to the cylinders and a small radius p to 
the line charge (+X) in the 2 -plane gives zero potential to the 
planes and radius p' to the geometric image, namely, 




• p = p 


\z =jd 


\z =Jd 


(25) 
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using the basic relation (2) for small distances and realizing that 
circles remain circles and that on the circle of inversion no scale 
change takes place. The potential on the surface of p' in the w- 
plane will be the resultant of the four line charges and will be 
identical with that of the original wire in the z-plane 


%' — % = ^ (—In p + 2 In 2d — In 2\/2d) 



(26) 


so that the mutual capacitance between wire and cylinders per 
unit length is 



The treatment is somewhat similar to, but very much more 
straightforward than, inversion on the cylinder in section 23. The 
same method can be used if the two cylinders are of dielectric 
material e with the line (charge at 7; in this case one would have to 
use the image theory, section 21, to solve the line charge betw^een 
two orthogonally intersecting dielectric plane boundaries. Many 
other similar problems can be simplified in field geometry by this 
elementary mapping function. 

As a further example take the cylindrical surface of diameter d 
(so that again Wi = d.^/z is used) in the z-plane passing through 7 
and I and marked as y = —1 in Fig. 26*4 as a conductor, split it 
along 7 and I with a ver}^ small gap and apply potential 4>i to 
the right half containing point 8, and 4>2 < to the left half con¬ 
taining point 6; find the capacitance and field distribution. The 
map in the ii;-plane Vvill be the line V 2 — —d with point 7 on the 
2 ^-axis and point I at infinity. These are now two coplanar equi- 
potential surfaces of the same arrangement as in Fig. 25-4 for 
which the complex potential solution is known. To provide 
identity, one has to use a shift of origin and a rotation through tt, 
so that by (21) and (22) 

W2 = {v)i + jd)e^'^ = 
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gives the exact 2 :-plane arrangement of Fig. 25-4. For this, the 
solution in form of the complex potential function (3) is from 
(25-26) 

P = ^ + jS = —j — - — In W 2 + 4>2 (28) 

TT 


Upon simple rationalization one finds the complete solution 

^ 4^1 - <^*2 , + 2/^)1 

4>(a;, 2 /) = 4>i- - -tan - — -J 

(29) 

S(x, 7j) = - 2Tr^^ (^2 ^ y2^2 - 7/)2] 

Along the two conducting semicircles one has yd = (x^ + y^), so 
that tan”"^ ] in the potential will be zero for x > 0 and tt for x < 0 
thus describing the electrode potentials. The capacitance per unit 
length can be found by dividing the dielectric flux e(Si — S 2 ) by 
the potential difference. Choosing on the right hand semicylinder 
point 1 as X = +y, y = d and point 2 as x = 2 / = 0 (avoid¬ 

ing the pole), one has immediately 

Ci = -ln- (30) 

TT g 

with d the diameter of the cylinder and 2g <^d the gap between 
the cylinder halves. A solution for the potential function alone 
by means of circular harmonics is given in Zworykin et p. 

371. The electric field can readily be computed by (7). Actually 
the field lines are identical with the magnetic field lines of two 
equal and opposite line currents placed at 7 and I. 

The Bilinear Transformation. The general linear function 


Az B —Dw + B 

Cz + d’ ^ ^ Cw- A 


(31) 


with AD — BC 0 is the most general transformation mapping 
the whole of the 2 -plane in one-to-one relationship upon the whole 
of the if;-plane, preserving conformity at all points except z = 
— (B/A), which is a root, and z — —(D/C), which is a pole of 
first order of the mapping function. Circles and straight lines 
are again mapped into circles and straight lines, and any series 
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of linear transformations will maintain the same type; the linear 
transformations form a group. The transformation (31) has as 
special cases all the previous simpler linear functions and, in fact, 
can be made up in three distinct steps, 

D 1 A AD-BC 


This represents first a shift of the origin or translation, then an 
inversion, and finally a combination of translation, rotation, and 
scale change. Obviously, if AD — BC = 0, the last step would 
contract the whole W 2 -plsine into a single point A/C and is therefore 
excluded as singular. 

Three arbitrary constants are available which can generally be 
chosen to transform three specified points in the 2 -plane (for 
example a circle) into three specified points in the lo-plane. This 
is also apparent from the first and last steps above. The con¬ 
stants are best evaluated by using the form of (31) 

B Az — Dw — Czw = 0 (32) 

where B appears as a superfluous additive constant, which can be 
divided out in (31). Instead of three points, one can select one 
point and an assigned direction through this point in both planes. 
One can also map the upper half plane upon itself in an infinite 
number of ways; in this case the constants must be all real. If 
w = u jVj z = X + jy^ rationalization of (31) and elimination 
of u give the condition 

v\{Cx + DY + {Cyf] = {AD - BC)y (33) 


which means that positive y-values will become positive 2;-values 
only if one has AD — BC > 0. Other interesting characteristics 
are discussed in Bateman,^^ pp. 270 and 274. 

A particularly important application is the transformation of 
the unit circle upon the upper half w-p\a,ne. Take the function 


w 


= J 


1 - 2 
l+z' 


j — W 
j + W 


(34) 


On the unit circle z = and introducing this into (34) simplifies 
it to 

sin <t) 

1 + cos <#> 


w = 


(35) 
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showing that w is real and the points correspond as shown in Fig. 
26-5; the origin 2 = 0 becomes w = j. Concentric circles in the 
2 -plane become excentric circles about 0^ which are exactly like 
the potential surfaces between two charged lines, one located at 
0^ and one symmetrically located in the lower half plane. Corre¬ 
spondingly, radial lines become the orthogonal family of circles 
through 0^ The function (34) has one root value at 2 = +1, 
where no conformity exists; it corresponds to the origin in the 
ly-plane which cannot be part of the analytic field solution. There 
is also a pole at 2 = — 1, corresponding to the point infinity in the 
it?-plane; the mapping will, therefore, not be conformal there; 



Fig. 26*5 Mapping of Unit Circle upon Upper Half Plane. 


however, as has been stressed, one can go arbitrarily close. If one 
chooses in (34) r ^ 1 but keeps the correspondence of t/vpoints 
and 2 -points, then the mapping function has to be modified to 



This permits the solution of any field distribution within the cylin¬ 
der \z\ < r by solving the corresponding problem in the upper half 
plane. In particular, the case above of the split cylinder can be 
transformed upon the upper half plane with the split along 1-0-3 
to utilize the singularities which have to be excluded in any case. 

The unit circle can be mapped upon itself in the most general 
way^ by the function 



(37) 


Bateman,p. 280. 
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where i3 is a real angle, a any complex number, and S its conjugate 
complex value. This linear function maps the interior of unit 
circle in the 2 -plane upon the interior of unit circle in the it?-plane; 
the point z — a becomes the origin in the ty-plane, and the angle jS 
means a general rotation. 

A pertinent example of the transformation (34) is a circular thin 
metal disk of radius a with two current-carrying electrodes and 
two separate potential-measuring electrodes to minimize contact 
effects. With the radius a as scale factor, the distances are as 
indicated in Fig. 2G-5. The electrodes are shown placed along 
the diameter 2-4 which in the ic-plane becomes unit circle as seen 
from (34). If one sets z — jy, one finds, indeed. 


w 


. 1 - jy 
^ 1 + jy 


+ i(i - »/) 

1 + 1 / 



arg w = tan * 


1 - / 

2y 


This gives the transformed location of the electrodes in the 
ic-plane 

y — tan ^ — f 6 = tan ^ —-- (38) 

2ab 2ac 


The current flow must be restricted to the unit circle in the original, 
or to the upper half ic-plane. This is accomplished by placing 
image elect rodes below the t^-axis of the same sign as those above 
the axis. Taking A' as the positive, and E' as the negative 
electrodes, the total complex potential is the superposition of that 
of the two source lines A' and its mirror image with respect to the 
t^-axis, and that of the two sink lines E' and its similar mirror 
image. Using appropriately table 25*1, one has 


P = # + VE = - In I -:- --:- I 

•' 2x7 \ Ml - w - e-^” / 


(39) 


Rationalization gives 4>(w, y) or, with (34), 4>(x, y). The potential 
at point T' is the negative of that at /S' because of symmetry; the 
potential difference between these points, which is to be measured, 
is obtained in complex form with w = from (39). With 
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obvious simplifications, the real part becomes 

/ COS 7 ? + COS 0 I b(a^ + c^) + c{a^ + h^) 

Vs'r = — 111 -; = — In rr 2 \ — 2 ;- : ^ "7 7^ (40) 

Try cos 7) — cos 6 Try h{a^ + r) — c(a^ + b^) 

The resistance for a thickness t of the plate is^ V/It, 

Rational Mapping Functions. Rational functions of z are 
essentially fractions of two polynomials with as many zeros as the 
numerator polynomial and with as many poles as there are zeros 
of the denominator polynomial. The simplest function 

w = z^ = rV^^, z = (41) 

for integer values of n multiplies angles in the 2 -plane by n and 
stretches the radial scale. One obviously has to restrict regions in 
the 2 -plane in such manner that the mapping on the w-plune does 
not cover the ty-plane more than once, i.e., one has to limit the 
regions in the 2 -plane so that they are contained within 27r/n. 
The function (41) has a zero of nth order at 2 = 0, and a pole of the 
nth order at 2 = 00 (by convention). A simple example is a line 
charge in the space defined by two orthogonally intersecting dielec¬ 
tric boundaries. The function w = will stretch these boundaries 
into a single plane boundary for which the solution is known by the 
method of images; see section 21. 

The electrostatic field in a cylindrical triode as in Fig. 25 • 5 can 
be treated by selecting a sector 2Tr/N in the 2 -plane, preferably 
with the grid wire centrally located, and applying to it the trans¬ 
formation w = z^\ which will spread it out into the entire u’-plane 
where now the concentric cylinders of anode and cathode have 
radii Ra^ and Rr/^, respectively, and where the single grid wire 
also has enlarged but has lost its circular section. Only for rather 
small grid wires such that Npg/RgTr < K f^e approximation 
by a circle be feasible. The further treatment can consider the 
cathode, which has shrunk appreciably, and the grid wire as two 
line charges within the large anode cylinder. The final solution 
is found either by means of images with respect to the anode 
cylinder, or by transforming the anode by (36) onto the upper half 
plane. Many treatments of this important problem have been 

^ J. H. Awberry, Phil. Maq., 13 , p. 674 (1932); the mapping used there is 
different and considerably more complicated. 
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given; in first approximation the results are the same as (34).^ 
The same mapping procedure has been used to evaluate the 
magnetic field of a long line current parallel to two intersecting 
planes.® 

The function 



with a real is also listed in table 25* 1 as the solution by conjugate 



Fig. 26’6 Mapping of Ellipses into Circles. 


functions for a conducting cylinder in a uniform electrostatic field. 
As mapping function, with z = 

. 2 \ 


u 


= ('■ + 7)^03 = 


sm </) 


(43) 


it transforms the concentric circles and radial lines in the 2;-plane 
into confocal ellipses and hyperbolas in the t/;-plane, as indicated 
in Fig. 26*6. From (43) one has by elimination of either r or 


( 44 ) 

\2a cos <j>/ \2a sin <^/ 


^ M. Abraham, Arch. f. ElektroL, 8, p. 42 (1919); R. W. King, Phys. Rev., 
16 , p. 256 (1920); F. B. Vodges and F. R. Elder, Phys. Rev., 24 , p. 683 (1924); 
B. Salzberg, Thesis M.E.E., Polytechnic Institute of Brooklyn, 1932; also 
Proc. I.R.E., 30, p. 134 (1942); Dow,®^® p. 45; and Spangenberg,®^^ p. 135. 
® J. Kucera, Revue gen. de Velec., 43, p. 355 (1938). 
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the normal forms of the conics. The circle r = a transforms into 
the plane strip of width 4a in the t/^-plane with the areas outside 
corresponding to each other. Obviously, the function (42) is 
two-valued, since it is necessary to restrict the mapping to 
^ a in the 2 :-plane for one complete coverage of the t(;-plane. 
If one wanted to map the interior of circle r = a, then \z\ ^ a, 
and one would obtain a second coverage again by (43), in which 
positive values of v correspond to negative values of </>; the number¬ 
ing on the plane strip would be reversed, but otherwise one would 
have the same conic geometry. One must think, therefore, of 
circle r = a in the 2 :-plane as a harrier. The singularities of the 
mapping function (42) are a pole of first order at 2 = 0 which, 
however, does not occur in the region of z values \z\ ^ a; and a 
pole of second order at infinity, Avhich can conveniently be ex¬ 
cluded, since it occurs in the t^-plane also at infinity. There are 
also two root values z = =tja at which the conformality does not 
hold; these occur on the surface of the cylinder and can be avoided 
by very small circles around them. 

Having established the proper regions for one-to-one relation¬ 
ship, one can use the .s-plane to solve problems involving conic 
boundaries. The capacity of two confocal elliptical cylinders, the 
larger with major axis M and minor axis N, the smaller with 
M' and N'j can be found from the concentric cylinder geometry. 
The axes define (2a )^ = the necessary width of the 

limit strip and the base radius in the 2 :-plane; further, from (43) 
for point A 

u = (b + y^ > V = 0, ^ ^ V— 4a^) 


the radius of the image circle; only the positive sign can be used 
for the square root since b> a. Similarly, one gets b' for M'. 
For the coaxial cylinders the capacitance is taken from (14*11), 
and with b and b' one has per unit length for the elliptic cylinders^ 

■" In b/b' ~ L "" M' + AT'J 


If the inner elliptic cylinder degenerates into the plane strip, its 
capacitance is 


"1 “ 1 "”^ 

Cl = 2in In — • (M + VM^ - 


(46) 


^ Kiipfmuller,^^^ p. 101. 
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which might also be used for a plane strip in a circular cylinder of 
large radius ilf for which 




27re 

In (M/a) 


(47) 


In a similar manner, one can transfer solutions for a dielectric 
cylindrical shell of radii b and a into the solution of a dielectric 
elliptical cylinder, as Smythe,'^^^ p. 93. One can also start in the 
2 :»planc with the solution of a conducting cylinder of radius h 
in a vertical uniform field and transfer the upper half of the field, 
which is a circular cylindrical mound on a conducting plane® 
or ground, into the w;-plane where it becomes a flat elliptical 
mound® on ground; or one can rotate the field by 7r/2 and have a 
steep elliptical mound. 

The same function has been used extensively as mapping func¬ 
tion in hydrodynamics,^® particularly in the form 


w — 2a A ” 

w + 2a \z + a/ 


(48) 


This can be obtained from (42) by using the second form 
(2z — w)^ = (w^ — 4a^), dividing by (w + 2a)^, and substituting 
on the left-hand side w from the first form (42). Of particular 
interest is the mapping of excentric circles from the 2 -plane, 
which yield circular arcs in the ly-plane and by further treatment 
the famous wing profiles of Kutta-Joukowski and others; see 
references in Appendix 4, C, c, and Bateman,p. 311. 

Transcendental Functions. The mapping function 

ty = In 2 = In r + (49) 

transforms the entire 2 -plane in one single strip of width 0 ^ y $ 27r, 
whereby the interior of the unit circle becomes the negative half of 
the strip and the exterior its positive half, as in Fig. 26*7. To 
have a one-to-one correspondence, one must limit 0 ^ ^ 27r 

and place a barrier on the positive x-axis; its upper side becomes 
the line y = 0, its lower side the line v = 27r, forming the funda¬ 
mental region of the mapping function. Any curve drawn in the 

® Bateman,p. 261. 

® Ollendorff,^ p. 185. 

Prandtl and Tietjens,^^^ p. 173; Rothe et p. 115; and Bateman, 
p. 311; Bewley,^^ p. 108, gives extensive discussions and many graphs. 
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z-plane across the barrier would obviously be entirely discontinuous 
in the tr-plane. Should it be inconvenient to have the barrier 
along the positive x-axis, it can be rotated at will, since its only 
function is to prevent ambiguity in mapping. One can imagine 
that the mapping proceeds by cutting along the positive real axis 
(or any corresponding barrier) so as to separate the two sides of it 
which are indicated in Fig. 26 • 7, rotating the lower side and 
simultaneously rushing 0 towards negative infinity, about getting 
there when the lower side of the x-axis reaches the position parallel 
to the upper side and 2ir above it. This can indeed be used to 
solve the problem of a double potential plane along the positive 
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Fig. 26-7 Mapping of z-plane into Strip of T/;-plane. 


real axis with potentials + (F/2) on its upper and — (F/2) on 
its lower side, forming an extremely thin condenser for which the 
external or stray field is desired. In the ir-plane this becomes a 
uniform electric field between two infinite parallel planes. 

Since the derivative is dw/dz = \ jz^ there is only one singularity 
at 2 = 0, and this is a branch point, the point around which the 
z-plane could be rotated infinitely often were it not for the barrier. 
The neighborhood of 2 = 0 must be excluded from the mapping 
region; this can be done usually without sacrifice in the region of 
real interest. Considering only the upper half 2 -plane, 0 ^ 0 ^ tt, 
it becomes the infinite parallel strip 0 ^ r ^ tt in the ic-plane. 
The rectangle 1-5-6-3-1 in the tr-plane corresponds to the annular 
ring with like numbers. Having an infinite plane parallel strip 
in the ir-plane parallel to the v-axis such as the continuation of 
1-5-5^-!^ then one can consider the mapping function (49) to 
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wind this strip onto the 2 ;-plane around z = 0 into the correspond¬ 
ing annular ring an infinite number of times. If the strip in the 
ly-plane has a periodic pattern adjusted to period 27r, then each 
layer in the 2 ;-plane is identical and one can go back to the funda¬ 
mental region to solve the physical problem. A planar triode 
with equally spaced grid wires can be treated this way,^^ reducing 
the problem in the 2 -plane to the same as the mapping function ^ 
in the cylindrical triode above. Similarly, one can treat a grid of 
thin parallel strips, individually inclined at any angle against the 
plane through their centers. With a superimposed uniform 
electric field one can compute the amplification factor in first 
approximation as 


2irhld 
In (d/TTc) 


(50) 


where h is the distance between anode and grid planes, d the spacing 
between the grid strip centers, and 2c their individual lengths. 

Since the inverse function 2 = is closely related to the com¬ 
plex trigonometric and hyperbolic functions, one expects in all 
cases infinite periodicity, which requires the definition of funda¬ 
mental regions for useful applications. Thus, 


w = cosh 2 = cosh X sin y + j sinh x cos y (51) 

gives upon elimination of either x or y 

(^j-Y+(—=1- (—) - (-^y =1 (52) 

\cosh X/ \sinh x/ \cos y/ \sin y/ 


These are again (*onfocal ellipses and hyperbolas as in (44) above, 
but it is a single infinite strip 0 ^ ^ 27r which maps upon the 

entire ?c-plane; see Sokolnikoff and Sokolnikoff,^^ p. 445, who 
applies this function to examine seepage under a dam. 

The function 

2 ^ + c ^ 

w = jc cot - or - = e (53) 

2 w — c 


transforms the square net of the 2 -plane into the biaxial circles 
identical with the equipotential circles and field lines around two 

Dow,®“^ p. 24, gives much detail and many graphs. 

S. D. Daymond and L. Rosenhead, Quart. Jl. Math.y Oxford Series, 9 , 
p. 89 (1938). * 
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parallel equal and opposite line charges, a distance 2c apart. One 
has, then,^^ as in Fig. 12-5, 


y 


In 


tc + c 
w — c 





Graphical Superposition of Maps. In many instances, it 
may not readily be possible to handle more complex mapping 
functions analytically, so that graphical methods of superposition 
become desirable. Since the sum of two analytic functions is 
again analytic, and all analytic functions provide conformal 
mappings, one can make use of 


w = Wi + W2 = {ui + U2) + + V2) (54) 


by combining plots of simple functions. Taking for example 
Wi =\n z from (49) and W 2 = In ( 2 : — 2)/{z + 2) as inversion of 
(53), numbering the u and v values in each individual graph as 
pertaining to the same value of z, one can then construct points 
with coordinates which are the sums of the individual coordinates, 
again noting the specific values of z = In the example. 


, 1 cos 0 1 , r 2 

ui = In r, 1^2 = In -5— — ^- = - In -* 

2 r^+4 —4?’cos 0 2 ri 


2 ^ 1 = 0 , 2^2 = tan 


1 r sin </) , r sin 0 

-l+rcos0 2+?'cos0 


(55) 


The analytical addition of the two functions is obviously rather 
difficult; but the graphical combination"'^ can be made simple 
if the individual graphs have been prepared carefully for re¬ 
peated use. 

If w(z) is a function which can be separated into two functional 
relations, as for example the bilinear function (31), then another 
type of graphical combination is possible. Having a plot of 
W2= l/(z + d)j which is a dipole line shifted with its origin to 
z = --dj and another graph of w — a + bw2, which is a simple 
linear operation, one selects the ty 2 -plane to plot mit w = u + jv 
wnth curves u = cons; one also plots in the same plane 
z = {I/W 2 ) — d — X + jy with curves x = cons and y = cons. 


Bateman,p. 260. 

Y. Ikeda, Jl. Facility of Science^ Hokkaido Univ.y Series II (Physics), 2, 
p. 1 (1938); see particularly Fig. 48. 



Sec, 27] 


Single Vertex 


325 


Intersections of the families of x(w 2 ) and y(w 2 ) with the family 
u{w 2 ) give for each particular W 2 the values u{Xj y) which can be 
transposed into a new graph presenting w{z) directly. Applica¬ 
tion of this method to = l/(e^ + 1) by splitting it into W 2 = 6*, 
and w— \/(w 2 -\- 1) is shown by Y. Ikeda {loc.cit,), who also 
constructs w == ^z^(\ — z), giving the flow of water over a plane 
with a short inclined wall representing a weir; other examples can 
be found there. 

27- CONFORMAL MAPPING 
OF STRAIGHT-LINE POLYGONS 

A systematic method of mapping polygonal regions bounded by 
straight lines upon the upper half plane has been developed 




Fig. 27 • 1 Mapping of Polygon with Single Vertex upon Upper Half Plane. 

independently by Schwarz and Christoffel.^ It is probably the 
most powerful method for the solution of Laplacian potential 
problems in two dimensions. 

Single Vertex. As shown in section 26, the mapping function 

w-Wo = A{z- zo)" = 1^1 (1) 

requires the restriction 0 ^ ^ 2x/n in order to lead to a one-to- 

one relationship between z- and ly-planes. The inverse function, 
with n real but of any value, 

z — Zq = k{w — (2) 

where fc = maps the upper half w-plane into the sector t/u 

of the 2 -plane, as shown in Fig. 27*1. One has r = (p/ |A| 
and </> = (^ — a)/?i, which uniquely determine one point P of the 
2 -plane as the corresponding one to a point P' in the tt?-plane, and 

^ H. A. Schwarz, Crelle's Jl.y 70, p. 105 (1869); E. B. Christoffel, Ann. di 
mat.f (2), 1 (1867); also Gottinger Nachrichteny 1870. 
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conversely, for values 3^ ^ n ^ oo. The function z{w) is 
analytic in the entire plane except 2 X w = Wq for n > 1 and at 
w = 00 for n < 1 as the derivative 

^ = - (w - (3) 

aw n 


indicates; for n = 1, the transformation is of the linear type 
and need not be discussed here. 

As a point in Fig. 27-1 in the le-plane travels along the boundary 
(a) where u < Uq and v = 0, the corresponding point in the -s-plane 
travels along the straight line (a) towards 20 • When the point in 
the ly-plane changes to the section (6), where u > uq and = 0, 
the corresponding point in the 2 -plane changes its direction of 
travel by the angle ( —asshowninFig. 27*1. 
This is also seen from (3), since dw and (w — Wq) are real along the 
tt-axis and the factor (w — Wq) only changes sign as the travelling 
point passes One may introduce the angle 



as defining the change in the direction of progression along the 
boundary of the corresponding regions. At the vertex itself, the 
mapping will never be conformal except for n = 1, since the de¬ 
rivative either vanishes (for n < 1) or does not exist (for n > 1). 
A very small circle excluding the point w = Wo suffices to relieve 
this difficulty as emphasized in section 26. Similarly, one needs 
to exclude the point ty = 00 , as the conventional investigation for 
the inverse variable demonstrates, except that the derivative 
vanishes for n > 1 and does not exist for n < 1. 

Assume the boundaries (a) and (6) in the 2 -plane to be conductive 
planes and to have the same electrostatic potential ^0 and place 
a line charge (+X) at point P; then the problem in the i^-plane 
is simply that of an infinite conductive plane with a line charge 
(+X) at P\ The complex potential solution in the i^-plane is in 
accordance with table 25-1, line 3, 


P 


X 

2we 


In 


w — w' 
w — w' 


+ ^0 


(5) 


where is the location of the point P' and w' that of its electro¬ 
static image below y = 0. The value of w' can be found from the 
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location (r, <#>) of the line charge in the 2 -plane, and w can be 
expressed in terms of 2 by (1), so that the complete solution is 
obtained at once for any value of the angle (7r/n). In section 12, 
the method of images was convenient only if n was an integer; no 
such restriction exists here as long as n ^ 3/^. With (5) one can 
determine the potential distribution as well as the capacitance of the 
line charge if one admits a small but finite diameter d for it. On 


/ d 

the surface of this wire one can take w — w « - 

2 


(26*25), and w — w' = 2v\ so that 


dw\ 

dz 


, similar to 


at P' 






d 


dw\ 

dz 


+ ^0 


at P' 


and the capacitance with respect to the conducting planes becomes 
X 


C = 




^0 


= 27re 


r 

111 — 

d 

dw 

dz 

atP'- 


( 6 ) 


For the special case that 20 = 0 and therefore — 0, the mapping 
function (1) reduces io w — Az^, where |.4| is arbitrary and a so 
selected that (a) and (5) become the negative and positive portions 
of the i^-axis, respectively. If, further, the line charge is located 
in the plane of symmetry in the 2 -geometry at a distance d 
from the corner, the image of the line charge in the ly-plane is 

1^1 o”. With 


located on the z;-axis at v' 
the capacitance is now 
C = 


dz 




n —1 


27r£ 


27r£ 


In (4tt”/dna^ In (4a/nd) 


(7) 


for any value n ^ 

For several special values, Fig. 27*2 shows the regions of the 
2 -plane corresponding to the upper half te-plane. For n = }/2 one 
has an infinitesimally thin plate, whose upper and lower sides 
become sections (a) and (6) of the le-axis, respectively; or one can 
interpret it as an infinitesimally thin slit in the infinite 2 -plane. 
For the example with the parallel quasi line charge of diameter d 
one can also find the charge density induced on the two sides of the 
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plate by the use of (26-7). The case n = % with a parallel line 
charge was one which could not be treated by image theory 
(see section 21); the solution can readily be found with this 
mapping method. The case n = 2 is, of course, the same as 
treated in section 12. 

A particularly important case is obtained by letting n —> oo; 
this gives from (3) with k/ri = k', 


dz _ fc' 
dw w — Wo 


( 8 ) 


If fc' = 1, the actual mapping function is of the same type as 
(26*49) and represents, as shown in Fig. 26*7, the mapping of an 



infinite strip of width tt in the 2 :-plane upon the upper half i4^-plane. 
For fc' = b/TT, with b real, the function maps the strip of width 
6(real) upon the upper half w-plane. Obviously, this cannot be 
obtained from the integral functions (1) or (2), demonstrating 
the more povrerful treatment by means of (3). Placing a line 
charge between the planes of the 2 -geometry, one has the same 
problem as presented in (21-5); it is readily solved here by (5) 
in conjunction with the mapping function. This method has been 
used by Smythe,^^^ p. 83, for a single line charge,^ and by 
Frankel^ for one-, two-, and three-line-charge arrangements in 
order to find the characteristic impedance of transmission lines. 

^ See also E. Kehren, Dissertation, Tech. Hochschule Aachen; J. A. Barth, 
Leipzig, 1932. 

8S. Frankel, Proc. 30, p. 182 (1942). 
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It is interesting to note that (3) also gives 



a form completely independent of the scale and rotation factor k 
and containing only the outside angle 7 and the vertex location Wq. 



Fig. 27*3 Mapping of Inside of Polygon upon Upper Half Plane. 

Mapping of Inside of Closed Polygons. In analogy to (3) 

one can now construct the expression"^ 

— = C{w — • -{w — • • 

aw 

= CJl{w — (10) 

(a) 

which, as indicated in Fig, 27*3, maps the real axis of the ly-plane 
into the broken line of the polygon in the e-plane. At each vertex 
only the pertinent factor (w — wa) changes sign, causing dz to 
change angle by exactly 7 a 7 r in the direction indicated by the 
algebraic sign of The constant C acts as scale and rotation 
factor and must be determined by the correlation of one of the 
polygon sides {za with the image {Wa — which, of 

^ n is the conventional product notation defining a product of similar terms 
with order numbers a. 
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course, requires the integration 

Z = C f Il(w — Way'^'^dw + Cl (11) 

(a) 

The further integration constant Ci essentially locates the origin. 
Application of (9) gives the sum 



which has been taken as the starting point for the general proof of 
the uniqueness of ( 11 ) as mapping function of the inside regions 
of polygons. Actually, ( 11 ) is analytic everywhere except possibly 
at vertices (those for which 7 a > 0 ) and therefore conformal 
everywhere except at all vertices as seen from (10). For proofs 
one can consult the original articles ijioc. cit.) and most of the 
advanced books in Appendix 4, D, as well as Kellogg,p. 370, 
and Bateman,p. 296. 

Very close to a finite vertex image one can approximate 
w — Wa ^ Wv — Wa for all a Vj and elect polar coordinates 
referred to Wy such that 

w — Wp = ppe^"^, dw = dpp + jppe^'^ d\l/ (13) 


The integral (11) gives then along a small circle in the ly-plane 
with center at Wp 


= C U {Wp — WaY 

a^v 




di + Cl (14) 


where the integration constant Ci can be selected as Zp in accordance 
with (2) for the single vertex. This gives 


z — Zp 



Pv 


\—yp 


n {Wp — Wa) 

ce J 


(15) 


which for any value ( — 1 )^ 7 „<(+ 1 ) represents a small circle 
with Zp as center, vanishing as pp-^0. For a total variation of \l/ in 
the ly-plane between 0 and tt, the argument of (15) changes over 
the range zero to (1 — yp)7r = fipw, or the internal polygon angle, 
as it should be. For 7 ,; = + 1 , the integral (14) becomes 

z = \CJl{w,- «)«)“'*'“] + Cl 


(16) 
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which is a straight line at right angles to the directions of pro¬ 
gression before and after the vertex Zy, As shown in Fig. 27 - 3 , 
the angle = +1 represents a vertex at 2 = oo, or the inter¬ 
section of two parallel lines as at 24, and their distance is defined by 
^ = 0 for 24" and ^ = tt for 24'; thus from ( 16 ) 

Dy = 2 /' — 2 / = —jv [C n (Wy — (17) 

a 

That a vertex of this singular type can be admitted is readily 
appreciated from the fact that in the complex plane 2 = 00 is 
defined as a point and can be transformed into finite distance by 
inversion (see section 25 ). 

For any closed polygon of N vertices, the sum total of the internal 
angles is (A — 2)7r; this also means 

Z 7 a = Z (1 - / 3 a) = A ~ (AT - 2 ) = 2 ( 18 ) 

a =1 a = 1 

which is valuable as a check. 

If one of the vertex images Wy is located at 21^ = 00, or also 
w/ = + 00, == — 00 as the opposite ends of the real u = axis, 

(10) will not contain the factor {w — Wy) because of the more basic 
form (12) in Avhich the corresponding additive term —yy/{w — Wy) 
vanishes. Near Wy one can then approximate in (10) Wy — Wa ^ 
Wy = pe^'^ with p—>00, The integral (11) becomes, therefore, 
with ( 18 ) 

z = cj + Cl (19) 

since in (10) only 7^ is missing. Performing the integration gives, 
with proper choice of the constant Ci, 

( 20 ) 

which for any value (-~1)^7„<(+1) represents a small circle 
with Zy as center, vanishing as p— >00. For a total variation of 
\l/ in the ic-plane between tt and 0, the argument of (20) changes 
over the range — (1 — 7,;)7r = to zero, as it should be. For 
7„ = +1, the integral ( 19 ) reduces to 

2 = W + Cl (21) 

which is a straight line at right angles to the directions of pro- 


- = - - 7 , —-^ 

L-(l - 7.) J 
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gression before and after as above in (16). The distance of 
the two parallel lines is defined now by ^ = 0 for zj and yp = t 
for z/\ so that from (21) 

D, = 2 /' - 2 / = jwC (22) 

leading to the direct evaluation of the integration constant C. 

For practical applications it is desirable to make use of all 
simplifications in the mapping function that are possible. With 
reference to Fig. 27*3, the following points should be observed for 
best economy: 

a. The order of the vertex points in the ; 2 ;-plane and of their 
images in the t«-plane must be the same and such that, in the sense 
of progression, the region to be transformed is at the left. 

b. All angles are counted positive in the counterclockwise sense. 

c. For any conformal representation upon the upper half plane, 
three of the vertex images Wa can be chosen freely (see section 26); 
the choice should be so as to make the integral (11) of simplest 
type and of standard form. 

d. If a vertex image is located at = «>, the corresponding 
factor (w — Wa) does not appear in the mapping integral (11); 
one should choose that vertex aX Wa — ^ which leads to greatest 
simplification. 

e. The sum of all vertex exponents 7 ^ is equal to two; this should 
be used as a check when tabulating the individual factors. 

/. If the neighborhood of Wa is the map of the region between 
two parallel lines in the 2 -plane, then their distance is given by 
(17); if the neighborhood of w — ^ is the map of the region 
between two parallel lines in the 2 -plane, then their distance is 
given by (22). 

g. The mapping of the upper half it?-plane upon the polygon in 
the 2 -plane is conformal at all points except at the vertices them¬ 
selves. These vertices are, however, isolated points of non¬ 
conformality and can be approached arbitrarily closely. 

/i. Since three values Wa can be chosen arbitrarily, and since the 
total number of constants in the mapping integral is (A + 2), 
namely, the N vertex images Wa and the two integration con¬ 
stants C and Cl, there must be established (A — 1) independent 
relations of the type (17) or (22) or similar integrals in order to 
solve the mapping problem completely. 

i. It is advisable to tabulate the relations between correspond- 
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ing vertices in the 2 -plane and images in the w-plsme in a systematic 
manner such as: 


Vertex location in 2 -plane 

Change in direction of progression 

Zl 

22 



at vertex 

yiT 

72«r 

7a^ 


Exponent in mapping function 

71 

72 

7a 

(St. - 2) 

Location of vertex image 

Wl < 

W2 < 

Wa 

<••• 


In the last line, three values can be assumed arbitrarily, the remain¬ 
ing (AT — 3) values enter as unknown constants into the mapping 
function (11). 

It might also be emphasized here that the integral (11) is 
actually a real integralj since it is taken along the real axis of the 
it^-plane. However, depending upon the relative value k; in a 
particular section of the real axis, several of the factors might 
assume complex values. To be sure of the correct values of the 
generally multivalued terms, one should bring the integrand into 
such form that all factors with [it; — tt)a| <0 are written {w — 
("“1)’"^“J the methods of integration of real functions will 
then suffice for the proper evaluation. As w takes on complex 
values in the interior of the upper half plane, continuity in z{w) 
can be checked by letting e; —> 0 and checking the correctness of 
z(u). 

Parallel Plate Condenser. As an illustrative example of a 
complete solution take the classical problem of evaluating the 
fringing flux for the parallel plate condenser. Assuming two very 
thin plates as in Fig. 27 • 4a of infinite extension and utilizing the 
symmetry of the field and potential distribution, one has Fig. 
27 -46 as the 2 -plane geometry to be mapped upon the ty-plane 
(27 •4c). The mapping table is, if one observes (a) above, 


2 -plane 

1 

2 

3 

Vertex location 

17+« -1-io 

00 4-;a 

0+io 

37 — + ja 

3^7— “hjO 

7«^ 

27r 

— IT 

-fir 

7a 

+2 

-1 

+1 (S7««2) 

Wa 

±» 

-1 

0 


where all three points Wa can be selected freely. Because vertex 
1 has the highest coefficient 71, it is best chosen at ici = 00; 
vertex 3 separates the two potential values, so it is best chosen at 
1^3 = 0 in order to lead to a standard problem in the ty-plane; 
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vertex 2 must be on the negative t/-axis, and one can normalize 
the geometry in the ly-plane by selecting 1^2 = — 1. The mapping 
function is thus defined by (10) and in accordance with (d) above 
as 

^ = C(m>+(23) 
aw 

or, integrated, 

z = C(w + In w) + Cl (24) 



r 2 3 B 1' 


hH 

(c) 

Fig. 27*4 Parallel Plate Condenser: (a) actual geometry, (b) js-plane, 

(c) if;-plane. 

Selecting w = with 0 ^ ^ ^ tt, and restricting In w to the 

fundamental region, so that In = \n\w\ + make the relation 
(24) one-valued and suitable for determination of the constants. 
Thus, (17) gives for vertex v = S and w ;3 = 0 

—ja = —jttC, u = - 

IT 
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0 + ja = - (—1 + jr) + Cl, Cl = - 

TT TT 

so that in the final form 

z = - (1 + w + In w) (25) 

TT 


It is desirable to check the exact correspondence of boundaries by 
letting z travel along the distinct sections in the ^-geometry and 
verifying that w travels along the w-axis within the corresponding 
limits or vice versa. For example, as ( — 1) < w <0 with v = 0, 
so that w = — \u\, one has 


z = 


“ (1 - \u\ + Inji^l + jw) = ja + - (I + ln|w| - [w]) 

TT TT 


or X < Oj y = a] this describes in the e-plane the boundary from 
2 to 3^ as required. 

The potential solution in the upper half ttJ-plane is now very 
simply given by (25*26) with the appropriate change in notation 
as in (26*28) 

P = 4- + is = - - (4>2 -<*>') In to + (26) 


where equipotential lines are concentric circles and the field lines 
are the radial lines from the origin. It would, of course, be 
desirable to introduce into (26) w as an explicit function of z and 
thus find the field geometry directly in the 2 -plane; but this is 
usually not possible. The field vector E can be obtained from 
(26*7) as 



. 4>2 - 4 >' 


-3 


a 


{w + 1 ) 


. Eq 

’^w+l 


(27) 


Along the boundary, 2 V ^ u is real and the field vector is always 
parallel to the imaginary axis, or normal to the boundary; it is 
positive for u < ( — 1), negative for u > ( — 1), and becomes 
infinitely large as ( —1) as in the case of any convex corner 
of the polygon. 
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Since is the uniform value of field strength between the 
parallel plates, one can easily determine a point A to define the 
practical limit of the uniform field by finding the value u from 
(27) for which \E\ = rjEo and by choosing for example r; = 1 + 
5/100 for 5 per cent tolerance. One obtains Ua = —5/100, and 
thus from (25) 

a( h 5 \ 

'^ = ;0-ioo + '"Io5 + ^') 

= jo-2rtol00 + ji-(1 + In8)l (28) 

For 5 = 1 per cent, this gives xa = —1.144a, the location of 
point A in Fig. 27* 4a; generally, the end effects penetrate into 
homogeneous field regions to a distance of the same order as the 
length of the uniform field line. Since the field lines in the w- 
plane are circles, one can find point B of Fig. 27* 4a and c by using 
(25) with wb ^ u — If namely, zb = 2a/7r. The total dielectric 
flux from A to the corner 2 is given by (26*4) 


^A.2 = e(S4 - S2) = - - (^>2 - $') In — 

TT U2 


6 , /X , 100 

= -(^ 2 -^') In — 

IT 5 


(29) 


For the idealized condenser with uniform field up to the corner 
2, the corresponding dielectric flux would be ^^, 2 ^ = Eq\xa \ with 
Xa from (28). Comparison of this latter with (29) shows that 
fringing results in an actual increase of dielectric flux over the 
idealized condition of amount 

n 1 - S/100 , , 

“ In 100 + S/100 - (1 + In S) 

Figure 27*5 gives the value jx^j/a from (28) as a function of the 
tolerance value 5 and also /(5), the correction factor in (30) to 
the idealized dielectric flux ^a, 2 ^ in order to account for the fring- 
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ing from the underside of the upper condenser plate. From Fig. 
27*5 one can also take that, for \xA\/a = 1, the actual field 
strength is 1 . 016 £^ 0 ) and that fringing increases the flux contribu¬ 
tion computed on the basis of £7o by 31.1 per cent. 

The first treatment of this problem by conformal mapping is 
due to Kirchhoff,^^^ p. 104,® who also applied it to compute the 
edge correction of circular condenser plates;® subdividing the 
total space into three regions, Kirchhoff assumed homogeneous 
field between the plates up to A, fringing field as computed above 



0123456789 10 
— 5 % 

Fia. 27*5 Fringing Correction for Parallel Plate Condenser. 

extending to A', and then a space field as produced by two uni¬ 
formly and oppositely charged circular disks of infinitesimal 
spacing. An excellent graph of the fringing field distribution is 
given in Maxwell,I, Fig. XII, who used, however, Helmholtz^s 
approach by conjugate functions. Good treatments are also found 
in Jeans,^^® p. 272; in Ollendorff, p. 212 ; in Rothe et al.p^ 
p. 138; in Reddick and Miller,^^ p. 377; and in Bewley,®^ p. 121. 
Hydrodynamic applications are given in Prandtl and Tietjens,^^^ 
p. 179, and in Lamb,^^^ p. 70. 

Writing in Fig. 27 *40 w = then one obtains the field 

lines for constant |ic|, and the equipotential lines for constant 

^See also Monats, d. Akad. d. Wissenschafterif Berlin, p. 144, March 1877. 

® For extensive study of edge corrections see A. H. Scott and H. L. Curtis, 
Jl. Research Natl. Bur. of Stand., 22, p. 747 (1939). 
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Translation into the £:-plane is simplest by (25) 
a; = ~ [1 + jiy| cos ^ + In \w\] 

TT 

CJL I I 

y = - hP + \w\ sin \f\ 

TT 



(31) 


One can then investigate the field strength distribution along any 
particular equipotential line and find \l/ = 7r/2 as the largest value 
of ^ for which the field is nowhere larger than Eq. The correspond¬ 
ing conductor shape is usually called the Kogowski electrode; it 
assures that breakdown occurs in the homogeneous field which 
permits the definition of the breakdown strength of gases and 
liquids/ 

Polygons with Parallel Boundaries. More general cases of 
boundaries made up of parallel lines are shown in Figs. 27* 6a to 
27* 6c. The arrangement Fig. 27* 6a can be used for fringing 
problems as in Bateman,p. 300, w^ho also computes the charge 
distribution, or in Grosser® for the evaluation of electric fields in 
high-voltage transformer shell windings of unequal height. The 
mapping function is defined by the table 


2 -plane 

1 

2 

3 

Vertex location 

1' f_0C +j0 

0 + ja 

3' j — 00 ja 


1 [ — 00 -f ja 


3 [ — 00 -j- jO 

ToTT 

-f3x 

— X 

-fTT 

Ta 

+3 

-1 

H-1 

Wa 

db 00 

-1 

0 


4 

h 

— TT 

-1 (2t„ = 2) 

4-t 


where the change of the angle of progression at point 1 must be 
chosen as Stt in order to rotate direction 4-1' into that of l"-2, since 
a rotation by 2w only produces a parallel line of same sense of 
direction (see below under c). From the table one has 

dz C 

— = ^ (w + l)iw - r) (32) 

dw w 

so that 

z = C + (1 — t)w — r In lyj + Cl (33) 

^ W. Rogowski, Arch. f. Elektrot.f 12, p. 1 (1923); also H. Rengier and W. 
Rogowski, Arch. f. Elektrot., 16, p. 73 (1926) and Rengier, ihid.y p. 76. 

8W. Grosser, Arch.f. ElektroL, 26, p. 193 (1931). 
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The unknowns are C, Ci, and t for which three relations can be 
established, one for the distance S'-S'' in accordance with (17), 



Fig. 27 • 6 Several Arrangements of Two Parallel Conducting Planes. 

and two for the correspondence of the points Z 2 and 24 and their 
images W 2 and respectively. Thus, by (17), 

Z's' ““ Z‘6 = —ja = —jTrC[{w + 1)('U; — t)]w^o = (34) 



This illustrates a frequent difficulty even for comparatively simple 
mapping functions, namely, the definition of r in terms of a tran- 
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scendental equation obtained by subtraction of the two equa¬ 
tions (35) 

+ (36) 

A simple graphical solution can readily be given. The total 
potential solution in the ly-plane is again (26) with 4>i replacing 
there. The electric field is thus by (26-7) 

E = +3— - —t[(w 4- 1)(^^ - r)]”^ (37) 

a 

indicating infinite values at both sharp corners 2 and 4. 

Two oppositely charged coplanar planes as in Fig. 27*65 lead 

a / 1\ 

to the mapping function ^ = - {w H—1 • As conjugate function 

pair, this gave in section 25 the solution for a conducting cylinder 
in a uniform electrostatic field. Here, in the upper half ly-plane, 
however, the solution is given by (26) with replacing there; 
see also Smythe,^^^ p. 90, and Ollendorff,p. 203. Inserting 

z 

the mapping function into (26) requires the inversion w — - da 

a 

j where the upper sign must be chosen to have point 

Bj i.e., 2 = 0 located at w = +j. One then obtains with 
ln(^ -|- — 1) = cosh“^ ty 

P = 4- + jS = - ^ (4.2 - 4>i) cosh-i - + 4>i (38) 

TT a 

as the direct solution for the complex potential in the 2-plane. In 
the upper half 2 -plane one has thus a typical potential solution 
for two coplanar planes with a gap of width 2a between their 
parallel edges. This solution will frequently be needed; it leads 
to the same geometry as Fig. 25*7. By interchanging field and 
equipotential lines, one obtains the field of a single infinitely thin 
strip of width 2a; thus, multiplying (38) by j and replacing 
(^2 4>i) by X/27re for a single conductor. 




(38a) 
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This gives the total dielectric flux X for the slab, since for z real 
and « < «, co8h-‘ (i) - In [i +i^l -{^ ] 


SO that 


p - 1 -L tan-l ( V1 

V ( 0 /a) } 


At 2 = +a, tan~^ (+0) = t; at 2 = —a, tan“^ (—0) = —tt; 
therefore (S+a — H_a) = X/e. 

For two parallel planes as in Fig. 27 * 6c, the mapping function^ 
becomes 

2 = C + ^ + (1 — r) In w; J 4- Cl (39) 


with the upper half plane identical with case a; the reference also 
gives the field strength near corner 2 and along the equipotential 

line w = \w\e 

For three parallel planes in symmetrical arrangement as in 
Fig. 27'7ay the mapping function contains two unknown param¬ 
eters p and q. Application of (22) to point 5 gives at once 
jh =jTrCf or C = b/ir; application of the corresponding relation 
(17) to point 1 gives 

L (»-!)* J.-. ■ 

from which pq = 1 . Integration and use of the correspondence 
of points 22 , Z 4 and 1 ^ 2 , ^ 4 , respectively, give finally 

where p must be determined graphically from 



with p < 1; values are shown in Fig. 27 • 8. The field 
by (26-7), 


E = 


<|>2 — 


(w — 1)^ 


(w — p)^w — 


strength is, 


(41) 


® E. Kehren, footnote 2, p. 378. 
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and its value along the center line a; = 0, which is the unit circle 
in the ii?-plane, can be found with w = e^'^. Specifically, for the 
point A one has w = —1, so that 


Ea = -jEo 


4 

(l+p)(l+i) 


— 


4p 

ip + 1)" 


-jEo^ip) 


where Eq = (4>2 — ^\)/h and f(p) is shown in Fig. 27*8 as a 
function of 2 a/h] as is evident, the presence of the gap 2a lowers 
the field value at A but has little influence for ratios 2a/b < 0.3. 
An approximation to this solution is given by Smythe,^^^ p. 90, 
by superimposing a uniform field in Fig. 27 • 65. 

In a similar manner, the fringing from the center plate in Fig. 
27*75^® can be evaluated, as well as the electrostatic field dis¬ 
tribution for three parallel plates arranged as in Fig. 27‘7c}^ 
The extension to more than two different potential values requires 
a more general solution for the potential in the upper half w- 
plane as shown in section 28, particularly (28*8). 

Polygons with Two Right Angles and One Scale Parameter. 
The simple right corner opposite a plane, as in Fig. 27* 9a, is 
mapped on the upper half tc-plane according to the table 


2 -plane 

1 


2 

Vertex location 

I'/O - 
l"\a - 

8 8 

a +j0 

7air 

-fx 


TT 

~ 2 

7a 

+ 1 


1 

2 

Wa 

0 


+ 1 


so that the mapping function becomes 

dz C y -- 

dw w 


3 


3 '/ 00 

3" \ 0 4- i 00 



±00 


(42a) 


z = 2C[Vw — 1 — tan ^ Vw — 1] + Ci (425) 

The constant C = ajir is determined by applying (17) to point 
j; = 1, and Cl = a by the use of the correspondence between 

Handbuch der Experimental Physik, Vol. 19, p. 29; J. Springer, Berlin, 
1935. 

W. Grosser, Arch. f. Elektrot., 25, p. 193 (1931). 
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points Z 2 and W 2 - The correspondence of the boundaries can be 
checked readily; for example between points 1 and 2, where 
0 < w < Ij one can write better 


... ^ 
z = 2j- 

TT 



1 + Vl - w " 

1 Vl — I/;- 


+ a 


with the terms in brackets real and negative. As ly—>0, the 
logarithmic term approaches 

In ^ ~ = In 2 - In (w/2) = + « 

It is important to consider the logarithm of a fraction as the dif¬ 
ference of two logarithms in order to preserve the correct sign. 

In the arrangement of Fig. 27* 9a the conductor ^2 might 
represent the grounded core of a high-voltage transformer, and 
4>i the negative end of the high-voltage winding, so that (26) is 
applicable to the upper half ty-plane. One can then find the end 
point A of the most dangerous field line by setting w = —I in 
(42) . Computing the electric field vector along various equipoten- 
tial lines, one can estimate the effect of rounding off the sharp comer 
as in Rothe et al.y^^ p. 130. One thus finds that along the equi- 
potential line of value [4>i + 0.05 (4>2 “ 4>i)] the smallest radius 
of curvature is pmax = 0.052a and the maximum field strength 
EmsiTc = 2 . 75 E 0 , if Eo = (<I >2 — 4>i)/a; and on [‘I>i + 0.1(<I>2 - 4>i)] 
one has pmax = 0.108a and Em&x = 2S)Eq. Actually, this geom¬ 
etry was first used by Carter^ ^ to evaluate the fringing flux 
from a magnetic pole with air gap a in an electrical machine, as 
also treated in Bewley,^^ p. 130, where good graphs are shown. 
Since the height 2-3' is unlimited, the fringing flux can be defined 
only within arbitrary limits, as in the case of the plate condenser. 
Fig. 27*4. 

The slot of infinite depth in Fig. 27*95 leads to the mapping 
function 

2 = a + 2j - {V^l — + In tp — In [1 + Vl — w^]\ (43) 


with (26) as solution for the upper half ty-plane. Point A is 
defined hy w +j or z = j{b/7r)[\/2 — ln(l + V2)] = jOMb 
^ F. W. Carter, Jl. I.E.E., 29, part 146, p. 925 (1900). 
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and frequently serves to separate tooth tip flux from the actual 
slot flux. Brief treatments'^ are given in Frank and Mises,^® II, 
p. 664, and in Bateman,p. 300. One could, of course, restrict 
the mapping region to one of the symmetrical halves; the upper 



2 * 2 3 « 


Fig. 27-9 Polygons with Two Right Angles and One Scale Parameter, 
half uvplane would then present the problem of Fig. 27*2 for 

^ = 3 ^. 

The semi-infinite strip, Fig. 27* 9c, has the mapping function 
2a . 

2 = — cosh ^ w — ja (44) 

TT 

See also R. Garis in Vol. V, part 2, of Encyclopadie der Mathematischen 
Wissenschaften; B. G. Teubner, Leipzig, 1900; J. Kucera, Elektrot. mud 
Masch,, 68, p. 329 (1940). 
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which is quite similar to (38); if V'-2 carries potential $2 and 3-1^ 
potential 4>i, then the 2 -plane represents a semi-infinite ideal 
parallel plane condenser with 2-3 as field line; see Smythe,^^^ p. 
88, and Rothe et al.^^ p. 143. Assuming the strip of very thin 
conducting material and placing a source line at the origin 0 of 
the 2 -plane, then one has in the i>r-plane the radial flow lines of 
a single source line at origin 0 of the ir-plane; see Walker,^^® p. 
66, for graph. Interchanging in this latter geometry flow lines 
and equipotential lines, one obtains the magnetic field of a line 
current midway in the air gap between two infinitely permeable 
iron blocks, as in Walker,^'^ p. 71, and in Bewley,^^ p. 136. 
Finally, assuming in the ir-plane a uniform field parallel to the 
w-axis, one obtains in the 2 -plane the flow between a source line 
at and a sink line at l' as in Walkcr,^^^^^ p. 46, and in Reddick 
and Miller,p. 376. An infinite grating of like charged strips 
of width 2h < 2a located along the 7y-axis with center spacing 2b 
is treated by Smythe,^^^ p. 89, by mapping one sample as in Fig. 
27 • 9c. In the tc-planc one has a single strip on the it-axis and the 
potential solution is (38a) with w/b for z/a. 

A rectangular step in the boundary as in Fig. 27 *9^ has the 
mapping function 

2 = - — 1 — cosh""^ w] + ja (45) 

TT 

It has been used by Ollendorff,p. 199,^"^ to compute the effect 
of a vertical rise in ground (walls or trees) upon the capacitance 
of parallel communication lines in a manner as shown in (6). 
Considering a thin conducting sheet of this shape and applying 
potential 4>2 along l"-2, and potential along 3-1,'' give a flow 
pattern for which (38) is the solution in the tc-plane.^^ 

Polygons with Two Right Angles and Two Scale Pa¬ 
rameters. A very thin plate in a right-angle corner as in Fig. 
27 • 10a requires a mapping function 

a r 2 j —;—- \^w +1 + in . , . 

Trim Vw; + 1 - 1J 

Also F. Ollendorff, E.N.T.y 4, p. 405 (1927). 

Y. Ikeda, Jl. Faculty of Sciences^ Hokkaido Univ.j Series II (Physics), 
2, p. 1 (1938); see particularly Fig. 33. 
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b 2 ,_ Vm + 1 + 1 

-'7r = —Vm+l + ln -7 

a m Vm + 1 - 1 


which results from the correspondence of the points and W 4 , 
The other constants have been determined in accordance with the 



Fig. 27*10 Polygons with Two Right Angles and Two Scale Parameters. 


previous illustrations. Detail computations of the field distribu¬ 
tion were made by Walker,p. 88 who applied this geometry to 
leakage problems between pole and armature of electrical 
machines; he also introduced one of the equipotential surfaces as 
a feasible pole shoe geometry, shown dotted in Fig. 27 • 10a. 

A very widely used geometry is that of the slot. Fig. 27 • 106. 
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Restricting the mapping region to the right half slot, one includes 
as part 2 -3' of the boundary a field line so that the ty-plane requires 
as solution the complex potential function (38) with w/p replac¬ 
ing z/a. The mapping upon the it?-plane is according to the table 


z-plane 

1 

2 

3 

Vertex location 

l' f 00 — ja 
l" \oo + jO 

0 

1 1 

JaTT 

-Htt 

TT 

+ 2 

+7r 

ya 

+1 

1 

+ 2 

+ 1 

Wa 

=t 00 

-V 

+?> 


defined by the expression 

dz C jw — 1 
dw w — p\ w p 


4 


b — ja 


IT 

~ 2 
^ 1 
“2 
+ 1 


Application of (22) to point 1 gives at once C = a/ir; and (17) 
applied to point 3 gives p = a^/(a^ + 26^), so that the major con¬ 
stants are all determined. Integration gives then 


2 = ^ j^ln I + 2X^5 tan ^ (47) 

where R = [{w + p)/{'^ — 1)]^, 5 = (1 “ V^I'^P — (V«)^? and 
where Ci = 0, as the correspondence of points z^ and W 2 demon¬ 
strates. The form (47) is obviously more difficult to deal with 
than previous forms, which is to be expected as the geometry 
becomes more involved. 

In applying this geometry to armature tooth-slot combinations 
of electrical machines, the potential values 4^ should be replaced 
by the magnetostatic potential IF and the solution in the ic-plane 
is from (38) 

7 W 

p = y + js = - - (T2 - yocosh-' - + yi (48) 

TT p 


where S is the mathematical flux function. Since the potential 
y actually defines H, the magnetic field vector B is then from 
(25-7) __ 


(dP /dz\ /w — p\^ 

^ \dw/ dw) ^ ^\w — l) 


(49) 



Sec. 27] Two Right Angles; Two Scale Parameters 


349 


where Bq = (M/ct)(y 2 — is the uniform magnetic field in the 
air gap far from the slot. Along l"-2 one has w W\ > Pi 

so that _ 

„ _ .-o /N + p 


B = -jBo. 


\u\ + 1 


is directed normal to the pole surface l''-2 and has a minimum 
value at point 2 given by |w| = p, namely, 


■Smin 


/ 2p Q 




if the slot width 2 b » a, as usually is the case. To evaluate the 
effect of fringing one can define a point A at which |B| = 0.98Bo 
and form the ratio of the actual magnetic flux leaving between 
points 2 and A to the idealized magnetic flux between C and A 
with uniform field value i^o. Thus, from (50), \ua\ = 0.96/0.04 = 
24, and therefore 

Ra=‘^ {-ua + p)/(-w.4 - 1) » \/ ua/{ua + 1) = 0.98, 


SO that from (47) 


la, 1.98 2 

- 7 In —— + - tan' 

TT h 0.02 TT 


-(o.98 0 


which is plotted as function of a/6 in Fig. 27*11. Obviously, in 
order to be applicable to finite tooth widths, the slot pitch must 
certainly be larger than 2za^ The actual magnetic flux between 
points 2 and A is, from (48) with W 2 = — l'a 2 l = “-p, = 

— |wa 1, and observing cosh“^ = jV + In [|u| —Vv?' — p\ 


= m(S 2 - S^) = - - {7 2 - 7i) In 148 




where Vl ~ {p/'^)^ ~ 1 — 3^(p/w)^ has been used for simplifica¬ 
tion. The idealized magnetic flux is = ““^ 0 ( 2.4 ““ b)] the 
negative sign derives from the negative direction of the magnetic 
field, having assumed T 2 ^ ^i- The fringing factor is thus 

1 a In 48 + ln[l + 2(b/a)^] 

IT b iZA/b) - 1 


(52) 
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which is also shown as a function of a/h in Fig. 27*11. This factor 
agrees in value with others computed on the basis of comparable 
assumptions; it has the advantage that it applies with uniform 
accuracy in all cases where the slot pitch r > 2za* The ratio of 



actual magnetic flux for one full slot pitch to the idealized magnetic 
flux for one tooth can be computed with the designations of Fig. 
27*11 as 



+ (t — 2za)Bo 

(r - 2b)Bo 


ZA-b 
(r/2) - b 




(53) 


where f/ is the value from (52). Evaluations of a similar type 
were first made by Carter^® in terms of an equivalent air gap; 
rather complete treatments of the slot are given in Walker,^ 

W. Carter, Jl. l.E.E.^ 29, part 146, p. 925 (1900) for pole leakage, 
and F. W. Carter, Electr. World and Engr., 38, p. 884 (1901) for slot fringing; 
see also the extensive recent treatment in J. Kucera, ELektrot. und Masch.y 68, 
p. 329 (1940). 
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p. 81; in Smythe,''^^^ p. 294; in Ollendorff,p. 216; and Bewley,^^ 
p. 139. The same geometry has been used to evaluate the tem¬ 
perature field and heat flow between conductor and slot in electrical 
machines. 

The same mapping function (47) is applied to the problem of 
the right-angle bend obtained by letting 0-3' in the 2 :-plane of 
Fig. 27*106 also take the potential In the ^y-plane one has 
then only two potentials and the complex potential solution is 
given by (26) with an appropriate shift of the origin. Jeans, 
p. 277, has used this for the evaluation of the electric field in the 
Leyden jar; also Bewley,*^^ p. 126, who gives a good field graph. 
It has also been applied to pole leakage by Walker,p. 73, to the 
elastic torsion problem of an idealized L steel bar,^® and by inter¬ 
change of field and equipotential lines in the ly-plane to the 
magnetic flux in a transformer core.^^ 

The arrangement in Fig. 27 * 10c leads to the mapping function 


: . !' ? cosh- -"" I 

ttL p — 1 0 (p —l)icj 


• (6-a) 


where p = (b/a)^. It has been used to represent the field distri¬ 
bution in large cable end sections by interchange of equi¬ 
potential and field lines, one obtains either flow in a channel of two 
different widths, as Walker,p. 53, who gives much detail and a 
good graph, or the current flow in a very thin sheet, as Smythe,^^^ 
p. 230, and Bewley,^^^ p. 125. 

The finite plate thickness of a parallel plate condenser (see 
Fig. 27-4) can be taken into account as shown in Fig. 27-lOd. 
The mapping function with the assumed location of corresponding 
points becomes 


z 


a p + 1 
TT Vp 


tanh ^ R + 


p — 1 R 


+ In 


fiVp - r 
RVp + l_ 


(55) 


where R = [(w + \)/(w + p)]^, p = —1 + 2/c^ + 2 /c\/A'^ — 1, 
and A: = 1 + 6/a; the sign of the square root in p is so chosen that 

W. W. Peters, TPzss. Veroff. a. d, Siemens-Konzerrij 4, p. 197 (1925). 

^E. Trefftz, Math. Annalerij 82, p. 97 (1921); C. Dassen, Zeits. angew. 
Math, und Mech.y 3, p. 258 (1923). 

G. M. Stein, Trans. A.I.E.E.y part I, 67, p. 95 (1948). 

Andronescu, Arch. f. Elektrot.y 14, p. 379 (1925). 
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p > 1. The field lines from the lower side 3-4' do not spread as 
much as in the case of the infinitely thin plate; for example, if 
6/a = yi, then point A in Fig. 27*10d has a distance 0.403a 
compared with distance (2/7r)a = 0.636a for point B in Fig. 
27*4. The fringing field becomes particularly important if the 
condenser represents the deflection plates of a cathode-ray tube, 
since it can influence the electron path configuration markedly; 
an analogous effect of the magnetic fringing field upon the path of 
ions exists in mass spectrometers.^^ 

Polygons with Two Right Angles and Three Scale Pa¬ 
rameters. In Fig. 27- 12a potential 4>2 designates a high-voltage 
winding, 4>i the low-voltage winding, as well as the core 5"-l' of a 
transformer.^^ Because of the three pairs of parallel lines it is 
possible to determine all parameters explicitly without performing 
the integration of the mapping derivative; one has 



where m = + 1 — {c/h)% The solution in the 2 i?-plane 

is given by (26), so that the electric field distribution can readily 
be computed. 

The same geometry in the 2 -plane can represent two other 
applications if one considers the symmetry of Fig. 27 • 126. As a 
simple electric lens system,one can take 4>i as an aperture 
(usually very thin but then more difficult to map) and 4>2 as the 
first anode; the center line is then a field line, and the solution in 
the upper half ii;-plane is again (38) with w replacing zja there. 
As above, the parameters can be evaluated without integration, 
giving 

C — j-y p = 3^[—m + + 4n], q = J^[+m + V+ 4n] 

where m = (2/6^) (a^ — c^), n = 1 + (2/6^) (a^ + c^). The elec¬ 
tric field is by (25*7) 

N. D. Coggeshall, Jl, A'p'pl. Phys.^ 18, p. 855 (1947). 

^L. Dreyfus, Arch,}. Elektroi.y 13, p. 125 (1924). 

R. Herzog, Arch.}. Elektrot., 29, p. 790 (1935). 
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where Eq = (1/6)(<I>2 — ^^i). In electron optics one is mostly 
interested in the field along the axis, for which in the it?-plane 
w = Uj and (~1) < u < +1. Therefore, 



Fig. 27*12 Polygons with Two Right Angles and Three Scale Parameters. 

This field has a maximum at w = — {a — c)/{a + c). The exact 
correspondence of points in the two planes can, however, only be 
established after integration, which is straightforward but becomes 
rather unwieldy. 

The other application of Fig. 27-126 is to opposing stator and 
rotor slots of electrical machines, assuming <l>i = as the 
magnetostatic potential of the rotor and ^2 ^ T 2 as that of the 
stator the line of symmetry is then a magnetic field line through 
J. Kucera, Elektrot. und Masch,^ 68, p. 328 (1940). 
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the centers of the opposing slots at the moment where these 
coincide. The reference gives extensive treatment of the various 
parts of slot reactance. 

Another transformer problem^^ is illustrated in Fig. 27* 12c, 
where the three pairs of parallel lines again permit direct evaluation 
of the unknown parameters in very much the same manner as 
above. 

Polygons with More than Two Right Angles. Since every 
right angle contributes a square root factor in the expression for 
the derivative of the mapping function, the integrations for more 
than two right angles will lead invariably to elliptic and hyperel- 
liptic functions.^® The simplest case is the rectangle with uniform 
field as shown in Fig. 27* 13a. Because of the symmetry in the w~ 
plane, the mapping function can be written 

S = fccjT [(1 - 11)2)(1 _ dw + Cl = kCF{k, w) + Cl 

(58) 


where the limits of tlie integral are chosen so as to identify it with 
the standard (Legendre) elliptic integral of the first kind F{kyW), 
which is tabulated for real values of w; k is the modulus which 
must be determined from point-by-point correspondence in 
2 - and ic-planes. The length a from Z 2 to corresponds by sym¬ 
metry to 



- /cW)]-« dw = 2 kCK{k) 


where K(k) is the complete elliptic integral of the first kind. The 
length jh from z^ to z^ corresponds to 

jh = kC (k, - F(fc, 1)J = jkCKik') 

since = K{k) -\r iK{k'), where k' = Vl — k^. From 


L. Dreyfus, loc. dt. 

For good treatment see Pierpont,^*® for numerical values Jahnke and 
Emde: Tables of Functions; reprinted by Dover Publications, New York, 
1943. More extensive treatises are H. Hancock: Elliptic Integrals; John 
Wiley, New York, 1917; A. G. Greenhill: Applications of Elliptic Functions; 
Macmillan, London, 1892; and A. Hurwitz and R. Courant: Vorlesungen 
liber allgemeine Funktianentheorie und elliptische Funktionen; J. Springer, 
Berlin, 1929. 
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these two relations one has 

^ CL a K{k) 

^ 2kK{k) ’ ^ "" K{k') 


(59) 


SO that for a given 1/fc in the it?-plane one can determine the ratio 
a/h, or vice versa. The value of Ci is best obtained by identifying 
w = 0 with z = a/2 by symmetry, which gives from (58) im¬ 
mediately Cl = a/2. Thus, (58) becomes 


z 


a 

2Kik) 


F(K w) + l 


(60) 


Bateman,^^ p. 302, gives this solution, and Ikeda^^ gives a good 
field graph in the ly-plane. 

The complex potential solution in the 2 -plane is by inspection 


P = $2 - EoZ, Eo = - - - 

a 


( 61 ) 


Introducing (60) into this form yields actually the complex 
potential solution for the w^-plane directly, which will be used as 
one of the standard solutions, namely, 

P = _ i ($2 - $i) ^ (^>2 + «>l) (62) 

This is, of course, also the complete solution of two coplanar 
parallel strips;^® by interchange of field lines and equipotential 
lines it becomes the solution of three coplanar strips, the center 
one of finite width 2, the symmetrically located outer ones extend¬ 
ing to infinity.^® 

To find the solution for other potential distributions in the 
rectangle, one first maps the rectangle geometrically by (60) upon 

Y. Ikeda, Jl. FacMlty of Sciences^ Hokkaido Univ.j Series II (Physics), 2, 
p. 1 (1938). 

^ For graphs of the field distribution for the cases k = sin 10°, sin 45°, 
sin 80° see Y. Ikeda and M. Kuwaori, Scient. Papers Inst, of Fhys. and Chem. 
Research^ 26, p. 208 (1935); see also F. Cap, Oesterr. lug.-Archiv^ 2, p. 207 
(1948) for the case k = 0.1. 

H. Petersohn, Zeits.f. Physik^ 38, p. 727 (1926), who also studies mappings 
by several types of elliptic functions; also J. J. Thomson: Recent Researches 
in Electricity and Magnetism; Oxford University Press, 1893. 
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the upper half it^-plane and then transforms this upper half plane 
upon itself so as to identify the potential problem with one of the 
three standard forms (26), (38), or (62). If the rectangle is a thin 
conducting sheet with potentials and ^2 applied over small 
sections of the periphery, the solution^® requires two mappings of 



Fig. 27*13 Polygons with More than Two Right Angles. 


the type (60). Wires in rectangular ducts of either conducting^^ 
or dielectric material can be treated in this same manner, the 
mapping function (60) leading to a wire above conducting, or 
dielectric, half space in the w-pVdue. 

Two parallel finite strips constituting a parallel plate condenser 
as in Fig. 27-135 have potential = 3^(<1>2 + ^ 1 ) at the plane of 

H. F. Moulton, Proc. London Math. <Soc., 3, p. 104; also Jeans,p. 354. 

C. M. Herbert, Phys. Rev., II, 17, p. 157 (1921); also Strutt,®®® p. 36. 
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symmetry. Mapping of one quadrant in accordance with the 
table 


2 ^-plane 

1 

2 

3 

4 

5 

Vertex location 

V { 0 4- 7*00 

l" [ -00 -f jO 

0 

jb 

-0 +jb 

jh 

yaTT 

37r 

TT 

TT 


TT 

"2 

2 

2 

“TT 

2 

7a 


1 

1 

+ 2 

-1 

+ - (Sya = 2) 


1 




1 

Wa 

k 

-1 

+1 

+ P 


leads to the integral 





z = kc£ 

W - p 

— 

)(1 - 


dw + Cl (63) 


This form can be resolved into a sum of standard elliptic integrals^^ 
which are also involved in the evaluation of the parameters k and 
p, as well as of the constants C and Ci. The complex potential 
solution in the ?i>plane is given by (62). The fact that \/k in the 
location of the vertex points in the w;-plane is left undetermined 
makes the choice of symmetry equivalent to the definite choice of 
one more vertex. One could, of course, have chosen = db oo 
so as to reduce the order of the integral; in that case the mapping 
function would lead to the Weierstrass type of elliptic integrals 
which would then also appear in the solution in the upper half 
i/>plane as in Frank and Mises,^® p. 668;*^^ Kdrman and Burgers, 
p. 83, apply this and similar mappings to aerodynamic flow 
proVfiems. The above solution is obviously identical with that 
for a single strip above an infinite conducting plane of potential 
4>'; Kehren {loc. cil.) has extended this to the case of the single 
strip in a right-angle corner as in a Leyden jar, and Y. Ikeda and 
M. Kuwaori {loc. cit.) have extended it to one and two parallel 
strips midway between parallel infinite planes and normal to 
these, as well as other arrangements. If the two parallel strips 
have the same potential, then the line of symmetry between the 
strips is a field line and the same mapping function leads to a single 

See Pierpont,^^® p. 384. 

As also in E. Kehren, Dissertation; J. A. Barth, Leii)zig, 1932, and H. B. 
Palmer, Electr. Engg., 66, p. 363 (1937). 
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charged strip 3-5 in the upper half ty-plane, as shown in Fig. 27 • 136, 
for which the complex potential solution is (38a); see Frank and 
Mises,^® p. 668, Case II. 

Two semi-infinite rectangular electrodes as in Fig. 27 • 13c, with 
the plane of symmetry of potential + ^i), can be 

mapped by considering the right half of the H-shaped region. 
The mapping function is then symmetrical and becomes 

z = T r (1 - - w^)-^ dw + Ci=^ E(k, w) + Cl 

k Jo k 

(64) 

with the standard form of the (Legendre) elliptic integral of the 
second kind. In the ic-plane, the complex potential solutionis (38) 
with (z/a) replaced by w. One could also have chosen one quad¬ 
rant bounded by 1^^-2-3-0 and the positive x-axis; in this case 
integrals of the Weierstrass type would again be encountered, 
though the geometry of the upper w^-plane remains the same. 
Treatments are found in Frank and Mises^® II, p. 664, and in 
Bateman,^* p. 304; for extensive details of numerical computations 
and of electric resistance or magnetic reluctance see Davy.^^ 
The current distribution in a thin conducting sheet in the shape of 
an H is found by the same mapping function; for potential <I >2 
applied along A-2 and <i>i along the opposite side of the bridge, 
the upper half tc-plane has the same geometry as in Fig. 27 • 13a, 
so that (62) can be used. A graph of the field lines (or flow lines 
in the corresponding hydrodynamic application) is again given in 
Ikeda and Kuwaori {loc. ciL). 

The armature slots in electrical machines have actually the 
form of Fig. 27-13d; with the simplification of infinite depth, the 
mapping function involves standard elliptic integrals.'^® Without 
simplifying assumptions, the mapping function becomes a hyperel- 
liptic integral involving six right angles, which can only be ap¬ 
proximated by elliptic integrals; the same applies to one quadrant 
of a rectangular transformer core,^® Salient pole machines have 

N. Davy, Phil, Mag., (7), 36, p. 819 (1944); for graphs see also Y. Ikeda 
and M. Kuwaori, loc. cit. 

R. Cans, Arch. f. Elektrot.^ 9, p. 231 (1920); R. Frey, Vol. IV of Arbeiten 
aus dem Elekirotechnischen Institut Karlsruhe; J. Springer, Berlin, 1925. 

S. Bergrnann, Math, Zeits.j 19, p. 8 (1923); Zeits. angew. Math, und Mech,, 
6, p. 319 (1925). 
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pole shoes which can be represented as shown^^ in Fig. 27-136. 
Assume the center line between neighboring poles of the same 
magnetic potential 7 ^ as the armature and the magnetic 

pole of potential 3 ^ 2 , the mapping function involves elliptic integrals 
and leads in the upper i6-plane to two coplanar planes with 
infinitesimal gap, which has the solution (26). With the armature 



(h) 


dz 

dw 



Fig. 27*14 Polygons with Other than Right Angles. 


6''-l' omitted, the same geometry has been used to find in detail 
the magnetic field distribution in cyclotron magnets^^ with 
‘‘shims” or pole shoes. 

Polygons with Other than Right Angles. The symmetrical 
arrangement of Fig. 27 • 14a is mapped upon the upper half w;-plane 
hy 

z = cjw-^iw - 1)-^ dw + Cl (65) 

which is an integral of the Euler type.®® The only scale parameter 

I. A. Terry and E. G. Keller, Jl. I.E.E., 83, p. 845 (1938). 

38 M. E. Rose, Phys. Rev., 63, p. 715 (1938). 

3® Jahnke and Einde, Tables of Functions; reprinted by Dover Publications, 
New York, 1943; originally published by B. O. Teubner, Leipzig, 1938. 
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a is determined by integration between 2 and 3, leading to 

a = c r - 1)-^ dw = C(-l)^ - ■ (66) 

t/0 r(3 — q: — jS) 


where T{q + l) = q\, so that C can be determined. The solution in 
the upper ly-plane is given by (38) with (2w — 1) replacing z/a; 
the shift in origin was introduced in order to give in (06) a standard 
form of integral. This geometry has been used to study the break¬ 
down of oil^^ experimentally and theoretically. Special cases 
include a == 3^, or an infinite plate with one sharp-edged electrode. 
Extension to non-symmetrical alignment of the electrodes, 
particularly for the case of vanishing angles a and was made by 
Kehren.^^ 

A large number of mappings of the type shown in Fig. 27 • 146 
have been published in Japan.These include particularly a = 
7r/3, and a = 7r/4 for Fig. 27*146, applications to regions formed 
by the positive x-axis and 2-3-1^, and solutions of flow problems 
in triangular regions. 

Mapping of Regions Outside of Polygons. If in the general 
Fig. 27*3 it is desired to map the outside region of the straight- 
line polygon upon the upper half le-plane, it is necessary to reverse 
the direction of progression along the polygon in order to satisfy 
the convention that the region to be mapped be to the left; but in 
addition one has to consider that the infinite point of the ;2-plane 
is now a point of the region to be mapped and that there the 
function will certainly not be analytic. It can be shown that this 
results in a mapping function slightly modified as compared with 
(11), namely. 



dw 

(w - Wo)-{w - i6o)^ 


(67) 


where the first product is to be extended over all vertices of the 
given polygon in the 2 -plane, and where is the image of 2 = oo, 
Wo its conjugate complex value; see Bateman,^^ p. 305, and 


Dreyfus, Arch. f. ElektroLj 13, p. 123 (1924); also Ollendorff, 

p. 209. 

E. Kehren, Dissertation; J. A. Barth, Leipzig, 1932. 

Y. Ikeda, Jl. Faculty of Science, Hokkaido IJniv., Series II (Physics), 2, 
p. 1 (1938); A. Migadzu, Technology Reports, Tohoku Imperial Univ., Sendai, 
10, No. 4, p. 51 (1932). 
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Kellogg,p. 374. The choice of Wq is generally important 
because of the corresponding non-conformality of the mapping in 
the 2 -plane. The sum of the values 7 a is now —2 in contra¬ 
distinction to (18), because the sum of the outside angles of a 
closed polygon is (AT + 2)7r. 

An example is the simple straight line cut in the 2 -plane as in 
Fig. 27* 15a. The contributions to the product function follow 
from the table 


z-plane 

1 

3 

( 00 ) 

Vertex location 

-6 

-f 6 


Tair 

— TT 

— TT 

(2 7a * 

7a 


-1 


Wa 

-1 

+ 1 

WQ =j 


and the location of 2 = «> might be chosen at Wq = j, so that 


2 



— I 

{vP‘ + 1)^ 


dw + Ci = -C 


w 

1 + 


+ Cl 


( 68 ) 


The correspondence of the points 1 and 3 leads to C = —26, 
Cl = 0. Assuming the cut to represent a flat strip conductor 
with a total charge X per unit length, then the field lines going out 
to infinity can be presumed to terminate there on ( — X). In the 
?z;-plane the problem now becomes one of a line charge (—X) at 
w = j above a plane conducting surface; the solution is from table 
25*1, line 3, 


_ \ , w — j 

P= + —In—^. + 4>o 

27re w + j 


if 4>o is the potential on the conductor surface. The electric field 
strength is, by (25-7), 



it becomes infinitely large at u; = ±1. From (69) one obtains 
the surface charge density as zE with w ^ u, real. By inversion, 
the straight line cut can be transformed into a circular arc as in 
Bateman,^^ p. 306, where applications to hydrodynamic problems 
also are to be found. 

A rectangular hole in an infinitely extended thin conducting 
sheet can be mapped upon the upper ty-plane as in Fig. 27 • 156, 
where again 2 = 00 is mapped at it? = j. If the electrodes are at 
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very large distance, one can consider them at 2 ; = oo and in the 
ly-plane they appear as a dipole line at ty = j. In order to satisfy 
the boundary conditions on the 2 ^-axis, i.e., to make it a field line, 



Fig. 27*15 Mapping of Regions Outside of Polygons. 


a second dipole line must be located at ly = —j, so that, in accord¬ 
ance with table 25*1, line 6, the solution in the tt^-plane is 




. 21 a 

^ iry + 1 


(70) 


28* GENERAL LAPLACIAN POTENTIAL PROBLEMS 
AND CONFORMAL MAPPING 

For cases of a more general geometry it becomes desirable to 
have assurance of reaching a definite solution of the potential 
problem. It has been shown that the interior of any simply 
connected region^ bounded by regular curves can be mapped upon 

^ A region in which any simple closed curve (without double points) can be 
shrunk to a point without leaving the region; Kellogg,p. 74. 
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the interior of the unit circle in a one-to-one conformal manner;^ 
this is Riemann's fundamental theorem. It is, of course, difficult 
to find the particular mapping function for any general configura¬ 
tion of the original boundary curve, so that in practice several 
mappings might have to be performed or approximations by means 
of polynomials might have to be employed; see Bateman,^^ 
p. 322. Several of the more general cases will be briefly outlined 
here as far as they have reached practical significance. 



Fig. 28*1 Solution of First Boundary Value Problem on Unit Circle. 


Solution of Boundary Value Problems of the First Kind. 

If by some means the mapping into the unit circle has been 
accomplished, then it is possible to solve any potential problem 
for the unit circle, if the potential values on its periphery are given 
(boundary value problem of the first kind or Dirichlet problem), 
by means of Poisson's integral. 


J_ _ 1 - _ 

2wJq 1 — 2r cos (<t> — </)') + r^ 




( 1 ) 


where (r, </>) defines a point P within unit circle, and a point on 
the unit circle as in Fig. 28 • 1; see Bateman,^^ p. 238, or any of the 
references in Appendix 4, D, b. For applications in the complex 
2 -plane one can also use the complex potential function of Schwarz 


P 


_ 1 _ + 2 

27r Jo — 2 


= €>+jS 


( 2 ) 


in which the real part is the form (1), since z = 

^B. Riemann, Inaugural Dissertation, Gottingen, 1851; P. Koebe, Math. 
AnnaleUf 67, p. 146 (1909) and Jl. of Math.^ 146, p. 177 (1915); Frank and 
Mises,^® I, p. 718; Bateman,^^ p. 275. 
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If, in particular, there are n potential values sectionally constant 
over the periphery of the unit circle, then for any one potential 
extending from dj to bJ' {B\ > 0 is taken closest to zero 
and Bn' = 27r + Bi), the integral gives 




For a total of n successive different potential sections, the total 
solution is then^ 

P = -#0 + - i: (^a+i - In - z] + 2f>i (3) 

a =1 

where in the summation ~ ^i* The last term compensates 
for summation in terms of Ba", the end angle of the section, and 


«-0 = (4) 

is the mean value of the potential over the periphery of the unit 
circle and, according to Gauss, identical with the potential at the 
center 0 of the circle (Gauss's mean value theorem). Thus, for 
^ along 0 ^ ^ T and ^ = — along tt ^ <t>' ^ 27r, 

one has from (3) the simple result 

P = - j In ; + 2<I>1 

TT Z -- I 


Near the points of discontinuity of potential on the unit circle, 
the potential function (3) behaves like (jin f) if f = 6^^“" — w; 
this is, in accordance with table 25*1, line 2, the complex potential 
of the magnetic field of a line current, so that the potential value 
right at the discontinuity is not analytic, but is regular in any 
arbitrarily close neighborhood. 

Most mapping problems are simpler if mapping upon the upper 
half ty-plane can be achieved, rather than upon unit circle. Since 
the function 

.1 - z 


maps the unit circle of the z-plane upon the upper half ly-plane, 

® Bateman,p. 242; also H. Villat, Bull, de soc. math, de France, 39, p. 443 
(1911). 
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one can transform Schwarz’s complex potential solution (2) with 


w 


2 = — 


into 


w +j 

.if 


--— i, 

u 


d4>' = 


2du' 
I + u 


'2 


(5) 


1 + uw 


(1 + u'^)(w — u') 


7“ = ^> + jS (6) 


which is the general solution of the first boundary value problem 
in the upper half i«-plane. In (6), denotes the integration 
variable along the real w-axis, and w is the arbitrary point where 



Fig. 28*2 Solution of First Boundary Value Problem in Upper Half Plane. 


the potential P exists. The real part of (6) leads to the equivalent 
of Poisson’s integral on the unit circle, (1), namely, 



V 

{u — 


^{u) du^ 


permitting the direct evaluation of the real potential distribution. 

If, again, there are n potential values sectionally constant along 
the u-axis as indicated in Fig. 28*2, then for any one potential 
extending from uj to uj'y the integral in (6) can be separated into 
two simple integrals with the result 

P ^ + TT-X-^l 

t/wa' l,W — U (X + U ^)J 


, W - Ua ,1,1 + 

= -In- J + o In T 1 -72 

L W — Ua 2 1 + Ua^ 


The sum of the n contributions can be contracted, since 
Ua" = Ua+ij into the rather simple form 

n—1 \/l _L /!/ ^'2 


T. J V /* ^ , , Vl + 

p = - 52 ($„ - In- - 

W - Ua 


+ 


( 8 ) 
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Use has been made of the fact that for —oo) the 

► 0 , whereas for ^ the term 


term In 


vT+^2 


W — Ui 
■772 


In— ^ ->ln ( — 1) = jV. For only two potential values, 


w — Un 


namely, ^> = for — qo < u < 0 , and <^ = $2 for 0 < u < +«>, 
( 8 ) reduces immediately to the standard form (25*26) or (27*26) 
which has been used extensively. 

The application to three parallel thin layers of transformer wind¬ 
ings as in Fig. 27 * 7c is now straightforward. Assume symmetry of 
potential distribution, namely, = —‘^3 = F, and ^2 = 0 ; 
then ( 8 ) becomes 


P 


I 

TT 



-v/2 
«) + 1 


+ Fin 


vTT 


w 


±f 

- 9 - 


= fF- 

_ir 


In 


- F 

V2(l + g") 

{w + l){w — q) 



The equipotential lines in the ly-plane are actually two families of 
hyperbolas, one diverging from the point 3 and the other from the 
point 5. Transposing these into the 0 -planc shows that the 
outermost layer has the strongest field concentration near it^ 
and must therefore be particularly well insulated. The field 
vector can be found again by (25 *7) and becomes with (9) and the 
derivative of the mapping function from Fig. 27* 7c, 

E- + ~| 

\dz / TT [_Cw{w + p){w — t)j 

The field strength is infinitely high at the three sharp corners 2, 4, 
and 6 ; it is zero for w = 3^(g — 1 ), i.e., on the center layer, the 
exact location depending on the relative geometric distances of the 
windings. In a similar manner can be treated Figs. 27* 12a and c, 
as well as problems in high-voltage transformers involving three 
separate windings of high, medium, and low voltage and the 
grounded core.® 

Actually, the potential along windings is not constant but may 
vary linearly; similarly, the magnetostatic potential varies fre- 

^ W. Grosser, Arch. f. ELektrot.j 25, p. 225 (1931). 

^ J. Labus, Arch.f. Elekirot., 19, p. 82 (1927). 
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quently along the iron surface either because of saturation or 
because of exciting windings. In such cases one can make use of 
(6) directly if the variation of potential has been transposed 
from the original 2 -plane to the upper half t^-plane, so that ^(u') 
is known as a function of u. Unfortunately, the integrations can 
be carried out only in the simplest cases, so that either approxi¬ 
mations or graphical or numerical methods become ^necessary. A 
rather simple illustration is the evaluation of the magnetic field 
distribution in the air gap of an electrical machine if the rotor 
surface has a magnetomotive force distribution which is constant 
directly opposite the stator pole and decreases linearly from the 
edge of the pole to the plane of symmetry between poles.^ 

Solution of Second and Mixed Boundary Value Problems. 
If, again, the mapping of a simply connected region into unit 
circle has been accomplished, but the boundary conditions prescribe 
the values of the normal component of the field gradient, 
Er = — d^/dr, the boundary value problem is said to be of the 
second kind (or Neumann problem); if the boundary conditions 
prescribe over certain sections of the periphery of unit circle the 
potential values and over the remaining sections the normal 
component of the gradient, then the boundary value problem is 
said to be of the mixed kind. It is not possible in these cases to 
deduce a general theorem of practical value comparable with the 
Poisson integral for the first boundary value problem; in fact, few 
problems of this type can be solved satisfactorily by conformal 
mapping alone. The method of two-dimensional harmonics 
(see section 29) will generally prove to lead most quickly to the 
desired results. 

In the special cases where the boundary is formed partly by 
fixed potential values and partly by field lines along which the 
normal component En = — d^/dn = 0, conformal mapping gives 
quick solutions if the final map upon the upper half plane corre¬ 
sponds either to Fig. 27*66 with (27*38) as complex potential 
solution, or to its correlate with equipotential lines and field lines 
interchanged where (27* 38a) gives the complex potential, or, 
finally, to Fig. 27 •13a with (27*62) as complex potential solution. 
It is, therefore, advisable to utilize symmetries which define at 
least one field line so that one of these standard solutions can be 
applied. 

®T. Nakamura, Elektrotechn. JL, 3, p. 6 (1939). 
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An example of a general mixed boundary value problem is a wire 
carrying charge X per unit length and located at P within a slotted 
cylindrical conductor^ of potential as shown in Fig. 28*3; it is 
desired to find the field distribution around the slot 3-5. Since the 
dielectric constant is the same within and outside the cylinder, one 
can only stipulate continuity of the electric field vector across 
the circular arc 3-5. Mapping by the linear function 


w 


= J 


,a — z 
a + 2 


( 10 ) 


produces a one-to-one correspondence between the entire z- and 
ly-planes developing the cylinder into a flat strip of width 2p = 
(2sin0)/(l — COS0), where 2d is the slot angle. The point P, 


Wp 


imaged at 



^ a . 

“A 

■V .1 

2-sma + j 
K 

Ki 

*) - ‘J 


+ 2 — cos a -f 1 


Further mapping by 

f = cos" 




w = p cos f 


( 11 ) 


( 12 ) 


transforms the entire i«;-plane into a semi-infinite strip of width 
27r, relating the four quadrants of the lo-plane to the four semi¬ 
infinite strips of width 7r/2, each as indicated in Fig. 28*3, so that 
the upper side of the flat strip appears as ( — tt) < ? < 0, the lower 
side as 0 < ^ < TT. In the f-plane the problem is now that of an 
infinitely periodic grid of wires spaced 27r apart above a conduct¬ 
ing plane, so that the complex potential solution becomes identical 
with (25*45) with appropriate change of notation, namely, 

P = - ^ [In sin )^(f - ?p) - In sin i^(r - f/.)] (13) 

27re 

Here, fp = cos"“^ {'^p/v) with wp from (11), and fp is the con¬ 
jugate complex value of fp; the factor arises from the fact that 
sin f has period tt, whereas the problem needs period 27r. If the 


^ Ch. Snow, Scient. Papers Bur, Stand.^ 21, p. 631 (1926). 
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wire is located at the center as an approximation to certain photo¬ 
electric arrangements,® then 

w’p = 3, tp = cos“‘ ^ J sinh“^ (14) 

The same general solution (13) applies to the case where the wire 
is outside the cylinder; if it moves to z = oo, the solution for the 
slotted cylinder is given in Bateman,p. 306. 




Fig. 28*3 Charged Wire within a Slotted Cylindrical Conductor. 


A similar treatment solves the problem of a dielectric cylinder 
carrying one or more conducting layers on its surface,® Fig. 28-4. 
The linear mapping function 


w = 


1 - 
z - “ 


(15) 


transforms again the entire ^-plane into the entire w^plane, but 

®Th. C. Fry, Am, Math, Monthly, 39, p. 199 (1932); also Bell Tel, Mono¬ 
graph No. 671. 

* J. Hodgkinson, Quart, Jl, Math., Oxford series, 9, p. 6 (1938). 
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now the circular arc carrying the conducting layer with total 
charge X per unit length is stretched into the positive w-axis, the 
upper half plane is filled with dielectric £ 2 , the lower half plane 
with dielectric ei. The infinite point 2 = 00 is mapped at ( — 6 ^") = 
gi(a+ir)^ and since physically the charged layer sends its field 
lines into 2 = 00 , S2 will now represent a charged line carrying 
( — X); it is certainly a point of nonconformality. A further map¬ 
ping upon a f-plane by ly = f^ reduces the arrangement to the 
upper half f-plane with a line charge ( — X) in si above a conduct- 



Fig. 28 • 4 Dielectric Cylinder with a Conducting Layer. 


ing plane and in front of an infinite plane boundary of dielectric 
62 . The problem in the f-plane is thus reduced to a conventional 
image problem. The reference gives applications to two conduct¬ 
ing layers of either like or of)posite sign. 

Mapping of Polygons Bounded by Circular Arcs. A study 
of mappings obtained by various analytic functions discloses 
transformations from regions bounded by circular arcs into regions 
bounded by straight lines, so that further transformations utilizing 
the Schwarz-Christoffel mapping functions lead to the final solution 
of a potential problem. Thus, two conducting cylinders in con¬ 
tact carrying a total charge X per unit length^® and with radii a 
and h as in Fig. 28*5 can be mapped by complex inversion w = 

E. P. Adams, Am. Philos. Soc. Proc., Philadelphia, 76, 1, p. 11 (1935). 
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22 jz upon the upper half ly-plane. Since the conductors have the 
same potential, the field lines in the 2 -plane will go to 2 = oo, and 
in the ty-plane they will converge upon its origin 0. It is necessary 
only to consider the upper half 2 -plane which is mapped into a 
semi-infinite rectangular strip in the i(;-plane. Further mapping 
by 

^ = 7[(f + p)(f-i)r^ (16) 


produces a flat strip in the f-plane for which the solution was 
given in (27-38a). With the appropriate shift of the origin to 



f-Plane 

Fig. 28*5 Two Freely Charged Conducting Cylinders in Contact. 


(1 — p)/2 and observing that the total width of the strip is 
(1 + p), one has 

(17) 

The electric field strength in the 2 -plane can be evaluated as in 
(25*7), except that now two successive mappings are involved, 
so that 

„ (dP\ /dP df dw\ . X (w^ . Ia , ^ 

^ “ (dz) “ (df ’ dw‘ 47re (c ^7 

Here, dw/dz = — ( 2 j/ 2 ^) — j{w^/2) has been introduced in the 
latter form but needs the knowledge of the complete mapping 
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function (16). Many other examples are found in the reference 
given, such as two parallel cylinders not in contact but connected 
by a conducting sheet along their center plane, and conductors 
made up of three or four intersecting cylinders. 

The general theory for the mapping of polygons bounded by 
circular arcs upon the upper half plane was originally developed 
by Schwarz the resulting differential equation is, however, of 
second order and non-linear, so that rigorous solutions cannot be 
obtained in a practical manner. If the problem involves the round¬ 
ing off of an originally sharp corner, one can solve the field dis¬ 
tribution for the sharp corner by the mapping procedure for 
straight line polygons in section 27 and then approximate the 
rounded corner by a properly selected equipotential line close to 



Fig. 28*6 Mapping 





1- Q —^ 

■"1 1. 

0 

A B '» 

Rounded Corner. 


the sharp corner with the desired smallest radius of curvature. 
This has been done for the rectangular corner opposite an infinite 
plane (see Fig. 27*9) in Rothe et aZ.,^® p. 136, and for a very thin 
plane winding opposite an infinite plane which is the same problem 
as the parallel plane condenser (Fig. 27*46), by Grosser.^^ It 
has to be observed, though, that the equipotential line generally 
has a shape different from that of the original electrodes, which 
may not make it a satisfactory approximation. 

A much better procedure for replacing a sharp edge by a circular 
cylinder as in Fig. 28*6 is the substitution^^ of 

[(ii; - p)”'^“ + \{w — 0')""'^“] (19) 

for the vertex factor {w — Wa)”"*'® in the conventional polygonal 
mapping function (27*10). In the form (19), the corresponding 

H. A. Schwarz, CrelWs Jl., 70, p. 105 (1869); also Bateman,^^ p. 504. 

^ W. Grosser, Arch. f. Elektrot.^ 25, p. 211 (1931). 

J. Herlitz, referred to in L. Dreyfus, Arch.f. ElektroL, 13, p. 131 (1923). 
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change in direction of progression in the 2 ;-plane between w < p 
and w > q is 7a^, the same as produced by the normal vertex 
factor {w — however, the change is now gradual rather 

than abrupt, and if X is freely available for choice, can be made 
to approximate a circle rather closely. The locations p and q of 
the images of A and B have to be found by the correspondence of 
points in the 2 - and i«;-plane, as established by the mapping func¬ 
tion. Instead of (19) one could also use the factor, 

[w + — 1]"”'^“ (20) 

where the end points A, B of the circular arc are chosen at 

w = z±=l. 



Fig. 28 • 7 Hounded Corner and Infinite Plane. 


The solution for the rounded right-angle corner of Fig. 28*7 can 
be found by form (19) and this table: 


a 

1 

2 

3 


5 

Vertex locations 

1'f+« -f yo 
1 " [0 

Stt 

1 1 

8 8 

a -- jb 

V-—^ 

a 

T 

±3 

yair 



“ 

2 


7a 

3 

+ 2 

+1 

- 

1 

2 

(St- - 2) 

Wa 

±00 

0 

V 


9 


The mapping function follows as 




( 21 ) 


where the factor Vw — 1 of (27* 42a) has been replaced by the 
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form (19). Integration leads to the mapping function 
2 = 2Ci 


Vw -- p ~ Vp tan ^ ^ - 

+ X — q — \/q tan”"^ 


q J 


+ C 2 ( 22 ) 


The constant Ci can be determined by applying (27*17) to point 
2 , observing the equivalent definitions to establish one-valued 
branches of the functions, 


tan ^ 



j , Vp + Vp — w 

^ln_- 

2 Vp — Vp — w 


= j tanh ^ 



(23) 


so that 


for w 


+0 (from right), 


2 w 


+ i<» 


for w—* —0 (from left), z In ^ 


One thus obtains 


Cl = 


2 -Iwl 

a /TT 


+ ico +- 


[x/p + X\/ q] 

At point 23 one has w = p and therefore 
a — jb = 2j\Ci q — p — A/g tanh“^ ^ — 


(24) 


+ C 2 (25) 


from where, since Ci is real, one takes C 2 = a. At point 24 one 
has w = q and therefore 


a b = 



(26) 


The relations (25) and (26) connect p, g, and X, so that one can 
either choose the location of a third point on the ix-axis or select 
a value X which gives the best approximation to a circular arc. 
Since the latter is rather difficult, one might choose 

g-p = l, g=l + p (27) 


since that simplifies (25) and (26) appreciably. Figure 28*8 gives 
the resultant values of p and X as functions of 6 /a, the significant 



375 


Sec. 28] Polygons Bounded by Circular Arcs 

geometric ratio of radius of curvature b to distance of the parallel 
planes a. As 6 gets smaller, the value of p becomes large and 
thus approaches that of q, since for 6—^0 the case of the sharp 
corner should result, in which p and q merge. It is of interest 



—4 


Fia. 28 • 8 Rounded Corner and Infinite Plate. 


now to check the actual contour described by the mapping function 
(22). Figure 28*9 shows the contour for b = a/8 and a cor¬ 
responding X = 0.787; although not strictly circular, the deviation 
from the circular arc is nowhere larger than 0.16. A better 
approximation might be obtained by selecting by trial and error 
a specific value of X for a given ratio b/a and leaving p and q to be 
determined from (25) and (26). This is, of course, a tedious 
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process, since the entire computation must be repeated for each 
of the values of X. 

In the it;-plane the complex potential solution is given by (27 *26), 
so that the electric field strength follows from (25*7) with (21) 
and (24) as 

Its value increases along the vertical plane from the uniform field 
Eq = (4>2 — ^i)/o somewhat below point 3 and reaches a maxi- 
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Fia. 28*9 Comparison between Actual Contour and Circular Arc; Geometry 
Fig. 28*7, Mapping Function (28 -22). 

mum value at point 3 where the circular arc begins; it then 
decreases again along the rounded corner but reaches Eq only 
somewhere along the horizontal plane unless the radius b > 0.38a. 
The maximum value at lo = p follows from (28) 

^max = Eo + Vl + pj (29) 

It is plotted in Fig. 28*8 also as a function of h/a] in order to keep 
the maximum value to 2Eq or less, the radius of curvature must 
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be at least b ^ 0.15a. The value of the field strength at point 5, 
the end point of the circular arc, follows with w = q from (28) 
and is actually 

i^|(5) = ^■'Emax 

and is therefore larger than Eq for b ^ 0.38a. Similar computa¬ 
tions have been made to evaluate theoretically the electric break^i 
down between electrodes under oil.^^ 



For a rounded corner in a rectangular corner as in Fig. 28-10 
the mapping function is found from 


dz _ Vto + 1 + X Vw — 1 
dw (w — p) \/w — q 


(30) 


where again (19) was used to replace the vertex factor of the sharp 
corner. A complete discussion of the mapping for a value X = 
V (q + l)/((7 — 1), chosen because of most uniform distribution 
of the field strength over the arc, is given by Walker,^^^ p. 108; a 
graph shows also the actual contour, which is similar to Fig. 28 • 9. 

Plane gratings with very large cjdindrical wires can be treated 
by the same method. Take one quarter of the periodic strips 
shown shaded in Fig. 28* 11 as the mapping region; then the 
mapping derivative 

^ = C ~ ran 

dw * [(w +!)(«) — l)(iy + p)]^ 

Dreyfus, Arch.f. ElektroL, 13, p. 131 (1923). 

Richmond, Proc. London Math, jSoc., Series 2, 22, p. 389 (1923); also 
Smythe,^^^ p. 98. 



378 


Two-dimensional Analytic Solutions [Ch. 7 


transforms it into the upper half ly-plane. Since the rounding 
only affects the corner 4 but leaves the right angles at points 3 
and 5 , the factors (i/; + 1 ) and (it? — 1 ) appear twice, once for the 
existing right angles at 3 and 5 and the second time in additive 
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Fig. 28*11 Plane Grating of Large Cylindrical Wires. 


combination to replace (w — in accordance with 

Separation of (31) into two terms and integration give 


2a 


. /w — 

tanh ^ (-) 

\w + p/ 


z — 


x(l + X) 


+ X tanh' 


h +ly 

\w + pj _ 


(19). 


(32) 


a 

where Ci = -7 -- was determined by applying (26*22) to 

ir(l + X) 

point 1 , and C 2 = 0 was found by correspondence of point Z 2 and 
le = — p, observing 

( W i 

-) = In {(11? i 1 ) + (ty + p) 

w + p/ 

+ 2 [(iy =b l)(w -f p)]^} — In (p zb 1 ) 


as the proper definition for one-valuedness. Having chosen the 
locations of three points in the ii?-plane, one must find the values 
of X and p from the correspondence of the points 3 and 4. In 
this case, the deviation of the actual contour from the quarter 
circle is less than 0 . 02 b. The solution in the ly-plane will depend 
on the stipulated boundary conditions; if the cylinders are all 
isolated and carry like potentials, then the contours l^^-~2-3 and 
5 -“l^ are field lines and the solution in the ly-plane is given by the 
complex potential function of a flat strip (27 * 38a). If the cylinders 
carry alternatingly positive and negative charges, then contours 
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2-3 and 5-1' are field lines, contour l"-2 is an equipotential line 
of zero potential, and the complex potential in the ly-plane will 
be an elliptic integral which can be of the standard form (27*62) if 
a further transformation to the symmetrical arrangement of Fig. 
27 • 13a is made. Superposition of a uniform field and good graphs 
can be found in Richmond {loc. cit.). 

Hydrodynamic Applications; the Hodograph. With table 
9*1 it is relatively simple to translate all Laplacian potential 
problems into solutions of hydrodynamic problems. There are, 
however, problems which involve “free” surfaces, such as flow 
through various types of orifices with jet formation which cannot 
be treated as conventional boundary value problems. In ideal 
fluids without effects of gravity, the Bernoulli equation^® must hold 
along each stream line: 

V + = ^ons (33) 

where p is the static pressure, p the mass density, and v the total 
velocity at any one point. For a free surface it is assumed that 
pressure p is constant, usually atmospheric pressure, so that (33) 
also requires a constant velocity. It is possible to solve two- 
dimensional flow problems involving free surfaces by means of 
conformal mapping of the velocity plane, or hodograph plane, 
rather than the actual geometry; see Lamb,^^^p. 69; and Frank 
and Mises,^® II, p. 417; and Rothe ei aZ.,^® p. 122. 

Consider two planes P\ and in Fig. 28*12 inclined towards 
each other with an angle /Stt in the ^-plane. The ideal fluid issuing 
from the orifice AC will form a jet of unknown surface but with 
constant velocity I’o on its surface. If the complex potential 
solution P = + jS for the 2 :-plane were known, the conjugate 

complex value of the velocity v could be found as 

dP . 

ti = -^ =v^-3Vy (34) 

where the positive sign has been chosen for the potential gradient 
in accordance with prevailing custom in hydrodynamics. If one 
now defines a new complex quantity 

r ~ 7 = + Py) (35) 

For example Eshbach: Handbook of Engineering Fundamentals^ p. 6-19; 
John Wiley, New York, 1936. 
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it will have the same direction but inverse value of the velocity at 
each point in space, and a representation in the f-plane can at 
least fix the boundaries of the hodograph map. Along the two 
planes Pi and P 2 the velocity will have the direction of the planes 
and vary in value from vq at the orifice points A and C to value zero 
at infinity on account of the divergence of the planes. Plotting 
in the f-plane the locus of as defined in (35), gives the directions 
OA and OC, with the points and fc of radial distance l/i^o and 
the infinite points corresponding to = 0. The free surface of 





Fig. 28*12 Flow of Ideal Fluid through Orifice with Jet Formation. 

the jet must then be represented by the circle |f| = l/v^^ the 
infinitely distant point of the 2 ;-plane corresponding to B 

on the negative f-axis of the f-plane. The direction of the velocity 
vector is towards 0 in the f-plane in accordance with flow from 
infinity towards A and C. 

Since all end points of f as representative of the velocity v lie 
within the shaded area and its mirror image below the real axis, 
one can find the solution for the velocity plane, or hodograph 
plane, by conformal mapping. Thus, by the transformation 
= f’* one can change the angle (1 — 7)7r to tt, i.e., compress or 
expand into a half plane from which the interior of the circle \/vq 
is excluded. The angle 77r is in the conventional sense the change 
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in progression turning from plane Pi to plane P 2 in the 2 ;-plane and 
is negative if in the clockwise sense; this gives n == 1/(1 — 7 ). In 
order to have OC in the f-plane coincide with the positive {-axis, 


TT 

one must rotate the f-plane by — (1 + 7 ) “ > and in order to make 

the semicircle of radius 1, one must multiply f by ^o, so that as 
better transformation one has 







(36) 


This leads now to the upper half f "-plane with unit circle excluded. 
The further transformation f= In f" gives, as shown in connec¬ 
tion with (26-49) and in Fig. 26*7, a semi-infinite strip in the 
2 :'"-plane of width tt. Finally, one can transform this strip into 
the complete upper half ^-plane by 


f = coshr' = i[r + p 


(37) 


In the ^plane the problem is that of a sink line located at P, the 
terminal of the free jet. The complex potential solution is, 
therefore, from table 25-1, line 1, 

P = -t+iS=-^lnt (38) 


where Q is the total quantity of flow (per unit depth) taken 
positive. In particular, the free jet surface is given by the part 
of the real r-axis between ( — 1) and (+1). 

To transfer the solution (38) back into the 2 :-plane it is necessary 
to integrate (34), which can be written with (35) to (37), 

^ 1 f = i ^ (39) 

dP V !.’o 

Since from (38) 

one can integrate either with respect to P or with respect to t 
The general integration cannot be performed, but several special 
cases have been evaluated. 
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Thus, one has for 7 = 0 or n = 1 a slit in an infinite plate, the 
simplest type of orifice, and the integral becomes 

2 = jCi /[!+<"' - 1)^] dt + C2 

jCi — 1 — COS ' for 1^1 > 1 (41a) 

jCi[t + j Vl - +j\nt-j In (I + Vl - i^)] + C 2 , 

for \t\ < 1 (41b) 

To assure one-valuedness, one has to observe carefully the sign of t. 
The value of Ci = Q/27r?;o follows from (40) and (39); the value 
of C2 has to be determined from correspondence of points in 
2 - and ^-planes. For 

t = + 1 , zc = jCi{+l) + C2 

i = — 1 , za — jCl( — l — tt) + C2 

so that, if one locates the origin of the 2 -plane as in Fig. 28*12 
midway between A and (7, the value of C 2 = j( 7 r/ 2 )Ci. The 
asymptotic width of the jet is determined by 

t = + 0 , = 00 + C2 

t = — 0 , Zb' = 00 — jirCi + C2 
so that the contraction coefficient becomes 

Zb Zb _ TT 

Zc za tt + 2 

Good details of the solution with graphs are given in Lamb,^^^ 
p. 90, and Bewley,^' p. 146; see also Frank and Mises,^® II, p. 425. 

For 7 = —1 or n = }/2 one obtains the Borda mouthpiece, a 
long tube thrust deep into the fluid tank; good details are again 
foundinLamb,^^^p. 88 ; Bewley,^^ p. 143; and Frank and Mises,^® 
p. 424; see also Rothe et p. 122. Many other examples 

can be found in these references. 

Since the general map of the hodograph in the f-plane upon the 
Z-plane by (37) is independent of the original geometry in the 
2 -plane, one can also study different types of complex potential 
solutions in the Z-plane such as combination of source lines or 
vortex lines and transfer these back into the 2 -plane by means of 
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(39). In this manner very interesting solutions for flow patterns 
in channels have been obtained by Migadzu.^^ If a shift of the 
origin in the f-plane is made, curved profiles of channels result. 

For electrical applications one might observe that the solutions 
describe the current distribution in thin conducting sheets; the 
free surface can be interpreted as a boundary along which constant 
current density is maintained. 


29* TWO-DIMENSIONAL HARMONIC 
FUNCTION SYSTEMS 


Though two-dimensional Laplacian potential problems can 
formally always be solved by conformal mapping and reduction to 
standard boundary value problems for the unit circle as indicated 
in section 28, the practical difficulties become rather great when 
the boundary conditions involve potential values that vary along 
the boundary (still a first boundary value problem), or involve 
potential values as well as conditions upon the field vector (mixed 
boundary value problems). In these latter problems it is fre¬ 
quently simpler to express the solutions in terms of infinite series 
of ^^orthogonaP’ functions generated by the differential equa¬ 
tions for the particular type of coordinate system best suited 
for the problem. The first step will always be a separation of the 
two variables, say, v, and consequent reduction of the partial 
differential equation to two ordinary differential equations in u 
and V, respectively; practically any of the references in Appen¬ 
dix 4, C, a, describes the method and gives illustrations which will 
be presented here in connection with the individual coordinate 
systems. 

Each of the ordinary differential equations will be of the second 
order and, if u is one of the general variables, will have the form 

f"(u) + + [v2{u) -f Xt7s(u)]/(w) =0 (1) 


where r^i, 172 , and 773 are factors arising from the general coordinate 
relations and where X is an unknown constant appearing in the 
process of separation of variables (see the later examples); the 
derivatives are designated by the primes. Actually, one can 


rewrite (1) by multiplying through with w{u) = exp 



A. Migadzu, Technology Report of Tohoku Imperial Univ,, Sendai, Japan, 
10, No. 4, p. 51 (1932). 
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and combining the first two terms more conveniently as 

^ + [qM + = 0 (2) 

Any solution of this equation has to satisfy boundary conditions 
at the extreme values a and b which u takes on within the region 
of the stated problem. Assuming homogeneous^ boundary condi¬ 
tions such that 

at w = a, ai/(a) + 02 f (a) = 0 

at u = b, bif(b) + b 2 f{b) = 0 

then these cover all possible types of homogeneous boundary 
value problems of the first kind (with 02 = 62 = 0), of the second 
kind (with Ui = 61 = 0), and of the third kind (with none of the 
coefficients zero); see Kellogg,pp. 236, 246, 314. 

In general, the satisfaction of the homogeneous boundary 
conditions is possible only for selected values of the parameter X, 
the characteristic numbers (or eigen values) Xa leading to the 
characteristic functions (or eigen functions)^ 0a('^)* There exists, 
however, usually an infinite sequence of values X^, a discrete 
spectrum, and since an equation of the type (2) has to be solved 
for the second coordinate v, there will also be an infinite number of 
corresponding functions ^a{v). Each product 0a(^)0a(y) 
represents a solution of the Laplacian differential equation and 
therefore a harmonic function (see section 2), so that the general 
solution of the potential appears in the form 

^ = L Aa<t>a{u) ypa{v) (4) 

a = 1 

where the coefficients A a have to be determined from the addi¬ 
tional boundary conditions pertaining to the boundaries v = c 
and V == d. 

The homogeneous differential equation (2), together with the 
homogeneous boundary conditions (3), is called a Sturm-Liouville 

^ Homogeneous boundary conditions are defined in the same manner as 
homogeneous linear differential equations, i.e., each term is linear in the 
unknown function or one of its derivatives. 

^ A tabulation of the less usual function systems, associated differential 
equations, and characteristic numbers is given in E. Madelung: Die Mathemor 
tischen Hilfsmittel des Physikers; reprinted by Dover Publications, New York, 
1943. 
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problem in honor of the original investigators, and it leads to a 
function system <l>a(u) which is orthogonaly as can be demonstrated 
quite readily. Introducing into (2) successively two of the 
characteristic functions 0 ^ and 0^ for f(u) and forming the differ¬ 
ence of the products 

0a:‘L0/5 — 0/5*L0a = 0 

one can separate this with the complete right-hand sides of ( 2 ) 
into 

(Xa — Xi3)p(w) 0a0/3 = ^ b^<t>a <t>P “ 'W?0/5^<^a] (5) 


Integration in the boundary limits a and b of the variable u gives 
on the right-hand side of (5) 

w{h)[<t>^\b)<t>^(b) - 0 /( 6 ) 0 «( 6 )] 

- w{a)[<t>J{a)<t>fiia) - 4>/ia)<t>a(,a)] = 0 

which vanishes if one substitutes for <t>a and 4>fi' the values result- 
ing from (3). Thus, since 5 ^ X/ 5 , the integral on the left-hand 
side of (5) must vanish 



p{u)<t>a{u)(t>^{u) 


du 


0 , 


a 9^ P 


( 6 ) 


which constitutes the condition of orthogonality of the function 
system <t)a{u) with p{u) as weight function. One could, of course, 
define a different function system 


ha{u) = Vp{u) 0a( m) 


(7) 


in which case the weight function is absorbed in ha{u), and ( 6 ) 
reduces to 



K{u)h^{u) 


du = 


0 , 


a ^ 


( 8 ) 


The value of the integrals ( 6 ) or ( 8 ) for a = |3, namely, 
piu)4>a^(u) du = I ht^{u) du = Na 

a t/u *sa 


(9) 


is a constant depending on a and called the norm of the function 
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system. If one uses the modified functions 




( 10 ) 


the integral (9) takes unit value; the functions (10) form then an 
orthonormal system: they are normalized. The latter modification 
is, of course, not necessary, but it can result in simplification. 
Good treatments of orthonormal function systems and their 
applications to boundary value problems are found^ in Webster,^ 
in Byerly,^^ in Courant and Hilbert,in Bateman,^^ in 
Churchill,^^ in Murnaghan.^^^ The advantage of orthonormal 
function systems is the fact that any reasonable function G{u) 
can be represented within the interval a ^ u ^ b uniquely in 
terms of a generalized Fourier series 


G(u) = L Ca<t>a(u) = E CJlaiu) 






( 11 ) 


where 


X u^b 

G{u)4>aiu)piu) du; 


u =b 


NaCa= G{u)ha{u)du (12) 


with the assurance that everywhere in this interval the series 
converges towards G{u), and that any first n coefficients represent 
the best approximation in the mean to G{ii) in the sense of least 
squares. One can also show that any such orthonormal function 
system is complete, i.e., that there is no function for which all 
coefficients vanish and which is yet different from zero. Finally, 
evaluating the deviation integrals for </)a(u) and ha{u)j 


£ =h r n -|2 

P(m) G(w) - E Ca(t>a(u) du; 

“ L a=l J 

r‘[ 


“ 2 

G{u) — Cahaiu) du (13) 

a =1 - 


with the aid of (6), (8), and (12), and letting n —^ oo, one obtains 

^ See also L. Bieberbach: Theorie der DifferentialqUichungen; Dover Publi¬ 
cations, New York, 1944; originally J. Springer, Berlin, 1930; E. L. Ince: 
Ordinary Differential Equations, Dover Publications, New York, 1944. 
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i NccCa^ 

a=l 


= f p{u)lG{u)]^ du; 

Uu =a 

E = r“*’ [g(m)]2 du (14) 

a=l du^a 


Returning now to the general solution (4) of the Laplacian 
potential problem, one can demonstrate that this infinite series of 
harmonic functions represents a convergent solution if one can 
apply to the function series ^a{^) the same argument as that just 
presented for the function series <t>ct (u). The actual demonstration 
for problems of direct physical significance is relatively simple, 
since one can restrict arguments to essentially analytic functions 
with only isolated singularities as pointed out in section 27. For 
details of existence and convergence proofs see Kellogg,^Chapter 
X; Courant and Hilbert,Vol. II; Frank and Mises,^® Vol. I; 
and Evans.^^ 

Fourier Scries in Cartesian Coordinates. In the Laplacian 
differential equation 


^2$ dH __ 
dx^ dy^ 


(15) 


the variables can be separated by defining ^{x, y) = X{x)Y{y) 
as a product of functions of only one variable each, since (15) 
becomes 


Xff y" 

X"Y + XY” =0 or — = - — (16) 

JL Y 


Since in the last form the left-hand side can depend only on x and 
the right-hand side only on y for any combination of x and y 
whatsoever, none can contain the variable but must be a constant, 
say, so that 

(fY 

_ + (17) 

For the function X(x), comparison with (2) shows w = 1, ^ = 0, 
p = 1, X = m^. The obvious solutions are sin mx, cos mx; for 
Y{y) the functions sinh my^ cosh my are solutions, so that the 
harmonic function 

XY = (Cl sin mx + C 2 cos mx) (Di sinh my 4- D 2 cosh my) (18) 
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as well as any sum of these products will satisfy (15). The selec¬ 
tion of the spectrum of m-values is, however, possible only by 
specifying the boundary conditions. Since (15) contains only 
the second derivatives, it is always possible to add terms of the 
type (fci + k 2 X + k^y) if required by the conditions of the prob¬ 
lem. 

Consider the rectangular region a, O^y^b shown 

in Fig. 29* la with potential values as indicated there. For the 
variable x both boundary conditions are homogeneous, of the 
type (3), requiring in (18) 

Z(0) = X(a) = 0 (19a) 

Along X — 0 only sin mx vanishes, so that C 2 = 0; along x = a 
it requires 

sin ma = 0, m = — > a = ±1, ±2,* • • (196) 

a 

Thus, the conventional Fourier sine series constitutes the natural 
orthogonal function system for Cartesian coordinates in finite regions^ 
with unity weight function, characteristic numbers and 

a norm from (9) 

Na = r~"sin2 (— x) dx = ^ (20) 

Jx=o \a / 2 


which is in this case not dependent on the order number a. It 
is generally not customary to normalize this Fourier series; if 
desirable, it can be done by using amplitude factors x/2/a. Since 
m is known by (19), the one homogeneous boundary condition 
y(b) =0 leads in (18) to 


Dai sinh mab + Da 2 cosh mab = 0, 


Da2 


— coth Mab 


so that the potential solution takes the form in accordance with 
(4) 


00 


= E ^aSin 



sinh air (b — y)/a 
sinh aw bfa 


( 21 ) 


where the coefficients Cai and Daz have been merged into A a and 
the negative values of a have been suppressed, since they leave 
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the function unchanged except for sign. The final boundary 
condition requires 

* T 

0) = JL sin aTT - = G{x) (22) 

a =1 ^ 

or, essentially, that the .4 a be the regular coefficients of a Fourier 
sine series representing the given function G{x) in the interval 
0 ^ X ^ a, or 

Aa = - I G(x) sin air - dx (22a) 

a «/x=o a 

in accordance with (12) and (20). This, of course, requires that 
G{x) can be so expanded, demonstrating that this boundary value 



problem can be solved in all cases where G{x) permits representa^ 
tion in terms of a Fourier sine series. This problem is used by 
Churchill,^^ p. 137, to illustrate the proof of uniqueness of the 
solution; as a heat flow problem with the identical boundary condi¬ 
tions in temperature it is also solved by Churchill,^^ p. 114, and 
by Byerly ,^2 p ^q2. 

Though this problem appears to be a rather special one because 
of the simple boundary conditions, any arbitrary potential distri¬ 
bution for example along x = a can be treated in the same manner, 
namely, assuming ^(a, y) = H(y) and 4> = 0 on all other sides; 
the solution for simultaneously assuming this condition and G{x) 
along 2 / = 0 is simply the sum of the two independently found 
solutions according to the principle of superposition valid for all 
linear problems. 
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Changing the boundary conditions to the mixed kind of Fig. 
29*16 leaves the solution X(x) with the identical conditions (19a) 
and with the same series of characteristic numbers (196). The 
boundary condition on y = b is again homogeneous but of type 
y'(6) = 0, so that with (18) 


rriaDai cosh m„6 + sinh mjb = 0, 


A 

A, 


ai 


a2 


— tanh niof) 


and the potential solution becomes 


y) = L sin 

a=l 



cosh aw (6 — y)/a 
cosh air b/a 


(23) 


At y = 0 the same boundary condition as in (22) results. Physi¬ 
cally, Fig. 29*16 can represent the stator of an electrical machine 
developed into a plane structure of height 6, with pole pitch a 
and neutral zones at x = 0 and a: = a if G(a:) is a symmetrical 
distribution of the magnetostatic potential (F along the air gap. 
Again, the principle of superposition can be applied in order to 
satisfy more complicated boundary conditions. Thus Zworykin, 
p. 369, applies this solution to a plane section of the electron 
multiplier, with one constant potential on two joining sides of 
the rectangle, and with a different potential on the other pair of 
joining sides. 

It is, of course, also possible to join several regions, within each 
of which the potential solution has been found in general terms, 
by assuring continuity of the electric potential values (or the 
tangential components of E) and the normal components of D 
across the boundaries. In two-dimensional magnetic problems, 
the magnetic vector potential reduces to a single component paral¬ 
lel to the current flow (see section 6) and in the Cartesian system 
satisfies the Laplacian equation in regions free of current and the 
Poisson differential equation in regions with current flow. In the 
latter case, for uniform current density, the solution will be the 
sum of the Laplacian solution and of a particular integral which 
normally can be obtained by inspection. At the boundaries it 
is then required that the conditions (6*20) or (6-7) and (6-10) 
be satisfied. Many applications to rectangular current regions 
have been made in connection with leakage computations on 
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transformer windings,^ on conductors in slots of electrical ma¬ 
chines,® and on pole windings located in the interpole space.® 
Figure 29- la can also represent cooling of a fin with fixed tem¬ 
perature Tq along 2 / = 0 and the boundary conditions 

A: —+/r = 0 (24) 


along X = 0, X = a, and y = h, if n is the normal direction on any 
of these surfaces, k the thermal conductivity, and / the heat 
transfer coefficient for unit area. Actually, because of symmetry, 
one can state dT/dx = Oatx = a/2 as a more convenient boundary 
condition replacing (24) at x = a. Take again the general form 
(18); the conditions which X(x) must satisfy are 


at X = 0, kX\0) + fX(0) = 0 = mkCi + /Cg 

a / /^'\ ® . ct 

atx = -> X(-) = 0 = Ci cos m — C 2 sin m - 

2 \2/ '2^2 


from which 


C2 = -mCiy 


a f 

tan m ~ -r 

2 mk 


(25) 


The second relation defines the characteristic numbers as 
solutions of a transcendental equation, which is obtained best by 
graphical construction, finding the intersections of a tangent graph 
with the hyperbola on the right-hand side of tan q = — {af/2kq). 
With (25) one has then 


^sir 


Xa(x) = Cai ( sin niaX + cot nia - cos 




= 


cos ma{x — a/2) 
sin Ma a/2 


(26) 


In spite of the fact that the values are not harmonically related 
as in the conventional Fourier series, the function system (26) 
is orthogonal, as can be shown by applying either (6) with unit 

^W. Rogowski, MitL Forsch. V.D.L, No. 71 (1909); Bewley,^^ p. 73; E. 
Roth, Revue gen. de I'clec.j 23, p. 773 (1928); E. Roth and G. Kouskoff, Revue 
gen. de VUec., 23, p. 1061 (1928); Hague,®^^ p. 302. 

® E. Roth, Revue g6n. de Velec.y 22, p. 417 (1927) and 24, pp. 137 and 179 
(1928); Bewley,^^ p. 81; Hague,®^^ p. 314. 

®A. R. Stevenson and R. H. Park, Gen. Elec. Rev., 31, p. 101 (1928); 
Hague,p. 310. 
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weight function, or (8), and by observing the second relation (25) 
in the result; one has 



where n and m are two values of nia- The homogeneous condition 
(24) at 2 / = 6 gives the result 

kY'{b) + fY(b) = Di{mk cosh mb + f sinh mb) 

+ D 2 (mk sinh mb + / cosh mb) = 0 


from which the ratio D 1 /D 2 is found. The temperature at ?/ = 0 
is then subject to the final boundary condition 


T(x, 0) = S Aa 

a=0 


COS m.a(x — a 12) 
sin ma a/2 


= To 


where Aa = CaiDa 2 as before. The expansion of Tq into the non- 
conventional Fourier series follows exactly (12), so that 


Aa = 


2To 

maNa 


* sm^ ma - 

4 U 


The final form of the temperature distribution^ is 

mak cosh ma{b — y) + f sinh ma(b — y) 


T{x, y) = ATo E 


mak cosh mab + / sinh mob 

sin a/2 cos ma(x — a/2) 
maa + sin 


(28) 


On account of the boundary conditions (24), this problem could 
not be solved by conformal mapping in any simpler manner. 

As the height of the rectangle 6 —> 00 in Fig. 29-la, D 1 /D 2 —> 
( — 1), so that the solution (21) goes over into 


= E sin aTT - (29) 

a=.l a 

This form of solution has been used® to compute the magnetic 

^ Bateman,p. 213, where cosh (s„ti/) is a misprint of cos (jSfnV) in the final 
solution. 

* R. Rudenberg, E.T.Z., 27, p. 109 (1906); also Ollendorff,pp. 227, 235. 
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field distribution in armatures of infinite height, joining the mag¬ 
netostatic potential at i/ = 0 to that of the air gap along which 
single- or multiphase current layers are assumed distributed. The 
needed excitation can be found, as well as a theoretical shape of 
the pole form in synchronous machines. Similarly can be evaluated 
the leakage field distribution surrounding transformer coils® or 
extending into the transformer core. 

Fourier Integral in Cartesian Coordinates. If, in Fig. 
29 * la, the length of the rectangle a —> oo, it affects the characteris¬ 
tic numbers; indeed, if the semi-infinite strip is considered, X (0) = 
0 still insures C 2 = 0 in (18), but no other condition is available, 
since sin mx remains finite for a: —> 00 . The homogeneous condi¬ 
tion Y(b) =0 gives from (18) 


D2 


— coth mb 


so that the product (18) becomes, with C 1 D 2 replaced by A, 


XY = A sin mx 


sinh m(b -- y) 
sin mb 


(30) 


Here, any value of m is possible; instead of a discrete spectrum of 
characteristic numbers one has now a continuous spectrum. The 
boundary condition along y = 0 requires thus the representation 
of G{x) over the infinite interval 0 ^ a; ^ 00 in terms of sin mx 
which is possible with uniqueness by means of the Fourier integral^^ 
if Gix) is bounded, at least sectionally continuous, and if 

|G(x)|dx 

exists. Thus 

^(a;, 0) = G(x) = / [U(m) sin mx -f W(m) cos mx] dm (31) 

t/m *0 

® W. Rogowski, Mitt. Forsch. V.D.I., No. 71 (1909); Ollendorff,p. 257; 
A. R. Stevenson, Gen. Elec. Rev.^ 29, p, 797 (1926); Bewley,^^ p. 73. 

For details see particularly H. B. Carslaw: Introduction to the Theory of 
Fourier Series and Integrals; Macmillan, London, 1921; E. T. Whittaker and 
G. N. Watson: Modern Analysis; Cambridge University Press, 1935; N. 
Wiener: The Fourier Integral and Certain of its Applications; Cambridge 
University Press, 1933; E. C. Titchmarsh: Introduction to the Theory of Fourier 
Integrals; Oxford University Press, 1937. For simpler accounts refer to almost 
any book in Appendix 4, C, a* 
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where the coefficient functions U{m) and W{m) are given in turn 
by the relations 

1 

U{m) = - I G(x) sin mx dx, 

1 r* 

W{m) = - / G{x) Q^o^ mx dx (32) 

TT *Jx = — oo 


quite analogous to the Fourier series (22) and just a special case 
of the orthogonal function systems (11) and (12). In particular, 
Vim) is the Fourier coefficient of an odd function in x, and Wim) 
that of an even function in x, and, in turn, f/(m) itself is an odd 
function in m and W{m) an even function. The particular form 
(30) implies an odd function of x with W {m) — 0 which might as 
well be assumed, since x < 0 is outside the region of the problem. 
Comparison of (30) for i/ = 0 with (31) shows because of the 
uniqueness that A = U(m)j and that the complete solution for 
the potential function as the most general superposition of all 
possible solutions must have the form 

4(x, y).r U(m) sin mx 7 dm (33) 

t/m«o Sinh 71?6 


with U(m) from (32). The direct evaluation of this integral 
might be possible if U (m) is actually known. One might also 
introduce (32) with a change of variable to x' directly into (33) 
and interchange the order of integration 


Hx, y) r G{x') dx' r si 

TT Jx'=0 Jm=0 


sm mx sin mx 


f sinh m{h — y) 
sinh mb 


dm 


Here the lower limit in x' has been replaced by zero, and a 
factor 2 applied because of the assumed odd character of G(x'). 
The inner integral can then be written in the form (see Byerly,^^ 
p. 80, etc.). 


X * sinh qim _ 

--cos qsmdm = 

=0 smh q 2 m 

_7r_ sin (tt gi/gg) _ 

2^2 cosh (tt 93 /^ 2 ) + cos (tt 51 /^ 2 ) 


(34) 


where qi = b — y, q2 = b, gs = {x ±: x'). This yields for the 
potential 


-, \ 1 , wy 

^ix,y) = -smj 



_ G(x') dx' _ 

cosh 5r(x — x')/b — cos vy/b 


( 35 ) 
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where the original two terms were contracted into one on the 
basis that G{x') is assumed odd. Neither (33) nor (34) is generally 
of great practical value; both constitute formal solutions which 
are amenable to numerical or machine computations. A number 
of examples are found in Byerly^^; some of them can be handled 
more simply by conformal mapping (section 26). 

For practical applications, it is advantageous to use the complex 
form of the Fourier integral relationships 

G{x) = ^ F{m)e^'”'^dm (36) 

27r t/rn = — ao 

where the eoefRcicnt function 

F{m) = r~^’° g-mx 

t/x = — 00 

is definitely complex. Actually, since G{x) is a real function, one 
can expand in (3Ga) and compare this relation with (32) 

/ + 00 ^ + 

G(x) cos mx dx — j I G{x) sin mx dx 

= AW(m) -iC7(m)] (37) 

finding F(m) simply a complex combination of the real Fourier 
coefficients. Introducing this expression for F{m) into (36) gives 
as real part directly (31); the imaginary parts [W(m) sin mx — 
IJ(m) cos mx] vanish when integrated in the limits (—«>) to 
(+ 00 ) because both of these are odd functions of m, as apparent 
from (31) and (32). The form (37) also indicates that the real 
part of F(m) must be an even function of m and the imaginary 
part an odd function, so that one can furthermore state: the 
absolute value lF(m)| is always an even function of m, and the 
argument tan”"^ [Im F(m)/Re F(m)] is always an odd function 
of m. 

The complex form of the Fourier integral has the advantage 
that extensive tables^ ^ are available listing the dual Fourier integral 

Particularly G. A. Campbell and R. M. Foster: Fourier Integrals for 
Practical Applications; D. Van Nostrand, New York, 1947; first published 
as Monograph B-584, Bell Telephone Laboratories, New York, 1931. These 
tables will be referred to as C.-F. tables. 
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coefficients in corresponding columns. From (36a) it is obvious 
that F{m) will actually be a function of jm, since this is the only 
parameter in the integrand; the C.-F. tables (abbreviation for 
reference, loc, ciL) introduce therefore jm = p as a new variable 
and list F{m) as a function of p. In fact, the evaluation of most 
of the integrals (36) is simplified by completely changing to the 
variable p, thus 

G(x) = F(p) dp (38) 

ZttJ *y—j • 

In this form, the integral can be treated either as that of a real 
variable along the imaginary axis or, by considering p as a com¬ 
plex variable, as an integral in the complex p-plane. The latter in¬ 
terpretation leads directly into the theory of analytic functions 
and permits extensive use of the Cauchy integral theorem (26 ■ 14). 

Assume that F{p) is analytic in the entire p-plane except at a 
finite or possibly countably infinite^ ^ number of points where it 
has poles of the first order; then it can be represented as a finite 
or infinite sum of linear fractions 

F(p) = Z-^ (39) 

P - Pa 

where the Pa are the locations of the poles. The basis of this 
expansion is Gausses fundamental theorem of algebra if F(p) is 
a rational fraction,or Weierstrass^ product representation of 
trigonometric and hyperbolic functions; see any of the references, 
Appendix 4, D, b. The values Ra can be obtained either by direct 
comparison of coefficients on both sides of (39), or usually in 
simpler form by writing F(p) as a proper fraction of positive power 
functions N{p)/D{p) and then^"^ 


Ra = 


' N{p) ’ 

d — y. . 


(40) 


“ A series of points spaced at definite, known finite intervals, even though 
infinite in number, is called countably infinite. 

See any college textbook on algebra. 

^^See any book on Laplace transforms; for example M. F. Gardner and 
J. L. Barnes: Transients in Linear Systems; John Wiley, New York, 1942, 
Vol. I, p. 155. 
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Under the assumed conditions the value of the integral (38) can be 
shown to remain unchanged if the path is closed over the right- 
hand infinitely large semicircle (with reversed direction) for 
X < Oj and over the left infinitely large semicircle for x > 0; each 
of these closed integrals can further be contracted into very small 
circles surrounding each pole as in (26*13), and the result is a 
sum of residues (with proper sign) of the type (26*14), namely, 
the value of the integrand in (38) exclusive of the root factor 
(p — Pa) taken at p = p^; or with (39) and (40) 

A.,. 

If F{'p) possesses poles of order higher than the first, the modifica¬ 
tions are those leading to the forms (26*15) at each such pole. 



Fig. 29 • 2 Potential Solution in Infinite Strip. 


As an example consider Fig. 29 * 2, with two potentials along the 
x-axis separated by an infinitesimal gap at the origin, and with 
d^/dy = 0 on y = b. The basic solution of the Laplacian dif¬ 
ferential equation is (18), and therefore on p = 6 


Y'(b) = 0 = mDi cosh mb + mD 2 sinh mb, 


= — tanh mb 


This gives the product solution 


cosh m(b — y) 
XY = A{m)e^^^ ^ 

cosh mb 


where the x-variation is assumed in the complex form in antici- 
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pation of the use of integral (36). Since cosh mh = cos jmh = 
cos 'phy one can readily write the potential function as a Fourier 
integral in the form of (38), 

1 cost) (6 — ?7) 

Hx, y)=—.\ A iv) - - r -- dp (42) 

27rj t/ —jf 00 cos po 

In order to determine A(p) ,one must compare ‘^(x, 0) with the 
given boundary values. In turn, this requires a representation 
of the potential distribution along a: = 0 as a Fourier integral. 
One can, of course, always add as a general constant and 
define the potential as zero along rr < 0, as abrupt step of value 
_ (<|>j — <|> 2 ) at X = 0, and constant at this value for x > 0. Thus 

G(x) = - ($1 - ^ 2 ) S_i(x) (43) 

where >S_i(x) is the unit step of the C.-F. tables in pair 415 with 
the coefficient F{p) = 1/p. Therefore, at p = 0, the potential 
must have the form 

G{x) = 4>(x, 0) = $1 - (#1 - $ 2 ) ^ f “ dp 

27rjf %J—j ^ p 


and comparison with (42) at p = 0 indicates the need of the addi¬ 
tive constant 4>i as well as A (p) = 1/p. The final solution is, then, 

Hx, y) = ^i- ($1 - 4-2)911 ( 44 ) 

Lp cos pb J 


using the symbol 9ll or ‘‘mate’’ for the cumbersome integral nota¬ 
tion. The Fourier “mate” can fortunately be found in C.-F. 
tables as pair 618, giving 


f>(x, y) = G(x) + 


. -.if sin(7rp/26) “ 

-tan - 

TT Lsinh(7rx/25) 


(45) 


in closed form with G(x) from (43). One easily verifies this as 
complete solution satisfying all boundary conditions. The C.-F. 
tables contain several similar forms in table II, section 2. 

If the potential distribution along the x-axis is given as <I>i for 
X < 0 and for x > 0, then one can write 

G(x) = $1 - (1 - e-i'»)$iS_i(a;) = 4>i - 74-i9ll ( - ^ , 

\piP + 7) 
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using coefficient pair 448 of the C.-F. tables. The potential 
solution becomes now 

r 

LViV + y) cospb J 

which cannot be found in the tables in closed form. However, 
the function has only first-order poles located at p = 0 , p = — 7 , 
and p = =h(2j/ — l)T/2b with v = 1, 2, • • •, so that (41) applies. 
The sum of the residues at the positive real poles taken with nega¬ 
tive sign to maintain positive sense of integration constitutes then 
the solution for x < 0, whereas the sum of the residues at the 
negative real poles and at p = 0 constitutes the solution for a; > 0 . 

For boundary conditions which prescribe potentials over finite 
sections of the boundary and tangential flow over the remainder, 
conformal mapping in accordance with section 27 can be employed 
to transform the geometry of the problem so that the boundary 
conditions can be more readily satisfied. 

Circular Harmonics. The Laplacian differential equation in 
polar coordinates 



permits direct separation of variables by defining 4>(p, 0 ) = 
R (p)F( 0 ) as a product of functions of only one variable each. One 
obtains 



and, dividing by RF, one can argue as for (16), so that 

+ pR' ~ n>.m = 0, F" + m^F = 0 (48) 

with the general solutions 

R = Cip"* + C2p'~^, F = Di sin m<t> + D2 cos (49) 

The selection of the spectrum of m-values is again only possible 
by specifying the boundary conditions. By inspection of (46) it 
is seen that one can add to any product RF^ or sum of such prod¬ 
ucts, terms of the type 

ki + + fca In p -f- In p 


(50) 
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as special solutions if required; these last terms correspond to 

m = 0. 

For integer values of m, the solutions (49) are called circular 
harmonics; for p constant, the functions represent the con¬ 

ventional Fourier series for a circle and permit expansion of 
arbitrarily given bounded functions of physical significance in the 
same manner as (22) in a plane strip. For example, the solution 
of the Laplacian potential within unit circle for given potential 
values 4>(^) along unit circle is from (49) 

00 

^(p» 4>) = h + 22 p”*(on» sin nKj) + cos m<f>) (51) 

in *1 

with C 2 = 0 to avoid the singularity at p = 0 and with CiDi 
and C 1 D 2 contracted into and b^y respectively; these latter 
coefficients are determined in conventional manner as the Fourier 
coefficients along unit circle, 

1 1 

dm — - I ^(^) sin bm — - I 4>(^) cos dyp 

IT t/o TT t/O 

Introducing these expressions into (51), one can establish the 
identities 

1 + 2 L P”* cos m (0 -yP) = Re[l + 2 L 

1 + _ 1 - p^ _ 

1 - J ” 1 + p 2 - 2 p cos ((/> - lA) 

and thus demonstrate that (51) with (52) represents actually the 
Poisson integral solution (28*1) in expanded form. 

A cylindrical conductor covered with a dielectric layer of con¬ 
stant 62 and of finite thickness surrounded by air as in Fig. 29 *3 
might be exposed to a uniform electric field Eq. The potential 
corresponding to Eq is 

4>o = "-EqX = —BoP cos <^) 

The modification of the potential distribution 4>i in air by the 
presence of the dielectric 62 is given in general form by (49) and 
so is the potential 4>2 within £ 2 , namely, 

= L cos m<t>, = L (ct 2 mp"‘ + b 2 mp'^) COS (53) 
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Since the effect of the dielectric must vanish at infinity, only nega¬ 
tive powers in p have been retained in 4>i, and in both cases the 
sine terms have been dropped because of the even symmetry in 
<i>o. The boundary conditions that have to be satisfied are 

at p = a, 4>2 = 0 

d d^2 

at p = 6, + <j>o = ^ 2 , ei — (^1 + ^o) = ^2 — 

op op 



Fig. 29 • 3 Cylindrical Conductor Covered with Dielectric Layer. 

From the conditions at p = 6 it is obvious that only terms for 
m = 1 can occur as defined by 4>o; the solution is then 

T 2 

4>, = [e^ib^ + a") - ei(b2 _ a^)]Eo f 

kp 

4>2 = 26iiSo ^“"P + 

with k = [ 62 + a^) + 61 ( 6 ^ — a^)]. This case is treated by 
Smythe,^^^ p. 65; it reduces for a = 0 at once to a solid dielectric 
cylinder in a uniform field as in (21*24), a solution obtained by the 
method of images. In a quite similar manner could be treated the 
cylindrical dielectric shell with dielectric si in the core p < a, except 
that the boundary conditions at p = a would be like those at 
p = 6 . For the magnetic cylindrical shell the solution is found in 
Moullin,®'^® p. 198; the solution for the magnetic solid cylinder 
obtained for a = 0 is the same as ( 22 * 20 ). 

Slightly non-circular coaxial cables have been treated by assum- 
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ing the outer conductor boundary as a periodic function of angle 
h(\l/) and computing the effect upon capacitance at least in first 
approximation.^^ The magnetic field distribution in unsaturated 
stators of electrical machines or in the air space with rotor removed 
has been evaluated by the general solutions (49), assuming a 
sinusoidal distribution of the radial magnetic field along the air 
gap boundary.^® Smythe,^^^ p. 275, also gives the axial com¬ 



ponent of the vector potential produced by a current distribution 
in a thin cylindrical shell, the current flowing only parallel to the 
cylinder axis. 

The magnetic vector potential of a single line current at po, 
<t)Q from the origin of a coordinate system as shown in Fig. 29-4 is 
given by (13*23) as 

A, -^IlnR 

2ir 

= — / In [p^ + po^ — 2ppo cos (0 — </>())] (55) 

47r 

where the last form takes as reference the origin instead of the 
current location. One can write the logarithmand also as 

Po^ j^l + ^ ^ ~ Q) 

where q = (p/po) exp [j(<t> ~ <^o)], and 7j is the conjugate complex 
value. Thus, in (55), 

In [p^ + po^ — 2ppo cos (0 — <l>o)] 

= 2 In po + In (1 - g) + In (1 - q) 

^®P. Parzen, Jl. Appl. Phys., 18, p. 774 (1947). 

Schenkel, Elektrot. und Masch., 27, p. 201 (1909); also Richter,®^® 

I, p. 162. 
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and since Iq'I < 1, one can expand the last two logarithmic terms 
into a power series, add like powers of the two conjugate complex 
numbers, and obtain 

At = ~ ^ ^ <’0 “ ^ cos mi<l> — <^o)J (56a) 

which is valid for p ^ po, and by the appropriate modification 

^ / [in P - E ^ cos m(<> - 4>o)j (566) 

which is valid for p ^ Po- With these forms the magnetic fields 
of line currents can be treated if cylindrical iron shells or sheaths 



Fig. 29 • 5 Shielding Effect of Magnetic Cylindrical Shell. 

are present, since outside of current regions the single vector 
potential component A;, in the two-dimensional polar coordinates 
also satisfies the Laplacian differential equation (46), as can be 
verified from Appendix 3, (37). The use of the scalar magnetic 
potential, as in Hague,p. 120, requires some\vhat more care 
because of the necessary potential barrier (see section 6). 

One can find the magnetic shielding effect of a cylindrical sheath 
within which two parallel wires are located as indicated in Fig. 
29 * 5 by superimposing for region 1 the two line current potentials 
from (56) and a Laplacian potential solution of the type (51) with 
sine terms omitted because (56) will not contain them. In using 
(56a) or (566), one must choose for </>o the values <t>x = tt and 
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ti >2 = 0, respectively, for the two conductors, and also pi = P 2 = c 
instead of po. For region 2, the vector potential without sources 
has the character of the complete right-hand solution in (53), 
whereas in region 3, outside the sheath, one would have the left- 
hand form of (53). The continuity conditions at both boundaries 
p = a and p = 5 apply to the normal component 


Bp = 

and the tangential component 

770 = 


1 dA^ 

P 

1 ^ 
H dp 


The final result for the field just outside the sheath at p = 6 is then 

X (-1 sin (2m — l)<t> 


- - '-S’i [<«+dr?' 

/^v2m-2 

X ( -) cos (2m — 1)0 


(57) 


Obviously, the shielding will be most effective when a -C 6 and 
c-Cb; the permeability influences the field only linearly. For 
brief treatments see Smythe,^^^ p. 284; Zworykin et p. 482; 

and Moullin,®"^® p. 209. A similar treatment for line currents in 
a cylindrical air space between a solid inner magnetic cylinder and 
an outer magnetic cylindrical shell has been used extensively by 
Hague®^^ to simulate the field conditions in air gaps of elec¬ 
trical machines and to compute force actions on single coils and 
windings. 

Elliptic Cylinder Coordinates. As shown in (25*55), the 
inverse hyperbolic or trigonometric sine function of the complex 
variable z defines an orthogonal elliptic field geometry. One can 
therefore actually use these functions to define elliptic cylinder 
coordinates; it has been customary, however, to use rather the 
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analytic function z = f cosh f for this purpose, where ^ ^ + jrj 


and 




X = f cosh 5 cos ri, y = f sinh { sin jj 

(58) 

or also 




^ ^ ri + rz r-i - ra 

cosh ^ - » coa ri = 

Ij zj 

(59) 


which are the equations of the confocal ellipses and hyperbolas in 
terms of the distances from the two foci Fi and F 2 in Fig. 29*6. 
In the same manner as in section 26 one can demonstrate the 



Fig. 29*6 Elliptic Cylinder Coordinates. 


transformation of the Laplacian potential equation from the 
x- 7 /-coordinate system to the orthogonal f-r;-coordinate system and 
find 

dx^ dy^ /^'(cosh^ $ — cos^ 17) dr^^) ^ 

Since this must hold for any value of $ and rj whatsoever and the 
first factor cannot vanish, one obtains again the Laplacian dif¬ 
ferential equation in terms of tj and thus can solve it in just the 
same manner as (18) for x and y in the Cartesian system. 

The simplest problem is that of two confocal elliptic cylinders of 
constant potentials. If the major and minor axes of one cylinder 
are ay and by, those of the second 02 and 62 , then/ = — 61 ^ 

defines the focal length, which must be the same for both. The 
surfaces of the cylinders are defined from (59) as cosh = Oi//, 
cosh {2 = <^ 2 //) one finds for the apex A of the major axis; or by 
ti = In (ay + 61)//, {2 = In ((^2 + ^2)//, as one finds from (68) 
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for the points A and B, Because of the simple boundary condi¬ 
tion, namely, on and ^ = ^2 on ^ 2 , the solution of the 

problem is 

# = 4,1 _ ($1 _ $2) ( 61 ) 

analogous to (14*1) for the parallel plate condenser. The field 
vector has only a component in the f-direction; its value must also 
be found by means of the transformation equations (58) and can 
be best expressed as 


since Ex = 


d4> drj ^ ^ 1 r 

-, — = Q. similarly for 

dx drj dxdrj 


Ey, From (58) one has 


= / sinh ^ cos 77 , 


= f cosh { sin rj 


so that with (61) 

k - cos^ (153) 

The charge density on cylinder with potential is 

<ri = eE^ = I ^ ^ [cosh^ - cos^ rj]”^ (64) 

y ^2 — 

where rj Is variable. The total charge is the integral of ai over the 
circumference of the ellipse and permits the definition of capaci¬ 
tance per unit depth for which the form is identical with (26-45), 
namely, 


= 27re 1 


ai + bi 


If the inner elliptic cylinder reduces to a flat strip of width 2/, 
then = 0 and the charge density results from (64), with (58) 
for each side, as 

= 4 . g(^i - ^ 2 ) ^ _ £(4>i - ^2) _ 

/I 2 sin rj In [(ag + 52 )//] 
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It obviously becomes infinitely large at 97 = 0 and 97 = tt, the two 
ends, and must have the same sign on upper and lower surface. 

For an arbitrary potential distribution on one of the elliptic 
cylinders, an infinite series of the Fourier type in functions 
sin mri is possible, as in (29). For 
details see Bateman,^^ p. 257, 
where also an application is given 
to a line charge paralleling an 
elliptic cylinder. A dielectric el¬ 
liptic cylinder exposed to a uni¬ 
form electric field is treated in 
Ollendorff,p. 182. 

It is to be recognized that the 
use of these coordinates leads to 
more convenient expressions for 
the solutions and permits formula¬ 
tion of the boundary conditions 
in terms of simple parameters; 
the interpretation of the field structure is, however, usually 
against a Cartesian coordinate system as background unless one 
has prepared an elliptical orthogonal net on which he can read 
directly and 97-values. 

Parabolic Cylinder Coordinates. Parabolic cylinder co¬ 
ordinates (Stratton,p. 54, and Bateman,^^ p. 486) are based 
upon the geometry defined by the analytic function z = 2f^ 
as in (25*57), where f = ? + jt; and 



Fig. 29-7. Parabolic Cylinder 
Coordinates. 


{ = V2p 



+ X ] 


or also 


ri = y/2p sin ^ > 


X = 


ri^ = y— X 

y = 


(65) 

( 66 ) 


Thus, constant values of | or of r/ lead to families of orthogonal 
parabolic cylinders as in Fig. 29-7. 

Bipolar Coordinates. Bipolar coordinates (Stratton,p. 55, 
and Bateman,^* p. 260) are based on the analytic function 
z = jc cot (f/2) as in (26-53), where 

7*2 

{ = — </>i, 97 = In — 

ri 


(67) 
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Referring to Fig. 12*5, ^ = cons and rj = cons are the two fam¬ 
ilies of orthogonal circles which represent the potential solution 
for two parallel wires of finite radii. 

PROBLEMS 

1. N coplanar positively charged quasi lines, each with charge density X 
and diameter d, are uniformly spaced a distance 2c apart and are located a 
height h above a grounded conducting plane. Find the capacitance of this 
finite grid. Let iV —> and demonstrate that one obtains the solution for 
the Maxwell grating.” 

2. In the triode of Fig. 25 • 5 find the distribution of the radial electric field 
along the grid circle \z\ — Rg between two grid wires. Assume N « 20, 
Npg/Rg =0.1, Ra/Rg = 4, RgIRc = 2 and (a) Va — 100 volts, = 8 volts; 
(b) Va = 100 volts, Vg = —8 volts. Observe that Za^ = Rg^. 

3. Find the mutual capacitance coefficients for a tetrode with two grids 
whose individual grid wires are lying along the same radius vectors. 

4. Find the mutual capacitance coefficients for a tetrode with two grids if 
the individual wires of the one grid are lying midway between those of the 
other grid and (a) along the same circle, (6) along two different circles. 

5. If the field vector E on the cathode surface is directed away from the 
cathode, no electrons can leave. Find the conditions for this cut-off of emis¬ 
sion from parts of the cathode surface for the triode in problem 2 in terms of 
grid-cathode spacing. 

6. The geometry in Fig. 25 • 5 might represent a thin copper sheet with small 
circular perforations and with radial current flow from an electrode forming 
the outer circular boundary to another concentric electrode forming the inner 
one. Find the total resistance to current flow if the conductivity is y and 
the small thickness t. A.ssume uniform current densities at the electrodes. 

7. Six wires are uniformly arranged on a circle to form a cylindrical grid. 
Find the electrostatic field distribution if successive wires alternatingly carry 
potentials ±F/2. Assume the wire radii small compared with spacing, but 
finite. 

8. In a three-phase four-wire transmission system, the three-phase wires 

are arranged in a plane parallel to ground, with mutual spacing 26. The 
ground wire is located a height h above the center phase wire. Find the 
mutual linkages for unbalanced current flow with currents /i, —/i/3 

in the phase wires. 

9. A thin rectangular copper sheet of area 2a X 2b has circular perforations 
along its center line parallel to the longer side 2a. Two heavy electrodes are 
applied along the sides 2a with a potential difference V. Find the current, 
if the N perforations have equal spacing, and if the outermost ones have their 
centers a/N from the shorter sides of the sheet. 

10. A very long and thin copper sheet of width 2a has applied two electrodes 
of small circular cross sections in a line transverse to the sheet and at dis¬ 
tances a/2 from the edges. Find the resistance for a small thickness t. 

For an interesting application to a two-wire problem see G. Mie, Ann, d. 
Physik, 2, p. 201 (1900). 
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11. The magnetic sheets (laminations) for an electromagnet are of rec¬ 
tangular shape and carry 2 bolt holes across the narrow side of width 2a. 
Find the magnetic reluctance if the holes are spaced a/2 from the edges of the 
sheet and if the length of the sheet is 10a, its small thickness i. 

12. If the control grid wires in a vacuum tube are located very close to the 
cathode, one can treat the electric field distribution as a two-dimensional 
plane problem. Assume the grid wires as in Fig. 25 • 6a with a spacing h < a 
and carrying a negative line charge — X^; assume the anode plane at a distance 
h from the cathode and carrying a positive potential Va with respect to the 
cathode. Find the field strength E along the cathode surface. Find the 
mutual capacitance coefficients. 

13. A single long wire carrying current I is located between two parallel 
ideal magnetic boundary planes at distance 2a and of potentials [F i and 7 2 - 
Find the variation of the magnetic flux density B along the closer surface. 
Find the variation of the maximum value of B as the wire approaches one of 
the surfaces. 

14. Discuss the possible field solutions rendered by the function 



15. Discuss the possible field solutions rendered by the function 



16. N parallel long wires each carrying current I are located in a plane 
parallel to two ideal magnetic boundary planes at distance 2a and of potentials 
[Fi and O’ 2 - Find the variation of the magnetic flux density B along the 
closer boundary surface if the spacing between the wires is a/4. 

17. A thin coaxial annular ring of copp(‘r is slit along one radius and heavy 
electrod(‘s are applied there, impressing a potential difference V between the 
two opposite faces of that radius. Find the current distrilmtion. Find the 
rcjsistance of the sheet for a small thickm*ss t. 

18. In Fig. 26*5 find the current distribution along the diameter 1-3. 

z -f- a 

19. Discuss the conformal mapping obtained by the function w = In-- 

z — a 

20. Discuss the conformal mapping obtained by the function 

w == In [{z a) {z — a)]. 


21. Discuss the conformal mapping obtained by iv = tan — • 

a 

22. A thin ring of copper sheet is bounded by two eccentric circles. Find 
the resistance if two circular electrodes of small area are applied with centers 
on the larger circle at the ends of the diameter bisecting the ring. 

23. Consider a long cylindrical duct of semicircular cross section with 
radius R ; within the duct extend two parallel wires of small radii p forming a 
transmission system. Find the capacitance of the system if the wires are 
located (a) symmetrical with respect to the center plane of the duct, at R/2 
from it and close to the ceiling; (5) above each other in a plane normal to 
the plane base of the duct. 
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24. A solid cylindrical plastic base has six metal pins embedded, symmetri¬ 
cally spaced, along a coaxial cylindrical surface. Find the mutual capacitances 
per unit length between the pins. 

25. A cylindrical cable has N conductors, each of small circular cross section, 
symmetrically distributed along a cylindrical surface coaxial with the grounded 
sheath. Find the mutual capacitance coefficients. 

26. Assume in Fig. 27 • 6?; the gap 2a to be a rectangular orifice for the flow 
of an ideal fluid from large radial distance on the upper half to large radial 
distance on the lower half of the z-plane. Find the velocity distribution. 

27. Assume in Fig. 27*66 the two coplanar conducting planes to have the 
same potential = 0 and add a line charge ^tt point B. Compute the 
surface charges induced in the two planes. Show that the total charge on 
each conducting plane is — X/2. 

28. In problem 27, if the line charge resides on a thin wire of radius p, 
compute its capacitance with respect to the conducting planes. 

29. Two cylindrical electrodes of small radius p art? placed upon a thin sheet 
of copper of the shape as shown in Fig. 27* 9c; electrode A of potential 4>2 is 
centered at Oz and electrode B of pot(;ntial 4>i < 4>2 is located with its center 
at distance 2a from Oz along the .r-axis. Compute the rtisistance of the copper 
sheet if its small thickness is t. 

30. The lower half of the z-plane in Fig. 27*66 might represent an infinite- 
extent dielectric medium of dielectric constant e, covered for |j:| > a by two 
grounded thin metal foils. Find the capacitance of a wire of radius p located 
along the ly-axis at height h above the boundary plani?. 

31. For the symmetrical arrangement in Fig. 27*76 find the end point of 
the field line emanating from the edge 2. 

32. Consider a parallel thin wire of radius p located at y = —26 in the 
geometry of Fig. 27 •7a. Find its capacitance coefficients with respect to the 
two coplanar planes assumed at ground potential, and with r(?spect to 
the plane y = 0 assumed to have potential diffi?rcnce V applied between it and 
the wire. 

33. A thin copper sheet might have an abrupit change of width as in Fig. 
27*96. Assume one electrode located across the narrow part at a distance 
from the discontinuity where the current distribution is uniform to within 
±1%; assume the second electrode of semicylindrical shape and of such 
radius that along its periphery the current density is uniform within ±1%. 
Find the resistance between the electrodes. 

34. In Fig. 27*96 assume the two right-angle electrodes to have the same 
potential 4>i and to have a third plane electrode of potential 4*2 along the 
center plane from y — ^ down to y = —a. Find the field distribution. 
Find the partial capacitance of the center plane for the sections from y — d-a 
to y = —a. 

35. A two-wire transmission line is located at the height a above the plane 
X < 0 in Fig. 27*90 and at the distance x = —a from the discontinuity. Find 
the capacitance of the line per unit length, assuming the entire contour to 
have ground potential. 

36. Plot in Fig. 27 • 10a the potential lines and select a good approximation 
to a pole shoe configuration in electrical machines. Find the field line termi- 
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nating at point 2 to separate field lines entering the armature surface y = 0 
from those passing to the neighboring pole shoe. 

37. The geometry of Fig. 27* 10a might be considered as the flow of an 
ideal fluid from the channel between y = 0 and 7/ = a into the right corner and 
around the guide plate 3"-4^l' into the larger space above. Find the veloc¬ 
ity distribution along the equipotential line extending from the corner point 2. 

38. Find the resistance of a thin copper sheet having the shape of the right- 
angle bend in Fig. 27 • 106. One electrode is applied across the vertical branch 
at a distance from the origin where the current density is uniform to within 
±1 %; the other electrode is applied across the horizontal branch at a distance 
determined in the same manner. Find the resistance of the copper sheet of 
small thickness t. 

39. Find the breakdown field strength for a shell winding of a transformer 
if it can be represented as in Fig. 27*10d, assuming h as the thickness of the 
winding with h = 2a, and taking the plane ?/ = 0 as the grounded core. 

40. Taking the planci y = 0 in Fig. 27-lOd as a plane of symmetry, the 
figure represents the upper half of two parallel long plates of finite thickness. 
Find the variation of the field vector E along the plane of syimnetry 7/ = 0 for 
the condition h — a^/4. Compare these field-strength values with the case 
b = 0, shown in Fig. 27-4. 

41. C^arry through the mapping of the geometry, Fig. 27*126, if the opposing 
right-angle ecjuipotential surfaces arc ideal magnetic boundary surfaces of 
potentials 7 \ and 7 2* Find the field lines starting at the corners 2 and 4. 
Compute the individual flux values bounded by these field lines. Determine 
the field line b(*twecn 2-3' and 3"-4 along which the field vector B is within 
±2% of the uniform value (If i— ^ 2 )/b. 

42. Find the electric field distribution within the rectangle of Fig. 27•13a 
by direct conformal transformation, if potential 4’i is applied to the two join¬ 
ing sides 1-2 and 2-3, and potential 4>2 to the other two joining sides 3-4 and 
4-1. (Section of plane (‘lectron multiplier, Zworykin,^p. 369). 

43. Find the charge distribution over the coplanar parallel strips in the 
T/vplane of Fig. 27* 13a. 

44. Find the current distril)Ution in a large thin copper sheet if two strip 
electrodes are applied as in the 2:-plane of Fig. 27*136. Find the resistance 
for small thickness i of the copper sheet, assuming the electrodes to have 
eciuipotential con tours. 

45. Find the current distribution between the two coplanar strips of the 
7 v;-plane of Fig. 27*136. Find the resistance between the strips. 

46. A thin wire of circular cross section carrying a linear charge density X 
is located in a rectangular tunnel within a grounded conducting material. 
Find the capacitance per unit length of the wire of small radius p within the 
tunnel. Find the force upon the wire. 

47. Replace the conducting material in problem 46 by a dielectric material. 
Find the force action upon the wire. 

48. In the 2 -plane of Fig. 27* 13c consider the boundary line of the shaded 
region as repres(aiting ground with a rectangular long ditch. Assume a thin 
wire of potential difference V to ground located in the shaded area and find 
its capacitance to ground. 
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49. In the rectangular channel of Fig. 29 • la assume the potential 

along the base plate 2 / = 0, and 4> = 0 along the other three sides. Find the 
potential distribution within the channel. Find the charge density along all 
four sides. 

50. Assume in Fig. 29‘la that the channel is made up of two sections with 

= 4»o along the sides 2 / = 0 and x = o, and with along x = 0 

and y = h. Find the potential distribution. Find the field line, starting at 
the corner 2 / == 0 and x — a. 

51. Find the current distribution in a thin rectangular copper sheet if one 
electrode is applied along 2 / = 0 and the other electrode along x = a, and the 
potential difference is V. Find the resistance of the copper sheet for a small 
thickness t. 

52. The base plate and the face x = a of a rcictangular bar are kept at con¬ 
stant temperature To ; the top face loses heat so that th(^ temperature gradient 
is proportional t-o the local temperature (as in 29-24); the face x = 0 is 
insulated so that on it dTIdn = 0, Find the thermal resistance of the bar 
per unit length. 

53. A thin rectangular conducting sheet is one half copper and one half 
aluminum. F'ind the resistance if in Fig. 29-la one electrode is applied over 
the left half of 2 / = 0, which is of copper, and the other electrode is applied 
over the right half of y — 6, which is of aluminum. Disregard contact po¬ 
tentials and assume both materials of the same small thickness t. 

54. The armature of an electrical machine can be developed into an infinite 
slab of magnetic material of high permeability m extending as in Fig. 29*2. 
Assume, as a first model, that the magnetostatic potential along ?/ = 0 is 
constant and of value (Fi for —a < x < -|-a, is constant and of value 3^2 = 
— iFi for —Sa < X < —a and for a < x < 3a, and continue in infinite alter¬ 
nation with the period 4a; because of the high permeability, one can assume 
at y ^ h that dO’ I On = 0. Find the magnetic reluctance per unit length for 
any periodic section. Find the distribution of the magnetic flux density 
along 2 / ~ 0. 

55. Assume in problem 54 that the magnetic field lines are refracted at 
2 / = ?> and extend into the infinite air space above. Find the magnetic ro 
luctance per unit length for any periodic section. Find the distribution of 
the magnetic flux density along y = 0 and along y = b. 

56. Assume in problem 54 that the magnetostatic potential varies line¬ 
arly along 2/ = 0 with the same period 4a, for example, having value 7 = 
M{x -\-a)/a for 0 < x < —2a, and value [F M{a — x)/a for 0 < x < 2a. 
Find the distribution of the magnetic flux density along 2 / == 0. 

57. An infinite strip of thin copper sheet of width 5 as in Fig. 29*2 has one 
electrode of potential F/2 applied at its lower edge along —2a < x < —a and 
a second electrode of potential —F/2 along a < x < 2a. Find the resistance 
of the copper sheet if the small thickness is t. Describe this as a two-dimen¬ 
sional hydraulic flow problem. 

58. Assume the cylindrical shell in Fig. 29*5 to represent the stator of an 
electrical machine with inner radius Ri and outer radius 7^2. On the inner 
surface, the magnetostatic potential is constant and of value [F 1 for 0 <0 < 
t/2 and tt < 0 < 37r/2, and of value IF 2 = ~IFi over the other two quadrants; 
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at the outer surface dCF I dr ~ 0. Find the reluctance per unit length for one 
periodic section. Find the distribution of the magnetic flux density along 
the inner surface. 

59. In problem 58, find the magnetic field distribution in the air space for 
r <R\. Find the reluctance per unit length of the air space for a periodic 
section. 

60. If in problem 58 the condition !dr = 0 on the outer surface is 

relaxed and replaced by the usual magnetic boundary conditions of refraction, 
find the distribution of the magnetic flux density just outside the magnetic 
shell. Find the value of the magnetic flux density at large distance from the 
shell. 

61. A very long conductor of large rectangular cross section 2 a X 26 
carries the uniformly distributed current I and is placed snugly at the bottom 
of an infinite rectangular slot formed by two parallel blocks of iron spaced 2 a. 
Find the distribution of the magnetic field if in good approximation the field 
lines can be taken as normal to all iron surfaces. 

62. An infinite block of iron carries on its plane surface an infinitely periodic 
alternation of like conductors with large rectangular cross section, each 
carrying the same total current I but in alternatingly opposite directions. 
Find the magnetic field distribution within the conductors and the air space 
outside, assuming that the magnetic field lines enter the iron block perpen¬ 
dicularly. 

63. A thin circular cylindrical shell is slotted so that its arc is 57 r /3 and 
carries potential V. Find the potential distribution by two-dimensional 
inversion. P'ind the charge distribution on the slotted cylinder. 

64. A thin copper sheet of elliptical area with major axis 2a and minor 
axis 26 has two electrodes of small circular areas applied at the foci Fi and F 2 
(see Fig. 29-6). Find the resistance for a small thickness t of the sheet. 
Hint: in the neighborhood of F\, f is small and 97 is clo.se to tt; in the neighbor¬ 
hood of F 2 , r is small and tj is small. Satisfy 4> = -{•V/2 for r; = tt — pi, 
4> = —V12 for 77 = p 2 , where pi and p 2 are the small radii of the electrodes. 
For the field vecdor observe (31*24). Check the result by conformal mapping. 

65. A long solid bar has as cross section the right half of the ellipse in Fig. 
29*6 with major a.xis 2 a and minor axis 26. The base rj = 7 r /2 is kept at 
temperature and the cylinder surface is cooled so that its temperature is 
T 2 < T\. Find the heat flow transmitted through the cylinder surface per 
unit length. 

66 . In problem 65 assume that the temperature of the cylinder surface 
varies linearly from T\ at the ba.se to T 2 < Ti at A. Find the heat flow 
transmitted through the cylinder surface per unit length. 

67. Transform the two-dimensional Laplacian differential equation from 
cartesian to (a) parabolic cylinder coordinates; ( 6 ) bipolar coordinates. 

68 . In Fig. 29*7 assume the infinite parabolic cylinder surface 17 = 2 to 
represent ground and to have a parallel line charge of density X located at 
{ = 0, 77 = 4. Find, by conformal mapping, the location of the image line 
charge and the distribution of the induced charge in ground. 



8 - THREE-DIMENSIONAL 
ANALYTIC SOLUTIONS 


Admittedly among the most difficult group of boundary value 
problems, three-dimensional potential distributions require ac¬ 
quaintance with the less usual function systems, many of which 
have not been as extensively tabulated as might be desirable. 
It is seldom possible to arrive at solutions in closed forms, and, 
actually, most of these simpler cases liave been treated in sections 
14 and 15. In practically all cases treated here, therefore, infinite 
series expansions are necessary so that one can only speak of 
formally exact solutions if these are feasible at all; for all practical 
cases one must accept the approximations by finite sums. This 
holds also for the axially symmetrical field distributions, which are 
sometimes called two-dimensional because the axial symmetry 
eliminates one of the three variables; they belong, however, 
definitely to the three-dimensional class of solutions, involving 
the same types of function systems. 


30- AXIALLY SYMMETRICAL 
POTENTIAL FIELDS 


In terms of cylindrical coordinates the potential equation with 
axial symmetry has the form [Appendix 3, (37)] 



and permits readily separation of the variables by assuming 
= R(p)Z(z)j where R and Z are functions of only one variable 
each. Introducing this product into (1) and dividing by it give 


JLld / 

Rpdp\dp)~ ZdZ^~ 


f(2) 
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arguing as in (29*16) that each term can at most be a function of 
the indicated variable, and since the equation must hold for any 
combination of the independent variables, each term must actually 
be a constant. The possible values of m are selected by the 
boundary conditions and can form either a discrete or a continuous 
spectrum, as shown in section 29. 

The fact that only two variables appear in the potential equation 
(1) just as in the two-dimensional case led early to attempts for 
utilization of two-dimensional field solutions and graphs. It has 
been shown, ^ however, that the only field geometries that are 
common for both types of problems are the orthogonal, confocal, 
conic sections, including circles; no other solutions can be 
translated. 

An approximate utilization of two-dimensional solutions for 
axially symmetrical fields far from the axis was shown by 
Maxwell,I, p. 305. Assume that the analytic function 
w = f(z) represents the complex solution of a potential problem 
in the a:-?/-plane by the method of conjugate functions as outlined 
in section 25. U tv = u + jv, then u(Xy y) is the real potential 
solution and satisfies the Laplacian differential equation 


d\i d^u 
dx^ dy^ 


If it, is desired to find the solution for the same cross section of 
electrodes but rotated about an axis parallel to the ?/-axis and yo 
to the left of it, then u(Xj y) must satisfy (1) with (y + 2 / 0 ) 
for p and x for z. Expanded, this becomes 


dhi ^ 
dy^ dx^ 


1 ^ 
yo + y dy 


(3) 


where use was made of d/d y = d/d (y + yo), so that the origin 
need not be shifted. This equation (3) has the form of a space 
charge potential equation (3*4) with space charge density 


p(^, y) = 


£ du 
yo + y dy 


(4) 


which can be taken as “correction.’’ Obviously, inserting in (4) 
the two-dimensional solution u{Xj y) cannot give an exact solution; 

1 W, Gauster, Arch. f. ElektroU, 16, p. 89 (1926). 
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however, if 2/0 is considerably larger than the region of y for which 
the field distribution is of real interest, a reasonably good approxi¬ 
mation can be had. One can further simplify by approximating 
du/dy to lead to simple results. This method can best be used to 
evaluate the capacitance, since for that it is necessary only to 
compute the total space charge and add it to the surface charge 
of the same sign. The total charge then defines the total capaci¬ 
tance for the axially symmetrical system of the same potential 
difference. Maxwell applied this procedure to evaluate the effect 
of the guard ring for circular electrodes from the two-dimensional 
solution (27-40) referring to Fig. 27-7a. lie also converted the 
end effect at the edge of a plate parallel to and between two 
infinite plates, as in Fig. 27*76, into a solution for concentric 
cylinders by rotation about an axis parallel to the y-axis, and into 
a solution for circular disks by rotation about an axis parallel 
to the x-axis. 

Field Expansions near Axis. In electron optical field 
problems one is mainly concerned with the p)otential and field 
values near and on the axis of symmetry. Sin(;e the potential 
must be finite and continuous along the axis if it belongs to the 
field region and must be an even function of p, ora* can solve (1) 
by means of the power series 


4>(p, z) = H ha(z)p^“ 

a =0 


( 5 ) 


where 4^(0, z) = fo(z)j the potential value along the axis. Intro¬ 
ducing (5) into (1), one obtains the recursion formula 

(2q! + 2)^/2a-f2(2) f2a' = 0 (6) 


for any power p^“. Thus, all the coefficients f 2 aiz) in (5) can be 
expressed in terms of foiz)^ so that 


4>(p, 2 ) = 4>(0, 2 ) - 


«."(0,2)(p/ 2)2 , $*''(0,0) (p/2) 


If 


+ 


2f 


( 7 ) 


where the primes denote differentiations with respect to z; see 
Bateman,p. 406; Briiche and Scherzer,^^“® p. GO; Spangen- 
berg,®^^ p. 339; and others. The main problem is therefore the 
evaluation of the potential or of the field gradient Ez{0, z) = fo'{z) 
along the axis either analytically, if that is possible, or most 
expeditiously with the electrolytic trough (section 18). 
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Instead of the power series expansion in p, one can use Laplace's 
expression 


^(p, 2 ) = - r fo(z + jf> cos \p) d\l/ (8) 

TT «/^*0 


where fo is again the potential function along the axis, but with z 
replaced by (z + jpsin^). This is verified by a Taylor series 
expansion of fo about p = 0 and integration term by term, which 
leads to (7); Bateman,^^ p. 406, and also Myers,p. 89. 

Though the pot(^ntial function must be continuous along the 
axis, it can possess isolated singular points where the field vector 
vanishes, as discussed in section 10. Because of the continuity, 
one can develop 4>(0, z) = fo(z) at any point Zq on the axis into a 
Taylor series 

4>(0, z) = fo{z) = foi^o) +/o^(^o) —^—h . . . 

and introduce tliis for the first term in (7); the second derivative 
with respect to z near Zo becomes 

/o"U) = /o"fe)) +/o"'(^o)(^ - 20) + . . . 
and using this in the second term of (7), one obtains near Zq 

^’(p, z) — /o( 2 o) ““ 2:0) 

+ /o"(^o) —- /o"(2o) (0" (9) 

if all terms involving higlier than second derivatives in zq are 
discarded. Along an eeiuipotential line near the axis one must 
then have 

d^Kp, 2) = 0 = /o'(20) + /o"( 2 ^o )(2 - 2^0) dz - 3^/0"(20) P dp 

( 10 ) 

which gives for the slope 

dp _ o /o'(2o) +/o"(2o)(^ — Zq) 

dz p/o"(2o) 

As one approaches the point Zq on the axis, z Zq and p —> 0, so 
that dp/dz —> 00 at all regular points A of Fig. 30* 1, as it must be 
because of the axial symmetry. At a singular point however, 
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fo' i^o) = 0 

\dz/B 


tan ri = lira 

z —^zq 

p —*0 


2fo^'(zo)(z - Zq) 
fo'{zo)p 


= 2 


by de rHospitaPs rule. Thus, only saddle points can occur as 
singular points, and at any such singularity the pair of equipoten- 
tial lines intersects the axis at angles tan“^ (±2) = ±54^^44'; see 
Myers,p. 95, and Zworykin et p. 377. 

This is quite different from the 
two-dimensional field distribution, 
for which the general expansion cor¬ 
responding to (7) in the neighbor¬ 
hood of an axis of symmetry, chosen 
as a:-axis, is given by 

,.2 



near the Axis for Axially Sym¬ 
metrical System. 


^{y, x) = fo(x) - fo (x) 




r 

2! 




( 11 ) 


with/o(x) = <l>(0, x) denoting the potential value along the axis. 
Using for it the same Taylor series near a point Xq as above, 
introducing it into (11), and establishing the equipotential near 
Xo analogous to (10) give now 

x) = 0 = [/o'(xo) + H/o"(^o)(a^ - ^o)] dx - }4fo'Mydy 
From this, the slope becomes 

dy _ 2/o^(xo) + fo''{xo){x — xq) 
dx fo"(xo)y 

which again shows the orthogonality of the equipotential lines to 
the axis, but gives at a singular point lim {dy/dx)^ = 1; the inter¬ 
section of the axis of symmetry by the equipotential lines at a 
singular point occurs at angles d=45®; see also Zworykin et 
p. 375. This demonstrates clearly that substitution of two- 
dimensional fields for the axially symmetrical field near the axis 
is bound to give poor approximations. 

Axially symmetrical magnetic fields are completely defined by 
only one component of the magnetic vector potential; since cur- 
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rents producing axially symmetrical fields must flow circularly 
around the axis, only will exist, as (13-25) shows. In regions 
free of current, as is usually true near the axis of the electron 
optical systems, the component will satisfy the differential 
equation 



which is obtained from Appendix 3, (37). In analogy to (5) one 
can assume a solution near the axis of the form 


= Z /2<.+i(2)p='“+’ (13) 

a=0 

where only odd powers of p can appear because encircles the 
axis. Introducing (13) into (12), one obtains the recursion 
formula 

4a (a + l)/ 2 a+l( 2 ) +/2a-/^(2) = 0 (14) 

for any power Thus, all the coefficients( 2 ) in (13) 

can be expressed in terms of derivatives of fi{z) so that 

A^ip, z) = /, {z)p - fi'{z) 

+ (15) 


One can interpret the physical meaning of fi{z) if one also con¬ 
siders the field vector B whose components are given as in (13 • 26) 
by 


, _^ 

“ dz * 


i f {pA^) 

P dp 


This gives with (15) 


- 2 |/i(2) //'(2) 

+ ^2(0 -] ( 16 ) 


where it is now apparent that 2 / 1 ( 2 ) = .B*(0, 2 ) represents the 
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axial component of the magnet field along the axis. With (16), 
the general form (15) becomes 


At(p, - 5 B.(0, 

+— 
2!3!\2/ 


5 /"( 0 , z) 


(17) 


This form permits the utilization of experimental data; if one 
finds a good analytical approximation to the measured field dis¬ 
tribution along the axis, one can 
construct a complete solution 
and use it for determination of 
electron paths or any other de¬ 
sired information. This is par¬ 
ticularly important for magnetic 
fields because the analytical com¬ 
putations quickly lead into difficult functions,^ as pointed out in 
section 13. One can, of course, also use the magnetostatic poten¬ 
tial function JT which leads to forms quite similar to (7) and (8) 
as in Zworykin et p. 474. 

Occasionally it is also of interest to know potential solutions in a 
spherical system for small angles of opening as indicated in Fig. 
30*2. From Appendix 3, (40) one has for axial symmetry in a 
spherical coordinate system 


P(r,d) 



Fig. 30*2 Potential Values near the 
Axis for Spherical System. 


dr 



+ 


1 d / d^\ 

— -( sm 0 — ) 

smOddX dd/ 


= 0 


(18) 


For small angles d one can assume the solution of the type 


Hr, e)= i f2a(r) (19) 

a =0 

Approximating in (18) sin d ^ d, and collecting coefficients of the 
same powers in 0, one deduces the recursion formula 

I lr%a'{r)] + (2a)2/2„+2(r) = 0 (20) 

* See W. Glaser, Zeits. f. Physik, 118 , p. 264 (1941). 
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which yields because/o(r) = 0) the potential along the axis, 

$(r, e) = ^(r, 0) - -^^^0 [rV(r, 0)] 

+ ^^(0 {rV<*>'(^0)]}'-(21o) 

where the primes denote differentiations with respect to r. This 
development is particularly applicable to conical fields as exist in 
cathode-ray tubes and similar applications. 

Two Finite Equidiameter Coaxial Cylinders. Two finite 
coaxial cylinders of equal diameters as in Fig. 30 • 3 with potentials 



.p 

i 0 
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Fig. 30-3 Two Coaxial Cylinders of Equal Radii 
(Two-cylinder Lens or Mirror). 


and ^> 2 , respectively, constitute a rather common electron lens 
of simple type. Their lengths might be Li and L 2 , with very small 
separation at the plane z = 0 and their end faces 2 = —Li of 
potential and z = +L 2 of potential ^ 2 , disregarding any small 
apertures that might exist in these planes. The solution of the 
potential distribution can be found from (2) where the variables 
have been separated. For the upper, positive sign of one has 
at once as for X{x) in (29*17) and (29*18) 

Z(z) = Cl sin mz + C 2 cos mz (216) 

whereas the function R{p) must satisfy 
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which is the normal form of the differential equation for modified 
Bessel functions of zeroth order^ [Appendix 5, (24)] 

R{p) = DJoimp) + D2Ko(mp) (23) 

The potential function must be continuous at all points except 
along the rim p = a in the plane z = Oj where there exists an 
isolated singularity of the same type as in conformal mapping at 
the vertices of straight line polygons (section 27). This excludes 
the second term in (23) as a possible solution, since the function 
Ko(mp) has a logarithmic singularity at p = 0. The potential 
solution is therefore the general product 

(Cl sin mz + C 2 cos mz) Io{mp) (24) 

to which can be added by inspection of (1) the particular integrals 

fci + k2Z (25) 

The selection of the spectrum of m values is, as always, simplest 
with homogeneous boundary conditions of the type (29-3). 
Though these are not directly specified, one can allocate the in¬ 
homogeneous boundary conditions by placing the burden of satisfy¬ 
ing the constant potential values at 2 : = — Li and z = +L 2 upon 
the particular integrals (25) 


or 


ki — ^2^1 “■ ^1 “h fc2^'2 4>2 

J Ij\^2 “h ^2^1 J 4*2 4^1 

' Li + L2 ' 


(26) 


and thus requiring of (24) the homogeneous conditions 
Z(-Li) = Z{+L2) = 0 

* Brief reviews of Bessel functions are given in Srnythe,^^^ p. 1G8 ; Churchill, 
Chapter VIII; and almost any book on advanced calculus. Extensive treatises 
are Gray, Matthews and MacRobert;^^ Byerly;^'*^ N. W. McLachlan: Bessel 
Functions for Engineers; Oxford University Press, 1934; and G. N. Watson: 
Theory of Bessel Functions; Cambridge University Press, 1922. For tables see 
Jahnke and Emde: J'ables of Functions; reprinted by Dover Publications, 
New York, 1943; originally by B. G. Teubner, Leipzig, 1938. See also 
Appendix 5. 
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This yields upon combination of the two equations the characteris¬ 
tic equation 


sin w(Li + L 2 ) _ 

^ sin mLi ’ 


or rria = 


(Li + L^) 


and therefore 


« = ±1, ±2,. • • (27) 


^(p, z) = fci + + z C'a' 


. / 

“("irfi;) 



where the negative values of a. have been suppressed, since they 
lead to the same functional expressions. For p = a, the sum (28) 
is a conventional Fourier series in z and must represent the actual 
potential distribution on p = a as well as the particular integral 
values. The coefficients A a are therefore determined by 



analogous to (29*22) and (29 •22a), with (Li +L 2 )*as the half 
period. This expansion is definitely permissible and convergent, 
since the sine functions form an orthogonal system and since the 
potential values arc bounded. The integrals in (29) can readily 
be evaluated and actually reduce to 


Aa^ 


- (<I>1 — «l>2) COS 

aw 


aw Li 

Li + L2 
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so that the final solution for the potential becomes 


4>(p, z) = 


(Li + g)^2 + (L 2 — 

Li + L 2 


-(<i>i - <i>2) E - cos (-———) • 

TT a=l[o^ \Li + L2/ 

(_onrp\ 

. f Li z\ \L] + L2/ 

sin I air - -— )-;-- 

\ Li + L2/ ^ ( aira \ 

‘‘{irfu) 


(30) 


In the case of symmetry Li = Lo = L, the Fourier series will 
contain only the terms for which a is even, since cos {aTr/2) — 0 
for a odd; in this case, the plane of symmetry z — 0 becomes an 
equipotential surface of potential + ^' 2 )- Should, on the 

other hand, potential <l’i vary linearly or in any fashion along 
p = a from a value zero at 2 : = —L\ identified as cathode surface, 
to a value <I>i at 2 = 0 as in the electrostatic image tube,'* then the 
first integral in (29) would have to be appropriately modified by 
using the known function ^ 1 ( 2 ) instead of the constant value 
Two Equidiameter Coaxial Cylinders, One Infinitely Long. 
If L 2 is large compared with the diametca* 2a, it might as well be 
assumed infinitely long with the effect that the Fourier series goes 
over into a Fourier integral. Maintaining the same boundary 
conditions as in Fig. 30-3, except that Lz = one can spe'clfy 
Z{ — L\) = 0 for (21), using the potential value as additive 
constant to satisfy the condition at 2 = —l^\ ] this gives 


Cl 


C 2 


= cot mL\ 


Therefore in accordance with (24) 


4>(p, z) = + 


oo 

/ C 2 

«/m = 0 


sin m(Li + z) 
sin mLi 


dm 


(31) 


since no discrete spectrum of m-values exists. The unknown 
coefficient C 2 must be obtained by representing the potential value 

^ V. K. Zworykin and G. A. Morton, JL Optical Sac. Am., 26, p. 181 (193G); 
Zworykin et p. 40; also E. G. Itamberg and G. A. Morton, JL AppL 

Phys., 10, p. 465 (1939). 
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along p = a in Fourier integral form analogous to (29*31) and 
(29*32). Introducing a change of variable to f = 2 + Li, so that 
the origin of f is in the plane of the end face, one has from (31) 

<l>(a, f) = + f C2-~—^ loima) dm (32) 

t/m = 0 sm mLi 

whereas the direct Fourier representation by (29*36) or (29*38) 
would read in the simpler complex form 


«>(a,f) - ^ f“ F(m)e^”^<^dm 

27r c/m = — 00 

= ~ F{v)e^ dp, f > 0 (33) 

The potential values are referred to 4>i and are therefore zero for 
0 < f < Li and equal to (^2 — 4>i) for f > Li. However, this 
does not specify the character of the potential distribution for 
f < 0; since (32) implies an odd function U{m) as comparison 
with (29*31) indicates, one must assume opposite potentials at 
symmetrical locations with respect to f = 0. The evaluation of 
F{m) or F{p) can now be made, keeping in mind a change in sign 
for f < 0 as noted; the direct integration as in (29*36a) with 
p = j'ni gives 

F{V) = - f (*2 - + r (i>2 - 4>i)e“Pf df 

— ao %JLx 


— - — + e ^^0 = ^ (4>2 — 4>i) cosmLi (34) 

p jrn 


From this one can get the function U{7}i) by identifying it in 
accordance with (29*37) as related to the imaginary part of F{m)y 
so that 


U{ni) =-Im F(ra) = 

TT 


2 4>i — 4>2 


m 


cos mLi 


This must now be identical with the integrand in (32) except for 
sin and yields 

C2 _ 2 — $2 cos mLi 

sinmLi ir jn loima) 
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which finally gives for (31) the solution 


4>(p, 2) = 4'i-(<i>i - 4>2) 

TT 


/ 


’ cosrwLi . ,T , . himp) 

-Sin m{Li + z) • — - - dm 

= 0 m Io{ma) 


(35) 


Comparison of this Fourier integral with the Fourier series solution 
for finite values of L 2 in (30) demonstrates the very close similarity 
between them. Tn many instances, (35) can readily be obtained 
by numerical or graphical methods with Li and a as parameters, 
and z and p as ultimate variables. If again the potential on p = a 
varies linearly over the distance ( —Li) < 2 < 0, as one might 
assume in the electrostatic image tube,^ one need only to modify 
the integral (33) by introducing the variation along the distances 
0 < f < Li. 

The analytical evaluation of the integral (35) is achieved best 
by replacing the real variable m hy p = jrn and interpreting the 
integral as one in the complex p-plane as pointed out in connection 
with (29*38). Tlie poles of the integrand are located at p = 0 and 
at loima) = Joijma) = Joipa) = 0, the latter being the Bessel 
function of first kind and giving an infinite number of symmetrically 
located root values, of which the first six are 


Pia = ±2.4048 

p^a 

P 2 C 1 = ±5.5201 

p^a 

Psa = ±8.6537 

Pea 


Thus, in the complex form (33) with (34) 


±11.7915 

±14.9309 

±18.0711 


±4>(p, z) = - — (^1 - 4>2) 

2Trj 


^+;oo gPLi ^ g-pLi Jq(pp) 

t/-ioo p Jiiipa) 


dp, 


(36) 


where the total potential values change sign as already assumed 
in the integral (34). Combining the exponentials into and 
gP(2Li4-2)^ two integrals of the type (29*38) arise, each with poles 
of first order along positive and negative real axes. In accordance 


® G. A. Morton and E. G. Ramberg, Phys., 7, p. 451 (1936); also Zworykin 
et a/.,®32 p. 381. 



Sec. 30] Two Equidiameter Coaxial Cylinders 


427 


with (29-41) and observing (d/dp) Jo(pa) — —aJi(pa) one can 
now write the sums of residues in the following groups 


i2i = 1 — — '^oi'PaP ) —_ g valid for 0 > 0 


Rii = + 


^iii = “ IZ 


(Pad) J 1 (Pad) 
JoiPaP) 


(Pad) J 1 (Pad) 

Jo(PaP) 
(Pad) Jl(Pad) 


,PaZ 


valid for 0 < 0 


tr‘Pai2Li-^z) 


valid for z > (~2Li) 


«IV = 1 + L 

(Pa^) J 1 \Vot(^) 

valid for z < ( —2Li) 


(37) 


where all sums are extended only over the positive root values of 
listed in the table above. The total solution for the 
potential is thus 


4>(p, 3) = — (4>i — ^ 2 )[^i + ^iii] valid for 2 > 0 

= -- (4>i — + ^IIl] 

valid for ( — Li) < 2 < 0 


(38) 


the other ranges are of no interest, lying beyond the desired field 
region. The potential reduces to <f>i at 2 = —L\, since the sums 
in Ru and R\u cancel, and it takes the proper values along p = a 
as seen from (3()) where only the positive unit step at 2 = 0 can 
be considered for z >( —Li). The unit step at z — —2Li is 
inverted because of the odd symmetry of potential values; its 
effect is therefore in Rix. The values of the complete series in Ri 
and Ru have been computed and tabulated® in connection with a 
general attempt to solve the potential distribution for two equi¬ 
diameter cylinders with a finite separation 2d as shown in Fig. 
30*4. One can consider the right half of this arrangement as 
equivalent to the above case, except that the potential function is 
actually unknown for p = a along 0 < 2 < d; the assumption of 


® S. Bertram, Jl. Appl. Phys.^ 13, p. 496 (1942); tabulation of values for 
p/a in steps of 0.1, for z/a in steps of 0.05 up to 1.75, beyond which exponential 
approximation is possible. 
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linear variation of the potential along this distance leads to results 
which check rather closely with data obtained with the electrolytic 
trough. Analytically, one need only modify (34) in accordance 
with the assumed potential variation and enter this in (36) as a 
modification of the first factor under the integral sign. 



Fig. 30*4 Two Coaxial Equidiameter Cylinders with Finite Separation. 


Two Infinite Coaxial Cylinders. A simpler result obtains in 
the symmetrical case of Fig. 30*3, w^here the lengths of both equi¬ 
diameter cylinders Li and L 2 are infinite. One need only consider 
the right half with potential 3^(4>i + 4 > 2 ) in the plane 3 = 0 and 
^ = 4>2 along p = a. Though one could again use the Fourier 
integral method, it is simpler to formulate the solution directly in 
terms of the orthogonal Bessel function series. For this purpose 
take the lower sign of in ( 2 ) where the variables have been 
separated. For Z{z) one has then hyperbolic or, better still, 
exponential functions as solution 

Z{z) = + C 2 e^^ (39) 


Because of the infinite extension for 3 > 0, only the negative 
exponential function can be accepted as solution. The function 
R{p) must now satisfy 


d^R 1 dR 

dp^ p dp 


+ = 0 


(40) 


which is the normal form of the differential equation for the 
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Bessel function Jo{rnp) of zeroth order^ 

R{p) = DiJoimp) + D 2 No(mp) (41) 

Again, No(mp) has a logarithmic singularity at p = 0, so that it 
cannot be admitted as solution. Thus, one potential solution is 
the general product 

ce-^^Joimp) (42) 


where D 1 C 2 has been combined into c. To satisfy the boundary 
conditions, one can add a constant 4>2 as particular integral and 
require of (42) that it vanish for p = a, which leads at once to the 
root values (m^a) tabulated as (pau) for (36). The functions 
now form an orthogonal system of a Sturm-Liouville 
problem, since the differential equation (40) can be rewritten in 
the form (29-2), namely, 

^ ^ w^p/J(p) = 0 (43) 

which defines the characteristic numbers X = the weight 
function p(p) = p, with respect to which orthogonality exists, and 
gives the norm N by the integration 


Jp-O 


pJoimap) Joimffp) dp 


0 for a 9 ^ P 

2 

I Ji^maa) = Na 


for a = jS 


(44) 


One could, of course, normalize these Bessel functions as in (29 • 10) 
by dividing by and one can expand any bounded function 

into a Fourier-Bessel series in accordance with (29*11); for the 
more general forms see Appendix 5. 

The total potential solution is now 


<^(p, z) = #2 + E Jo(^aP) (45) 

«=i 

where the coefficients Ca are found from the remaining boundary 


^ references, footnote 3. 
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condition which stipulates that 4>(p, 0) be constant and equal to 
the median potential value, 

^(p> 0) = 4>2 + CaJo(^aP) = ~ (4>1 + ^ 2 ) 

Applying the first form of (29*12) in order to find the coefficients 
Ca, one has 

NaCa = ;: (^1 - ^2) / pJoimap) dp = - (<l>i - $2)- Jliviaa) 

2 t/p=o 2 nia 


With Na from (44) this yields the final form for the potential 


^(p, z) = ^ 2 + (^1 - 4>2) E 

a =1 


Joinigp) 
{mau) Ji(»),aa) 


^■—maz 


(46) 


The summation is identical with the one occurring in Ri of (37) 
and is tabulated as referred above. Since one can deduce 


ao 


Jo(^a) 

<71 (Xa) 


1 

2 


(47) 


if \a are the root values of Jo(X) = 0, one can readily show that 
4>(p, 0) = J4(4*2 + 4>i). 

In electron optical problems, one is mainly concerned with the 
value of the potential and its derivatives along the axis p = 0 as 
outlined in the first part of this section. This makes an analytic 
expression practically necessary, yet makes it desirable to have a 
simple form to enter into the differential equation for the electron 
trajectories. Introducing p = 0 into (46) gives 


$(0, z) = <l>2 - (^2 - ^l) E [(WaC) Jiimatt)] * (48) 

a=l 

for the axial potential variation for the two infinitely long equi- 
diameter cylinders of Fig. 30*3 with Li —> oo and L 2 oo. The 
sum in (48) can be represented with very good accuracy by the 
much simpler form® 


E [{rriaa) Ji{mac)] ^ « J^(l — tanhcoz) (49) 

a»l 

®F. Gray, Bell System Techn. JL, 18, p. 25 (1939); also S. Bertram, Proc, 
LR,E., 28, p, 418 (1940). 
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where co = 1.32/a, so that 

^(0, z) « ^(^2 + ^i) + 3^(^2 “ tanh cos (50) 

For graph of this and the first two derivatives see Zworykin 
et aZ.,®^^ p. 379. This approximation can be used with some 
modifications in other cases as well. 

If the cylinders are not of equal diameters, the analytical 
method becomes well-nigh impossible, and approximations by a 



Fig. 30-5 Symmetrical Circular Aperture. 


perturbation method using Green’s function remain the only 
recourse. The electrolytic trough has been called upon extensively 
in such cases; see Spangenberg,®“^ p. 345. 

Circular Aperture. Assume a circular hole of radius a in 
an infinite conducting plane of potential as in Fig. 30 • 5, which 
is called a circular aperture in electron optics, then the field lines 
must leave the conducting plane at right angles and tend to become 
parallel to the 2 -axis of revolution; at large distance the field must 
be nearly uniform so that one can place parallel planes of potentials 
^2 at symmetrical distances d from the aperture plane. In order 
to describe the boundary condition on the aperture plane in the 
simplest terms one selects the orthogonal oblate spheroidal 
coordinate system from section 33 with a slight modification. 
Using instead of (33 -60) the same transformation (32*52) as for 
the elliptic cylinder and introducing the auxiliary coordinates, 


u = sinh 


(51) 


v = sm ?; 
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then the cylindrical coordinates p and z can be expressed as 

z = a sinh { sin r? = auVy p = a cosh f cos r; = aVt?+l vl — 

(52) 


where a is the radius of the aperture and identical with the focal 
distance / of the system. The coordinates f and rj are similar to 
the elliptic cylinder coordinates in (29*59), and, indeed, con¬ 
stant values of u and v imply constant values of f and rj and thus 
mean confocal ellipses and hyperbolas of the same shape as 
Fig. 29*6 but with different selection rules. In particular, = 0 
or r 2 ~ ri = 2 a describes the equipotential surface 4>i, i.e., the 
plane with the circular aperture, and v = 1 or r? = 7 r /2 or r 2 = rj 
describes the 2 :-axis. On the other hand, u — 0 ot r 2 + ri = 2a 
describes the aperture itself and increasing u gives the ellipses of 
increasing axes. 

Because of the axial symmetry of the solution, one can introduce 
(52) and (51) directly into the Laplacian potential equation (33*2) 
and with suppression of the second derivative in <!> obtain 


du 


{l + u^)—\ + 


_ 6 > - 
dv 


(1 - 



= 0 


(53) 


Solutions of (53) can be found readily by separation of variables; 
assuming = M{u)'N{v) and introducing into (53), one has 

d 


M- 


du 




= —iV ^ ^ (1 — v^) ^ (54) 

dv[^ dv j 


Several solutions are feasible for specific values of which are 
of the type of particular integrals, since the boundary conditions 
are not yet utilized. Thus, for = 2 one finds as suggested by 

tan“^ u = (1 + 
du 

and 

tanh”^ z; = (1 — 
dv 

that 


MN = [C\U + C 2 [u tan ^ u + 1]} • 

{Div + D 2 [v tanh”"^ z; — 1]} (55) 
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satisfies (53). Since the boundary condition requires = 4»i on 
V = 0, one can choose D 2 = 0 in (55) and add the constant 4>i; 
since v = 1 along the 2 -axis, the potential remains finite there. 
The potential function is, therefore, 

$(u, v) — V [C\U -f C 2 [u tan“^ u H- 1]} + ^>i 

with Di discarded as superfluous. Actually, no other boundary 
conditions are available, but it is necessary that the solution be 
symmetrical to the plane 2 = 0 , so that one must take Ci = 0. It 
is also in the nature of the problem that a nearly uniform field 
should result for large values of 2 . Since tan”^ u —^ {v/2) as 
u —» 00 , the potential becomes for large values of u 

lim $(u, ^ C' 2 t) ( u ^ + 1) + •i'l « ^ (^2 - + 4>i 

if one disregards the value 1 and utilizes (52). Introducing 

2 a 2 

4> « < 1>2 at 2 = d gives at once C 2 =-(^^^i — *^ 2 ) 3 =- Eoa^ 

TT a T 

if Eq is the uniform field gradient at large distance from the 
aperture. Thus, 

2 

^(UjV) = - a \Eo\ v[u tan""^ 'w + 1] (56) 

TT 

and along the 2 -axis where v = 1 and therefore u = zfa from (52), 
in cylindrical coordinates p and 2 

^{Oy 2 ) = - - a |£?oi • f- tan""^ “ + ll (57) 

TT [_a a j 

The potential at the saddle point 0 with 2 = 0 is 
^( 0 ) = --a\Eo\ 

TT 

and can be made to vanish with proper choice of Oi. Good graphs 
of this symmetrical potential distribution are found in Spangen- 
berg,®^^ p. 347, and in Zworykin et p. 384. The problem is 
solved with more difficult notation in Ollendorff,-^'® p. 295, and in 
Briiche and Scherzer,®^^ p. 69; see also Lamb,^^^ p. 142, for 
hydrodynamic applications to the flow of an ideal fluid through a 
circular aperture. 
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In order to estimate the degree of approximation, one can con¬ 
sider that tan"*^ 12 = 85.4° leads to {u tan”^ u) = 17.86 1; this, 

however, requires a distance 
along the 2 ;-axis of (z/a) — 
w = 12, or d = 12a in ac¬ 
cordance with (52), where 
t; = 1. Admitting {u tan"“^ u) 
^ 10 as tolerable approxima¬ 
tion requires d ^ 7a. 

One can also achieve so¬ 
lutions for unsymmetrical po¬ 
tential distributions by super¬ 
imposing a uniform electric 
field gradient Ei, weakening to 
{Eo — ^^i), and strengthening 

Fig. 30-6 Unsymmetrical Aperture the respective 

Field. sectional gradients. With the 

designations of Fig. 30 * 6, tak¬ 
ing all gradients with absolute values to avoid difficulties with 
signs, and observing (52) for z, one has 

2 

4>(a, t;) = 4>i- a |£Jo| tan“^ u + 1] + a\Ei\ uv (58) 

TT 

The potentials at the electrode plates are given as 

^2 = (|^()| + 1 ^ 11)^2 + 

and 

^3 = (l^oj 1^11)^3 + 

they depend on the distances ^2 and and cannot be chosen 
freely, since the solution is approximated by superposition and is 
not an exact one. For \Ei\ = \Eo\ one has a field free space to 
the right of the aperture plane and the equipotential lines bulge 
through the aperture.^ Good graphs are found in Spangenberg,®^^ 
p. 348, and in Zworykin,p. 384. 

®Th. C. Fry, Am. Math. Monthly^ 39, p. 199 (1932); also Bell Tel. Lab, 
Monograph No, B-671; Ollendorffp. 296; and Smythe,-^^^ p. 161. 
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31- GENERAL ORTHOGONAL 
COORDINATE SYSTEMS 

For the solution of general potential problems in three-dimen¬ 
sional space it is desirable to choose coordinate systems which 
permit the simplest formulation of the boundary conditions, as 
pointed out previously. However, the coordinate system in¬ 
fluences the form of the basic differential equations of potential, so 
that only such coordinate systems are of practical value which 
keep this form amenable to present-day mathematical treatments. 
This has restricted the choice to orthogonal coordinate systems in 
which the unit vectors in the three coordinate directions at any one 
point are mutually orthogonal, or, differently stated, in which the 
three families of surfaces defined by keeping the value of each 
coordinate constant in turn are mutually orthogonal. 

It is customary to select the Cartesian system as fundamental, 
since in it the three coordinates play exactly equal roles and all 
relations involve the three coordinates in exactly symmetrical 
manner, so that any cyclic^ interchange will not affect the form of 
any boundary value problem. 


CARTESIAN COORDINATE SYSTEM 

The Laplacian differential equation for the three-dimensional 
case is given by 




( 1 ) 


In order to effect a solution in general terms one can readily 
separate the variables by assuming a product function 

^(x,y,z) ^X(x)Y(2j)Z(z) (2) 

in which each factor is a function of only one variable; this is 
obviously a direct extension of the two-dimensional case in 
section 29. Introducing (2) into (1) and dividing through by the 
product (2) will give 

+ y-iF" + = 0 (3) 

where the double primes indicate the second derivatives with 
respect to the pertinent variable. In (3) the variables are already 

^ A cyclic interchange is one in which the order of succession of the elements 
is preserved, as for example (x, y, z) to (y, 2 , x) to ( 2 , x, y). 
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separated, so that in order to be an equation for any combination 
of the variables x, y, and z, each term must by itself be a constant, 
which is usually designated as separation constanty because it 
enters on account of the reduction to ordinary differential equa¬ 
tions. One has, for example, 

X" = F" = Z" - + n^)Z (4) 

where and are the characteristic numbers whose spectra are 
defined by the boundary conditions; if the latter are homogeneous, 
this leads to the classical Sturm-Liouville problem discussed more 



Fig. 31 * 1 Potential Distribution in Rectangular Parallelepiped. 

extensively in section 29. Of course, one can associate the 
characteristic numbers and n^ with any of the two variables 
above; but the third one must then accept the negative sum of the 
two. 

To illustrate the procedure, determine the potential within a 
rectangular box with the dimensions shown in Fig. 31*1 and a 
potential distribution 4> = G(x, y) on the face 2 = 0 and ^ = 0 
on the other five faces. This determines the boundary conditions 
as homogeneous in x- and ^/-directions, so that m and n can be 
found readily. The typical solution in these variables is from (4) 

X == Cl sin mx + C 2 cos mx, F = Di sin ny + D 2 cos ny (5) 

with 

X(0) = X(a) = 0, F(0) = F(fe) = 0 (6) 

Introducing these conditions into (5) yields 

C 2 = 0, sin ma = 0, D 2 = 0, sin n& = 0 (7) 
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aw 

rrta^ —y 
a 



a, jS = 1, 2, 3, • • • 00 


( 8 ) 


The negative values of m and n are suppressed, since they lead to 
no new functional forms. The typical solution for Z is from (4) 

Z = Pi sinh 2 + ^2 cosh Vz (9) 

and since at 2 = c one must satisfy Z(c) = 0, this gives 

p 

— = — tanh + c 

P 1 

with rria and known from (8). With all homogeneous boundary 
conditions satisfied, the potential has the form 


4 >(x, t/, 2) = E L Pa,0- 

a 0 


sinh V rria^ + nft^(c ~ z) 
cosh a/ ynj' + c 


sin rriaX sin n^y 

( 10 ) 


where the sums must extend over all the values of and rifi as 
defined in (8); the coefficient Cia and D 10 have been merged with 
Pi which therefore depends on a and P as indicated by the sub¬ 
scripts in (10). In a more general case one might have to add 
to (10) the solutions which correspond to the singular 
cases m = 0 and/or n = 0. If only m = 0, then (4) gives 
X = Cix + C 2 , Y as before in (5) and Z as in (9), but with 
argument (n^z); this leads then to single summation in p. If 
only n = 0, a corresponding single summation in a will result. 
If both m = n = 0, then the product 

{Cix + C 2 ){Diy + D 2 ){PiZ + P 2 ) 

will occur. In the present problem all these possibilities are 
excluded by the homogeneous boundary conditions in x and y. 
The solution (10) represents a double Fourier series in the two 
variables x and y as is necessary in order to express the given 
distribution G(x, y) defined over the finite area 0 < x < a, 
0 < y < b. The extension from the one-dimensional Fourier 
series of section 29 is straightforward; general details on such 
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series are found^ in Churchill,p. 116; in Byerly,^^ p. 139; and 
in Carslaw^^^ in conjunction with problems of conduction of heat. 
Assuming G(a:, y) an odd periodic function in x and y, bounded 
for all values of x and y in the region of definition and satisfying 
the Dirichlet conditions, then one can represent it as 

y) = mi sin rriaX sin n^y (11) 

a /3 

where in turn the coefficients are defined by 
2 2 

Aa,8 = ~ ' T I I y) sin WaX sin n^y dx dy (12) 

a o*/x=o •/!/=0 


Since a = I and i3 = 1 in (8) define a and b as respective half 
fundamental periods of the distribution, G(x, y) can well be 
assumed odd when extended beyond its region of definition. To 
satisfy the boundary condition at 2 = 0, comparison of (10) at 
z = 0 with (11) yields at once 

~Pa,/s tanh Vnia + c = 
so that the complete solution is 


$(x, y, z) = L L ^a./3 

a 0 


sinh V(c — z) 
sinh \/c 


sin rriaX sin n^y 
(13) 


with Aa,8 from (12). 

Any other boundary conditions with respect to the potential 
can be handled in analogous manner. If the potential is given 
over two or more of the faces, then the principle of superposition 
can be applied, solving for only one inhomogeneous boundary 
condition at a time as above and then taking the sum total of all 
partial solutions. 

In addition to the spectral solutions determined by separation 
of the variables inclusive of the irregular cases m = 0 and/or 
n = 0, there are a considerable number of particular integrals 
which at times might lead to simpler overall solutions. Thus, 


^See also H. S. Carslaw: Fourier Series and Integrals; Cambridge Uni¬ 
versity Press, Cambridge, 1930. 
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any additive combination with suitable individual constants of 
the terms 




- 


(14) 


and others presents a possible solution, as well as any general 
solution of the two-dimensional Laplacian differential equations 
in X and y ov y and z or z and x; obviously, a constant 4>o can 
always be added. The selection of the most expeditious approach 
to a new problem is still an art, and the only reassurance that a 
solution does indeed exist and that a solution is the correct and 
only one comes from the existence and uniqueness theorems of pure 
and applied mathematics, as found in Kellogg,^^® in Courant and 
Hilbert,and in Frank and Mises.^^ If a solution satisfies the 
differential equation and all the boundary conditions in so far as 
these are compatible (or, perhaps better, correspond to some 
ph 3 ^sical reality), the solution is the correct and only one no matter 
how it has been found. 

If in the above problem c oc ^ so that the rectangular box 
becomes a rectangular semi-infinite prism, then the solution (9) 
must be replaced by the exponential form 


Z = Pi exp ( —V m z) (15) 

in order to provide regularity at 2 = oo. Keeping the same 
boundary conditions as before results then in 

4>(a:, y,z) — Ym exp { — z) sin niaX sin n^y 

“ " (16) 

where the coefficients are again determined by (12). 

Boundary value problems involving the magnetic vector poten¬ 
tial can be solved with the same facility, because in the Cartesian 
coordinate system—and in this alone—the identity (6-16) holds, 

Vx Vx A = V(V*A) - (V-V)A 

with V'V = the conventional Laplacian operator. Since 
div A = 0 as postulated in (6*17), the problem of finding solutions 
for the vector potential reduces to solving the scalar Laplacian 
differential equations for the components Axj Ayy and Az, which is 
the same procedure as just illustrated for the electrostatic 
potential. 
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GENERAL ORTHOGONAL COORDINATE SYSTEMS 

Transformation of Scalar Potential Problems to General 
Orthogonal Coordinates. Assume a general orthogonal system 
of coordinates Wi, ^^3 as given in Fig. 31*2; the mutual relation- 



Fig. 31*2 Orthogonal Curvilinear Coordinate System. 

ships between these coordinates and a Cartesian system can be 
expressed in terms of the functional relations 

Ua ~ Of = 2; 3 (17) 

and the inverse ones 

X = fi{UuU 2 ,U 2 ), y = f 2 (UuU 2 ,Us), Z fsiu^ U 2 , U 3 ) (18) 

Obviously, these reciprocal relations must be one-valued or at 
least restricted to single values within the applicable ranges in 
order to provide the necessary uniqueness; they also must have no 
singularities within the ranges used. 

For the transformation of differential relations from one system 
to the other, one takes from (17) 

dua = ^-^dx + ^dy + ^dz, a = 1,2,3 (19) 

OX dy oz 

and conversely, 

dx — Y. ~ duay dy = Y ^ dz = Y ~ dua ( 20 ) 

a dUa a dUa a OUa 

Since the general line element in Cartesian coordinates is expressed 
in vector form (see Appendix 3) 

ds = i dx + j dy + k 
one has for its absolute value 

ds^ = ds*ds = dx^ + dy^ + dz^ 
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Introducing into (20) the vector representation, as for example, 

dx = i dx = i dui + i du 2 + i duz (21) 
dui du2 duz 


and similarly for the other two coordinate directions, one 
can again form the scalar product ds-ds and obtains on account 
of the presumed orthogonality of the generalized curvilinear unit 
vectors, the normal form 


where 




ds^ = dui^ + h2^ du2^ + hz^ du^ 


jdUa) \dUa) \dUa/ 


a = 1, 2, 3 (22) 


If now (is coincides successively wdth the coordinate directions, so 
that only one of the dua ^ 0, it gives the linear arc elements in 
Fig. 31*2 

dSa - ha dUa (23) 

where ha can be a function of all three coordinates Ua, but usually 
is a rather simple expression adjusting for example in a simple case 
an angular coordinate to a linear measure. In some instances one 
can read the ha values directly from the expression for the line 
element usually one has to evaluate the from (22) with the 
actual transformation equations (20). Good treatments of the 
transformation relations are found in Mason and Weaver,p. 116; 
in Planck,p. 59; in Stratton,'^^^ p. 38; in Kellogg,p. 178; 
in Hobson,p. 1; in Byerly,^"^ p. 238; in Webster,^^® p. 299; and 
in Murnaghan,^^^ p. 102; as well as in the advanced books on 
vector and tensor analysis. Though many authors, like Smythe^^^ 
and Stratton, use the definition of ha as given in (22), about 
again as many use the exact reciprocal of it; caution is therefore 
necessary in comparing similar-looking forms. 

The expressions for the first-order vector differentiations in 
generalized coordinates can best be obtained from the original 
definitions. Thus, jthe gradient of the scalar potential as the 
linear rate of change of the potential is 

V4> = grad 4" = L — 
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and its components are with (23) 


= grad = 


hi dui /12 du 2 du^ 


(24) 


The divergence of a vector can be deduced from Gauss’s theorem 
(Appendix 3) applied to a rectangular curvilinear parallelepiped 
formed by the coordinate surfaces as in Fig. 31*2. The flux, for 
example of vector D, through the opposite faces orthogonal 
to Uiy is by the use of first-order linear approximation 

[ Di-ds2 dss + — (Di'ds2 ds^) dsi | — Di-ds2 ds^ 
dsi J 


where ds 2 dss is the elemental area and where the bracket gives 
the flux out of the face it is, of course, important 

to observe the variation of the line elements ds 2 and ds^ as defined 
by (23), along with that of the vector component Because 
of the mutual independence of dui^ du 2 y and di 43 , the resultant 
flux contribution becomes for the wi-direction 


— {h2hzDi) du2 du^ dui 
dui 


and analogously for the other two directions. The sum total of 
this flux is then div D dr, where the volume element 


dr = dsi ds 2 ds 3 = hih 2 hs du\ du 2 du^ 


so that 


V-D = div D = T~7~r (^ 2 ^ 3 -Di) + ~ (h^hiD 2 ) + 

/ll/t2^3 Ldwi dU2 

]| 


{hih 2 Ds) 


(25) 


The general differential equation for the electrostatic potential 
is deduced from 


div D = div (eE) = p 


as given in (2-1) and follows with the definition E = —grad $ if 
one introduces the respective components from (24) into (25) 
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For constant e as in homogeneous and isotropic media, one can 
take it outside and, if further no space charge is present, one has 
for the Laplacian of the scalar potential ^ 

^2^ __ ^ r ^ ^2^3 I d / h^hi ^ d / hih2 ^ 

hih2h2\_dui\ hi duiJ du^ ^2 dU2/ dU3\ du^/j 


Transformation of Vector Potential Problems to General 
Orthogonal Coordinates. Applying the theorem of Stokes 
(Appendix 3) to the infinitesimal curvilinear rectangle 
in Fig. 31*2, one has for the contribution to the line integral of the 
vector V in the mathematically positive sense 


4" 1^2 ds2 “■ j^F2 ds2 4" (V 2 ds2) ds^ 


— jFa ds2 — j^Fa dss 4 " (F3 dss) ds2j| 

which reduces, because of the mutual independence of the dua, to 

d d 

-(^ 3 ^ 3 ) dus du 2 — — (^ 12 ^ 2 ) du 2 du^ 

dU2 oUz 

This must be curli V integrated over the infinitesimal area ds 2 ds^y 
so that upon division by ds 2 dsz. 


^2^3 Lc 


ihV^) 


(A 2 F 2 ) 


and with cyclic rotation of the indices one obtains the other two 
components, namely, 


For the magnetic vector potential A one actually needs the 
operation V x V x A, which is obtained in the simplest manner by 
applying operation (28) once again to the components (28). No 
further general simplification is possible even if one assumes 
V*A = 0 as customary, since the segregation 

VxVxA = V(V-A) - (V-V)A 
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as in (6*16) can be meaningful only for the Cartesian system^ if 
one reserves V-V == for the conventional Laplacian operator, 
as appears the logical choice. In any case, it is necessary to 
reduce the vector equations to scalar differential equations in 
vector components to make them amenable to processes of solution 
similar to those employed for the Laplacian differential equation 
of the scalar potential. 

Separation of Variables. Special solutions of the potential 
equation (27) can sometimes be obtained by inspection, but the 
systematic approach is the reduction to sets of ordinary differential 
equations in terms of single variables. This can be achieved best 
by the method of separation of variables, assuming first that the 
potential function can be expressed as the product 

U 2 , U 3 ) = F(Ui)G(U 2 )H(U 3 ) (29) 


similar to the simpler two-dimensional analogue in section 29. 
The Laplacian differential equation is then from (27) and, dividing 
through by FGH, 



(30) 


since the differentiations pertain only to one of the three factors. 
It depends now primarily upon the metric factors whether or 
not complete separation is possible. 

Assume, for example, that each ha is only a product function 
of the coordinates, 

ha ~ ^a(^l) ^a(^2) (31) 

then 

d /^/\ _ V2V3 ^ 2^3 d / ^ 2^3 dF \ 
dui \ hi / Vi ^I dui \ duij 

and similarly for each of the other terms in (30). This will 
permit the separation of variables if also 

{ 2 (^ 1 ) = fo('^l)> V3{'^2) = 'nii'^ 2 ), fl('*^3) = f2('^3) (32) 

* The identity R X Q X P = R*PQ — R • QP is established only for vectors 
and need not and does not hold for the above triple product involving the 
differential operator V. 
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(33) 


Introducing as in (3) two separation constants by equating the 
last term in (33) to and the middle term to gives three 
ordinary differential equations, each of the Sturm-Liouville type 
(29*2) in which tlie boundary conditions will define the spectral 
selection of the values m and n. Stratton,p. 198, gives a 
similar deduction with the assumption that 


K = rf(U2) f(W 3 ) (34) 


where Ma does not contain Ua but might be any function of the 
other two variables; Smythe,^^^ p. 124, finds a form similar to (33) 
for axially symmetrical potential problems. More specific 
criteria for the separability will be established in the following two 
sections dealing with specific groups of coordinate systems. 

The systems permitting separation of the three space variables 
with present-day metlujds can be grouped in accordance with 
their principal geometric aspects into 


Cartesian coordinate system (section 31), only sj^stem symmetrical 
in all three coordinates 

Cylindrical coordinate systems (section 32) with conic sections normal 
to the axis 
Circular cylinder 
Elliptic or hyperbolic cylinder 
Parabolic cylinder 

Confocal conicoid systems with axial symmetry (section 33) and with 
conic sections in the three Cartesian coordinate planes 
Spherical system (and bipolar system) 

Prolate spheroidal system (and possible inverse) 

Oblate spheroidal system (and possible inverse) 

Paraboloidal system 

Toroidal system (and inverse of circular cylinder system) 

Systems involving elliptic functions (section 31) 

Ellipsoidal coordinates 

Annular coordinates (with possible inverse) 
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Thus, there are eleven distinct, separable, orthogonal coordi¬ 
nate systems (or sixteen, counting inverse and related systems) 
useful for the solution of potential problems. 

Because of the rather involved mathematical apparatus needed 
for the treatment of the last group of coordinate systems, a brief 
summary of the simpler relations will be given here, whereas the 
two larger and by far more widely used groups of cylindrical and 
axially symmetrical confocal systems will be taken up in separate 
sections. 

Orthogonal coordinate systems in which the variables cannot be 
completely separated are still useful, but with present-day methods 
solutions can be obtained only in series form not identifiable with 
orthogonal function systems, so that examination of convergence 
becomes a primary concern. A good illustration is the biaxial 
cylindrical coordinate system, which can be used in two dimensions 
(see section 29) but does not permit inclusion of the axial 2 - 
coordinate^ without loss of separability of the variables. 


ELLIPSOIDAL COORDINATE SYSTEM 


The equation of a general ellipsoid as in Fig. 31*3 with the semi¬ 
axes a > b > c along the x-, ?/-, ^-directions, respectively, is in 
normal form 



One can describe a family of orthogonal and confocal ellipsoids 
and hyperboloids in analogous manner to the two-dimensional 
conic sections by introducing a parameter p such that 

2 ^ 

”2 ,-1“ ,2 i'-^-FT- ^ 

+ p + p + p 

This gives 

for + Qo > p > (—c^): ellipsoids 

for ( —c^) > p > ( — b^): hyperboloids of one sheet 

for ( — 6^) > p > ( — u^): hyperboloids of two sheets 

The ellipsoids are confocal; setting 2 = 0 in (35), one has ellipses 
of half focal distance fi = (a^ — therefore fixed; setting 


^ G. Mie, Ann. d. Physiky series IV, 2, p. 201 (1900). 
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X = 0, one has ellipses with /2 = (6^ ~ and setting 2/ = 0, 
one has ellipses with /a = (a^ — > /i. One can consider 

p —> f as coordinate, defining uniquely any particular ellipsoid of 
this confocal family, and to stress its range of values rewrite (35) 

= 1. fX-c^) (36a) 

As ^ ( —c^), one must also have 2—>0, i.e., one obtains an 
infinitely thin elliptical disk in the x-2/-plane of semiaxes /a and 



Fig. 31*3 Ellipsoidal Coordinates. 


/2 < /s- The hyperboloids of one sheet can similarly be described 
by the coordinate 77 


+ 7/ 6^ + 


+ v) 


= 1, (-c2) > n > (-62) (366) 


These hyperboloids are also confocal and have the same focal 
lengths as the ellipsoids. Setting x = 0 or 2/ = 0 in (366), one 
has hyperbolas; but setting 2 = 0, one has ellipses of major axis 
a' for which /a > a > /i, of minor axis 6' < /2, and of focal dis¬ 
tance 2/1. This shows the hyperboloids to be of one sheet and to 
intersect the x-z/-plane wholly within the limiting elliptic disk 
{ = — c^; their limit is 77 —62 and therefore ?/ —> 0, a plane strip 

bounded by the hyperbolas in the x-2-plane 

X2 2^ 

a2 _ 62 62 _ ^ - 1 
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Finally, the hyperboloids of two sheets are described by the 
coordinate f 


y 


a" + f + -(c" + f) 


= 1, 


(36c) 


They are obviously confocal, and for 2 / = 0 and z = 0 give hyper¬ 
bolas in the z-rc-and x-y-planes, respectively; for x = 0, however, 
they give imaginary intersection of the y-z-plane which is thus the 
plane of symmetry. These hyperboloids intersect the x-axis for 
X <fi and in the limiting case as i*—> and y—^Oj become 

infinitely thin pencils and identical with the section of the x-axis 
for which |x| > /i. 

Solving for the coordinates x, ?/, z from the three relations (36) 
by direct elimination, one obtains 


[(a2 + ^)(a2 + r,){a^ + f)] 

= (/i/2r" [(b" + + v){-b^ - f)] 

= (/2/3r' [(c" + - v){-C^ - f)] 


} (37) 


with the focal distances /„ as defined above and with all factors 
positive within the proper ranges of Vy f from (36). Differentiat¬ 
ing both sides of the first line in (37), one has 


2x dx = (/3/1) ^ [(a^ + 17 ) (a^ + f) 

+ (n^ + f)(n^ + I) d?; -j- (a^ -f- ^)(a^ -f- ri) df] (38) 


in which x can be reintroduced from (37), and one thus has the 
explicit form (20); similarly for dy and dz. In accordance with 
(22) one can then formulate the metric factors ha, which are after 
some considerable rearrangement® and use of (47) from below, 

= (? — f)(? — v) gr^i^); 

giio = [(a2 + ^)(6"-bf)(c2-|-|)]« 

4/72^ = (^ — v){v — f) g 2 ~^{v); (39) 

g2{v) — + v){—c^ — 

4113 "= (n-f)(^-f)g3-"(f); 

ff3(f) = [(a^^ + f)(-62 - f)(-c2 - f)]>i 

®For details see particularly Webster,p, 331; Hobson,^® p. 454; 
Murnaghan,^^* p. 155; and Byerly,®^ p. 251. 
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This yields then from (27) for the Laplacian potential equation, 
if one divides through with (hih 2 hs) as indicated and observes the 
product character of ha, 

= [($ - m - gi(f) 

+ [(? - v)iv - •& 2 (’ 7 ) ^ 

d r 5<I>1 

+ Kv - r)(f - f)r ff3(f) -[?3(r) = 0 (40) 

Separation of the variables is possible and leads to the system 
of Lam6 functions or ellipsoidal harmonics which, in general, 
involve elliptic integrals. A brief treatment of these is given in 
Jeans,^^^ p. 244, and in Webster,^^® p. 333; more extensive treat¬ 
ments are found in Hobson,p. 459; in Byerly,^^ p. 254; and in 
advanced treatises on elliptic functions. 

Conducting Ellipsoid. Simple solutions result if the potential 
is dependent on only a single variable, for example which describes 
the confocal ellipsoids. If a conducting ellipsoid of semiaxes a, 
by c is kept at a potential then (40) reduces for the outside 
field to 



which yields with (39) the elliptic integral of the Weierstrass type 

^ = B-A [(a2 4 .|)( 5 ^ + ^)(c2 + |)]K (42) 

The limits have been chosen so as to secure the standard form of 
the integral;® the negative sign accounts for { appearing in the 
lower limit. If one selects = 0 for f = qo , then B = 0. The 
constant A can be determined best from the total charge just as in 
the case of any single conductor (see section 10 or 11). The field 
vector is found from (24) with (39) and (41) 

^ - „)« - r)r>^ 

® For a summary of relations and some numerical values see E. Jahnke and 
F. Emde: Tables of Functions, p. 98; reprinted by Dover Publications, New 
York, 1943; originally published by B. G. Teubner, Leipzig, 1938. 
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For large values of f one can disregard rj and f, since their values are 
definitely limited by (366) and (36c), so that 


lim 

f —>00 




Since one also has from (36a) for J ^ 


one finds that at large distance the field vector varies as 1/r^, as 
in the case of the single point charge (10*1), and one can there¬ 
fore determine the constant A as 


This gives as final solution 


A = 


Sts 


^ jT" [(«" + ^) (6" + (c^ + 0]-'^ (43) 


with the field vector from above as 

+Q 


47r£ 




(44) 


On the surface of the conductor ^ — 0 and the respective potential 
4>o determines the capacitance of the ellipsoid 


^ = ^ = 
4>o 


Sirs 


r [(«^+f) {b^ 4 - j)(c2+01”^ efi 

Jo 

The charge density distribution is then 


(45) 


O ’ — eE(—q — 


Q 


Q 


47ra6c 


• a* b* c* 




(46) 


where the last transformation is obtained by forming [(a;/a^)^-l- 
(y/b^)^ + (z/c^)^] for ^ = 0 in (37), multiplying out the cor¬ 
responding right-hand sides, collecting terms, and observing that 

(/3/1)-" - (/1/2)-" + (/2/3)-" 


'Gij-Os) 

(a/3/1) ^ - (h/1/2) ^ + (c/2/3)"^ = (a6c)”2 




(47) 
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For the numerical computations one can reduce the elliptic integrals 
to the Legendre type/ 

Treatments of the conducting ellipsoid are found in Jeans, 
p. 247; in Kirchoff,^^^ p. 34; in Mason and Weaver,p. 126; in 
Smythe,^^^ p. Ill; and in Stratton,p. 207, all of whom deduce 
several of the special cases below; also in Kellogg,^^^ p. 188; in 
Murnaghan,^^'^ p. 155; in Byerly,^^ p. 258; and in Lamb,^^^ p. 
141, who considers hydrodynamic applications. 

Application to the conducting ellipsoid in a uniform electric 
field is made in Stratton,^"^ p. 209; the dielectric ellipsoid in a 
uniform electric field is also treated there (p. 211), as well as in 
Jeans,p. 253, and in Mason and Weaver,p. 156. The 
analogous solution for the magnetic ellipsoid in a uniform mag¬ 
netic field is given in Maxwell,^^^ II, p. 66, and in Frank and 
Mises,^'® II, p. 720, and for fluid flow problems in Lamb,^^^ p. 143. 

For c = 0 in (43), one obtains the potential produced by the 
infinitely thin elliptic dish in the plane 2 = 0. The capacitance 
can be obtained from (45) as elliptic integral. The charge density 
follows from (46) by taking c into the square root 




where now the first two terms vanish with c, whereas the last one 
must be replaced by its expression from (36a) with f = 0, so that 



This becomes infinitely large at the rim of the disk, as one would 
expect. 

Axially Symmetrical Ellipsoids. For axial S 3 mimetry about 
the 2 -axis in Fig. 31*3 one has a = 6, an oblate spheroid, and this 
reduces all the integrals to elementary ones. The potential (43) 
becomes 


STretA 


47reV 


^ See Jahnke and Emde, loc. cit,, p. 59, and the reference there listed: J. 
Honel: Recueil de formules et de tables numeriques; Gauthier-Villars, Paris, 


1901. 
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The capacitance is readily obtained as 

^ Q 4:TE\/a^ — 

=0 tan~^ V (a/c)^ — 1 


(50) 


and the charge density, if one introduces = p^, becomes 


cr 



(51) 


If c —^ 0, one has the infinitely thin circular disk with 




Q , _i a 

, -= -— tan —r: (52) 

^ (a^ + ^) 47rea 


and from this for the capacitance 


C = 


Q 

HO) 


= Ssa 


(53) 


The charge density follows directly from (48) with a = 6 and 

= p2, 

Q/4ira 


VV 


(54) 


This value holds, of course, for each side of the disk; in the center 
where p = 0 one has the same density as on a uniformly charged 
sphere of radius a. The value of $ can readily be expressed in 
terms of Cartesian coordinates if one introduces the same simpli¬ 
fications into (36a). 

For axial symmetry about the x-axis in Fig. 31*3 one has 
6 = c, a prolate spheroid^ and this again reduces all integrals to 
elementary ones. The potential (43) becomes 


m = [{b^ + d? 


<2 






The capacitance is by definition from this 

a = = 47reVa^ - 

4>(0) tanh~‘ Vl - (fe/o)® 


(56) 
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which is identical with (12-4), found there by direct integration in 
the Cartesian coordinate system. The charge density becomes, if 
one introduces ^ and fe = c into (46), 



Though the extreme values for x = 0, p — h and x — a, p = 0 
had been given in section 12, this general expression could not be 



found there in any simple way. The approximations for a thin 
rod with b a have been discussed in section 12 and need not 
be repeated. 

ANNULAR COORDINATES 

The circular annulus of inner radius b and outer radius a in 
Fig. 31*4 can be used as basis of an orthogonal coordinate system 
with axial symmetry, in which the relations between r;, on the 
one hand, and p of the underlying cylindrical coordinate system, 
on the other hand, are given by the elliptic functions.® The 
sphere of radius V ab is one member of the family of surfaces 
7] = cons, intersecting the 2 :-axis at right angles and terminating 
orthogonally on the annulus proper. The confocal surfaces f = 
cons have doughnut-like shapes surrounding the annulus. Separa- 

^ Ch. Snow: The Hyper geo metric and Legendre Functions with Applications 
to Integral Equations and Potential Theory^ p. 295; National Bureau of Standards. 
Washington, D.C., 1942. 
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tion of the variables ri, and the longitude angle, is possible, 
and the ensuing function systems are discussed in the reference.® 

A bilinear conformal transformation of the meridian plane 
ty = 2 + jp into w' = c{w — c)/{w c) bends the axis z — 0 into 
a circle and therefore the annulus into a spherical zone. This 
can again be taken as basis of an orthogonal coordinate system 
which is, in fact, the inverse to the annular system and has the 
same function systems as solutions of potential problems. 

If the annulus shrinks into a circular line, so that a — h, then 
the system describes the toroidal coordinates (section 33); if on 
the other hand, 6 = 0 , the annulus becomes the circular disk, 
basis of the oblate spheroidal system, and treated in (52) as 
special case of the ellipsoidal coordinate system with axial sym¬ 
metry with respect to the 2 :-axis. The annular coordinate system 
is therefore the most general axiallj'’ symmetrical coordinate system 
permitting separation of the variables. 

32- CYLINDRICAL COORDINATE 
AND FUNCTION SYSTEMS 

As a group, the cylindrical coordinate systems are characterized 
by the fact that any coordinate plane z = cons, with z taken parallel 
to the cylindrical surfaces, intersects the other two coordinate 
surfaces along conic sections. These arc circles and radial lines 
for the circular, ellipses and hyperbolas for the elliptical, and 
parabolas for the parabolic cylinder systems. If there is no 
variation of potential along the 2 -axis, the corresponding two- 
dimensional cases result (see section 29). 

Separability of Variables. It is of interest to ascertain the 
conditions of separability of the variables because it will also 
serve as justifi(;ation that only the three coordinate systems treated 
here have attained practical significance. 

For any cylindrical coordinate system, the third coordinate is 
the longitudinal or axial coordinate 2 , so that from (31*23) one 
infers at once A 3 = 1 . The requirement of orthogonality in the 
a;- 2 /-plane can be interpreted as meaning that any other plane 
coordinate pair (^, ry) must be the result of a conformal transforma¬ 
tion 

w =- x-\- jy = w{X), f = ? + (1) 

^ Ch. Snow, loc, cit,; also N. Lebedev, Techn, Physics of USSR, 4, p. 3 
(1937). 



Sec. 32] Separability of Variables 455 


so that (31-18) reduces to 

y=hi.^,v) 

where x and y are conjugate functions of f and tj (see section 25). 
This, in turn, implies that the Cauchy-Riemann equations hold 
for X and ?/, and, therefore, that (31-23) reduces to the simple form 


= h2^ = = 


dw 


( 2 ) 


The Laplacian of the scalar potential (31-27) becomes thus 


<i> 


dz 


(‘■a ■ 


0 


(3) 


Since h must be independent of the axial coordinate z, one can 
introduce now the product function 

^m)HMZ(z) (4) 

and rewrite (3) upon dividing through by (4), with primes denot¬ 
ing differentiation with respect to the pertinent variable, 



This permits at once separation of the last terai 
Z" = m^Z, 

Z = Di sinh mz + D 2 cosh mz 

where in^ can be any constant value, real or complex. This leaves 
then 

S-'H" + H-'H" = (6) 

It has been shown^ that the necessary and sufficient condition 
of further separability is the fact that 

/r(^, 7]) ^ g\{i) + goii) (7) 

where g\ and ^2 are functions of only ^ and 77 , respectively. This 

means, that ! ] , must itself be separable into a sum of functions 

^ Ch. Snow: The Hypercfeometric and Legendre Functions with Applications 
to Integral Equations and Potential Theory^ p. 202; National Bureau of Stand¬ 
ards, Washington, D.C., 1042. Reference is made there to G. Haentzschel: 
Studien liher die Reduktion der Potentialgleichung auf gewohnliche Differential 
GLeichungen; G. Reimer, Berlin, 1893. 
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each of only one variable. This obviously limits the choice of 
practical cylinder coordinate systems to the conical sections, since 
only for the family of trigonometric (including exponential and 
hyperbolic) functions one has a clear separation as for example 


d 

2 




cos(f + jv) 


= cos^ ^ + cosh^ 77 — 1 


As a rather special case (parabolic cylinder), one also has 





Me + e) 


Introducing (7) into (6), one obtains upon separation the two 
ordinary differential equations of the Sturm-Liouville type 


^ - P^]H = 0 

^ + [m%(v) + p^]H = 0 


( 8 ) 


where is the second separation constant. 


CIRCULAR CYLINDER COORDINATES 

The axial symmetry of the circular cylinder makes it simpler to 
proceed with the specific coordinate relations rather than to apply 
the preceding general deduction. Of course, one can employ the 
conformal mapping function w = e~^ and obtain (3) and (8) as 
shown in terms of the coordinates ^ and rj; one can also define 
p = with — 00 <f< + 0 C, ^ = —n as suitable coordinates 
and systematically obtain the governing equations (8) in terms of 
the more usual coordinates p and yf/. 

Conventionally, however, one chooses as coordinates directly 
the normal distance p from the cylinder axis, the angle ^ counted 
from the x-axis of the underlying Cartesian system and the dis¬ 
tance z along the 2 -axis from an assumed origin 0. The coordinate 
surfaces are p = cons, giving coaxial right circular cylinders, 
xf/ = cons, yielding planes through the 2 -axis, and 2 = cons, yield¬ 
ing planes normal to the axis. The line elements in the three 
coordinate directions are, for the point P in Fig. 32*1, 

dsi = dp, ds2 = pd\l/, ds^ = dz 


(9) 
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so that by comparison with (31*23) 

hi = 1, /i2 = p, 


h = 1 


( 10 ) 


and thus for the components of the field vector in accordance 
with (31*24) 




1 




dp P 

The potential equation (31*27) becomes with (10) above 




I d / d^\ I 


° 


( 11 ) 


( 12 ) 


Introducing the product function 

<!> = R{p) P(^) Z{z) (13) 

and dividing through by it, one can readily separate the variables, 



Fig, 32 • 1 Circular Cylinder Coordinates. 


if one starts with the last term, leading to (5). The remaining 
part in (12) now reads 


or also 


. r.x-1 d / dR\ , . , , (PP 

il"S’)+ w~~ 

r_l d / dR\ 

dA'i;) 


(PP 

+ mV + ^ = 0 ( 14 ) 


which pemaits further separation by assuming 
p" = -nV 

P = Bi sin m(f + B2 cos 


(15) 
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With (—«^) for the last term, (14) gives finally 


Id/ dR\ , / 2 D n 


(16) 


which has as solution the Bessel functions^ of first and second kind 
of order n 

R = CiJnirnp) + C2Nn(mp) (17) 


These functions can form orthogonal systems of different types 
which can be used for expansions of inhomogeneous boundary 
values. 

As special cases, one has to consider n = 0, for which the 
dependence on z remains as in (5) but P = + B 2 reduces to 

a linear form, and the Bessel functions become of zeroth order, 
as treated in (30*41) for axially symmetrical fields. If, on the 
other hand, m = 0, then Z = Diz + D 2 from (5), the dependence 
on ^ remains the same as (15), but (16) now reduces to the first 
of the forms (29*48), resulting in the two-dimensional circular 
harmonics. If, finally, m = n = 0, the solution of (10) degenerates 
into the logarithmic function, and the total contribution to the 
potential solution becomes 

(Cl In p + C 2 ){DiZ + D 2 ){Bi\I/ + B 2 ) 

Hollow Cylindrical Ring. The hollow cylindrical ring of 
Fig. 32*2 with the indicated boundary potentials in (a) has axially 
symmetrical potential distribution, so that independence of x}/ can 
be presumed, or n = 0. The homogeneous radial boundary con¬ 
ditions require from (17), since n = 0, 

CiJoima) + C2No{'ma) = CiJoimb) + C2No(mh) = 0 (18) 

which can only be satisfied by non-trivial values of Ci and C 2 
(non-vanishing) if their coefficient determinant vanishes, or 

Jo{rna) No{mb) — Joi'mb) Noima) =0 (19) 

^ Brief reviews of Bessel functions are given in Smy p. 168; Churchill,^® 

Chapter VIII; and almost any book on advanced calculus. Extensive treat ises 
are Gray, Matthews, and Macliobert^^; Hyerly^"^; N. W. McLachlan: 
Bessel Functions for Engineers; Oxford University Press, 1934; and G. N. 
Watson: Theory of Bessel Functions; Cambridge University Press, 1922. 
For tables see Jahnke and Emde: Tables of Functions; reprinted by Dover 
Publications, New York, 1943; originally published by B. G. Teubner, 
Leipzig, 1938. A brief summary of important relations is given in Appendix 5, 
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Setting ma = Xj mb = ma(bja) = kx, the first six roots of this 
relation for a large range of values k are given in Jahnke and 
Emde,^ pp. 204-209. Since from (18) also 


^ _ Noimgb) 

C2 Joim^a) Joimgb)' 


a = 1, 2, 3, • • • 00 (20) 


for the root values mg as computed from the tables, and since 
further D 2 = 0 in (5) because of 
= 0 at 2 = 0, the solution for 
the potential is at this stage 


2 ) = 51 CttSinh 711 

a 

_ Joi^gb) 
NQinigb) 


gZ |^«/o(^aP) 
No(mgp)^ 


(a) 


( 21 ) 


The only remaining boundary con¬ 
dition to be satisfied is for z = b, 
wliere it is required to expand the 
given function G{p) into an or¬ 
thogonal system of Bessel func¬ 
tion combinations as contained in 
the brackets of (21). This can, 


(b) 



X 

0 

11 



$s0 

) 

4=0 

2b 

i=G(p) 

0. 


‘2o 




h 



*‘z 

4=0 

) 

4=0 

i = G(z) ; 


II 

0 


1 

..PI. Q mm .. !■ 

1 

— »={ 

1 

1 


Fig. 32-2 Hollow Circular Cy¬ 
lindrical Ring with Two Typical 
Potential Applications: (a) radial, 
(b) longitudinal. 


indeed, be done because the homogeneous boundary conditions in 
p spetdfy the problem as of the Sturm-Liouville type; see section 
29. Actually, with the abbreviation Roitrigp) for the bracketed 
function in (21), the coefficients Cg are defined by [Appendix 
5,(43) and 5,(40)] 

2 


sinh mac Ji>=a 


f pG{p)Ro{map) dp (22) 

i/p =0 


where the first term { j = 2Ngy with Ng the norm of the Rq 
functions as given in Appendix 5,(40). The most salient difficulty 
with the Bessel functions is the lack of known integrals in closed 
form, so that many expressions like (22) remain purely formal 
unless numerical or machine computations are feasible. This 

® E. Jahnke and F. Einde: Tables of Functions; reprinted by Dover Publicar 
tions. New York, 1943; originally published by G. B. Teubner, Leipzig. 
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solution is given in Smythe,^^^ p. 183, and in Byerly,^^ p. 230, 
for the equivalent temperature problem; Kellogg,p. 203, treats 
the similar case with a = 0, the hollow finite cylinder, and again 
Byerly,^^ p. 226, gives the latter solution for the equivalent tem¬ 
perature distribution problem, modifying it also for dT/dp = 0 on 
p = b and for dT/dp + /iT = 0 on p = 6. Churchill,Chapter 
VIII, solves several of the simpler problems involving time varia¬ 
tion. 

If, in the same problem. Fig. 32*2, the boundary potential 
distribution (b) is selected, then the boundary conditions in z 
are homogeneous, indicating trigonometric functions in 2 . It is 
therefore preferable to choose a negative sign in (5), so that 


Z" = -mh 

Z = Di sin mz + ^2 cos mz 
leading to the conditions 

Z(0) = Z )2 = 0, Z(c) = Di sin me = 0 
with the spectrum of m-values 

air ^ _ 

nia — —> a = 1, 2, *' • 00 
c 

Since axial symmetry prevails, n = 0 and (16) becomes 



(23) 


(24) 


(25) 


with the solution in terms of Bessel functions of imaginary argu¬ 
ment 

R = CiJoijmp) + C2No(jmp) 


or also in the form of the modified Bessel functions^ 

R = AJoimp) + A 2 Ko(m.p) (26) 

where these functions are defined so that they take on real values; 
this is merely a matter of convenience in order to keep the con- 

^ No uniformity exists with respect to the definition of the modified Bessel 
function of the second kind; see Appendix 5 for the interrelations between 
current usages. For the present example it does not matter which definition 
for Ko is chosen. 
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slants AI and A 2 to real values, since the physical problem can 
tolerate only a real solution. The condition at p = a requires 

= 0 in (26), so that the total solution takes the form 

^(p, z) = 11 Aa\ loirriap) - KoCmap)! sin m „2 (27) 

„ L Koimca) J 

This must then represent the conventional Fourier series expansion 
of G{z) at p = 6 , so that the coefficients are found by 

Aa r/o(»n„ 6 ) - -Mm} Koim^b)] 

L Koimcca) J 

2 

= - / G{z) sin rriaZ dz (28) 

The solution is given in Smythe,^^^ p. 195, and also in Byerly,^^ 
p. 232, for the equivalent temperature problem; in both instances, 
the special case a = 0 is deduced by simply dropping the modified 
Bessel function of the second kind, since it has a logarithmic 
singularity at p = 0 and cannot contribute to the solution. 

Again, if the boundary conditions require given potential varia¬ 
tions over several of the boundary surface parts, then each one 
condition can be combined with zero potential over all other parts 
to make up a typical problem as illustrated. The sum total of 
all individual solutions will constitute the complete solution by 
superposition. 

Finite Conducting Cylinder. A finite conducting cylinder of 
length 2 r, diameter 2 a, and conductivity 7 , as shown in Fig. 32-3, 
has applied two electrodes at z = ±5 for current supply and 
collection ; the width of these electrodes is 5, and it is assumed that 
the current density normal to the electrode areas can be defined 
as it7/27ra5. The flow must be confined within the cylinder, so 
that on all surfaces the normal electric field must vanish except 
over the two bands where it has the specified value ■AzI/2Tayb, 
The solution for the potential and current distribution will be 
axially symmetrical, so that n = 0 in ( 8 ), and because of the 
finite length of the cylinder it will be preferable to choose (23) 
for the expression of Z. The boundary conditions in z are 
homogeneous and of the second kind, requiring at the ends 
2'(—c) = Z'(+c) == 0, so that 

m{D\ cos im+D 2 sin nic)=^7n{Di cos me—D 2 sin ?nc) = 0 (29) 
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This can be satisfied only if D 2 = 0 and 
cos me = 0, ma = — ^ a = 0, 1, 2, • • • 00 (30) 


The solution for R(p) will again be given by (26), but only the 
first kind of the modified Bessel function can be admitted, since 



Fig. 32-3 Current Flow within Finite Cylinder. 

Ko(mp) has a logarithmic singularity at p = 0. The solution is 
therefore, up to this point, given by 

^(p, 2 :) = E Aa/o(^iaP) sin iriaZ (31) 

a 

In order to determine the coefficients .4 a, one must expand the 
assumed peripheral current distribution into the conventional 
Fourier series 

Jp{p = o.) = H Ja sin maZ (32) 


where, because of the odd symmetry, the coefficients are given by 

2 /»2=fc+a/2 / 


'—U 


h-si2 27ra5' 


: sin MeeZ dz 


I smmJ/2 . ^ 

-tt;;”" sin mj) (33) 

TTOc ruah 2 ^ ' 
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From the potential distribution (31) one has the radial current 
density 

Jp = —7 — = —7 maAaliirriap) sin maZ 

op a 


and comparing the coefficients of this Fourier series at p = a with 
(33), one has 


I /s\nmaB/2\ sin 
iracy\ ma^f2 / maliirriaa) 


(34) 


It is seen that as 5 —> 0 the factor in parentheses approaches 
unity so that no loss of generality results if one assumes 5 = 0, 
though justification would be needed for the application of the 
Fourier series. Since the potential difference is readily given from 
(31) as 


V = = 2 E AJoirriaa) sin (35) 

a 


one can write for the total resistance with (34) 


_ 2 loimga) / sin ???a5/2 \ . g 

I TTcy „ (m«a)/i(maa) \ mad/2 / 


(36) 


This problem was treated by Smythe,^'^^ p. 236, and a similar 
method was used by Ollendorff/^^^ p. 341, to compute the ampli¬ 
fication factor of a ti’iode with a helical grid. 

If the electrodes in Fig. 32-3 do not cover the entire circum¬ 
ference but extend only from —(tt/^) to ^= +(V^)> 
where q may l)e an arbitrary real number, then the axial symmetry 
will no longer hold and the potential function will be the double 
summation 


4>(p, \p,z)= Y.T. (An,a sin nil^+Bn,a cos n\l/)In (map) sin rriaZ 


where the coefficients Bi and B 2 of (15) were merged with Di of 
(23) and Ai of (26) to give An,a and Bn,a and where the nia are 
the same as in (24). This now represents a double Fourier series 
of same type as (31 • 10), and its coefficients must be determined by 
comparison of the expression for the radial current density from 
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(37), with the double Fourier series representing the given current 
density. From (37) one has at once 


/p = -7 — = -7 Z Z [An.a sin nyp + Bn,a cos va!/]- 

op n a 

- — Ini'l^aP) + /n-l(WaP) sin TTlaZ (38) 

L J 

The double Fourier expansion of the given current density, 
defined as zt{ql/2Tra8) over the electrode surface, is formally 

«/p(p = ct) = Z Z Jn,a cos nyp sin rtiaZ (39) 


where the coefficients are determined lor n ^ 1 by the double 
integral 


4 nz=b-\-b /2 qj 

Jn,a = - I d\p I T—: COS Til/' sin rriaZ dz 

CTT =0 =6 -6/2 27rad 


CTT 

2//sinn7rM /sin m«5/2\ . 

= - 1 - — J • (- 77 ^ ) sm mj) (40) 

irac \ mr/q } \ ma8/2 / 


Use has been made of the two symmetries, namely, that Jp is an 
even function in ^ and an odd function in z. Comparison of 

(38) at p = a with (39) indicates now 


A.n,a — 0, 


B 


n,a 


/n-i (maa) 


^ r / \ d n , a 

J VloTi 

n ^ 1 (41) 


where Jn,a is to be taken from (40). The sums in (37), (38), and 

(39) must be taken from n = 0 to n = ; however, the expression 

(40) holds only for n ^ 1 because for n = 0 




2 TT 

CTT qJz^h- 


ql 

6/2 27ra5 


sin iriaZ dz 


I /sinm„5/2\ . , 

-1-77;^“) (42) 

wac \ mJi 2 / 


which must be used for 5o,a- The resistance between the elec¬ 
trodes can then be determined as before. 

Point Charges and Dielectric Plate. The problem of a 
single point charge Q located in front of a finitely thick dielectric 
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plate can be treated by the method of images as in section 21; 
however, this becomes very cumbersome and the results are not in 
practical form. A different approach is the expression of the 
point charge field in terms of cylindrical coordinates and satisfying 
the boundary conditions as in the conventional boundary value 
problem. 

The point charge field alone is given by 


^(P, 2) 


Q ^ Q 

47reor 


(43) 


in accordance with Fig. 32*4. This can be expressed as a Fourier 
integral 

$(p, 2 ) = ^ f dm (44) 

47r£o vwi *0 


listed as pair 557 in the C.-F. tables^ with m for the integration 
variable g there. 

The total field in the three regions must be built up in terms of 
solutions (5), (15), and (17). Starting with n = 0 because of the 
obvious axial symmetry, and 
rejecting in (17) the second 
term because its logarithmic 
singularity on the axis p = 0, 
one has left only CiJoi^mp), 
which must be the same for all 
three regions except for different 
constants. The solution of (5) 
must have D 2 = +D\ for region 
1 to provide decreasing values 
for 2 ; < 0, must have Di = —D 2 
for region 3 to provide decreas- 

ing values for 2 > 0 , and will 33.4 Point Charge and Dieleo- 

contain both constants for re- trie Plat«. 

gion 2. Since no spectral selec¬ 
tion of ni values is possible, all final solutions must be in terms of 
Fourier integrals. Thus, the total solution for region 1 with su¬ 
perposition of (44) for tlie actual point charge there, and those 

®See reference, footnote 11 on p. 395; also Bateman,^' p. 409. 
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for the other regions are 

z) = f 4 - X)<i> Joimp) dm 

Jm =0 L4ireo J 

4 ,( 2 ) (p^ 2 ) = f” [Z)i( 2 )(^)g-mz 4 . 1 ) 2 ( 2 ) (m)e+’"*] Jo (wp) dm (45) 

*/m =0 

¥^\p,z) = f [D® (m)e“”^]Jo(mp) Jm 

t/m=0 

where the constants Ci have been merged with the D constants. 
Because the Fourier integrals are uniciue representations, one can 
satisfy the boundary conditions in terms of the integrands in 
brackets. Continuity of the potentials and the normal components 
of dielectric flux density requires 

at. = J, 4.0) = .o(-) =e(-) 

(46) 

4.1--t< I, .(--) -.o(yJ 


(47) 


(48) 

can be defined as reflection coefficients in analogy to optical 
problems or to transmission line theory. With the constants from 
(47), the integrals in (45) can actually be evaluated by the 
theorem of residues or by expansion into partial fractions leading 
to infinite sums related to the results obtained by image theory, 
though in much simpler form. 

This problem is treated by Smythe,^^^ p. 181. With a finite 
radius of the point charge one can then compute the capacitance 
as influenced by the presence of the dielectric plate or one can 
translate this into a current flow problem exchanging dielectric 


from which one can solve for the constants, for exampl(\, 

e-2mb __ Q 




1 - 47r£o 




1 “ 


Q 


In these expressions, 


ki2 — —^23 — 


1 - 47r£0 

gp — £ 
gp + e 
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constants against conductivities as in Maxwell,I, p. 443. For 
the point source located at A in Fig. 32-4, and assuming medium 1 
to be non-conductive air, Smythe,"^^*^ p. 237, gives the solution to 
the current flow problem; this is of practical value in geophysical 
problems exploring the stratification of the earth by measurement 
of the potential distribution on its surface between two point 
electrodes.® 

One can in similar manner solve for the potential distribution of a 
circular ring of charge found by direct integration in (12-58) and 
in the presence of ground in (12-65). Observe that the potential 
values of the point charge along the axis are obtained with p = 0 
from (44) and that the potential values along the axis of the 
circular ring of radius a as found in (12-60) can be represented by 
introducing p = a in (44), whereby 



Therefore, the potential anywhere in space should be 

<i>(p, r) =-^ r ./o(w«)^o(wp)e~’"'*^ rfm (50) 

47r£() t/m =0 


introducing the same factor Jo{7np) as for the point charge; see 
Bateman,pp. 410, 417. The form (50) can now be used to 
satisfy boundary conditions in analogous procedure as for the 
point charge. 

For the circular disk with uniform charge distribution one can 
simply integrate (50) with respect to a from zero to the radius b 
of the disk. Thus, if the total charge is now Q, then for the 
elemental circular ring one has 

Q 

dQ = TV * 27 ra da 

fe-TT 

and therefore 

z) = 2 f dm\ f Jo{ma)ada\ 

27rSoe ^rn-o = 0 J 


2ireo 


f Joimp)e' 

m — O 


Jijmh) 

7nb 


dm 


(51) 


® S. Stefanesco and C. and M. Schlumberger, JL de physique, 1, p. 132 (1930). 
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This result^ can again be used for the solution of problems involv¬ 
ing a dielectric plate or plates parallel to the face of the disk as 
above. 

Very Thin Cylindrical Coils. The electric fields of thin 
cylindrical coils can be computed by solving the scalar potential 
inside and outside in terms of the product functions (5), (15), 
and (17), where inside the coil only the first kind of Bessel function 
can be admitted, whereas in the outside space the two forms in 
(17) combine into the Hankel function to give vanishing results 
as p —> 00 . Ollendorff,p. 337, applies this to a short cylindrical 
coil with the simplifying assumption that the electric field in the 
end faces is purely radial. 

The vector potential in idealized thin cylindrical coils with no 
axial current flow has only a peripheral component which, 
even for axial symmetry, does not satisfy Laplace's differential 
equation. Smythe,"^^^ p. 290, finds the magnetic field distribution 
within the windows of an idealized shell-type transformer with 
very thin cylindrical windings and assuming the iron as infinitely 
permeable; he also gives several good field graphs, indicating the 
effect of the positioning of a thin cylindrical coil within the window. 


ELLIPTIC CYLINDER COORDINATES 

Here it is definitely advantageous to follow the generalized 
relations at the beginning of the section. Utilizing the conformal 
transformation (see 26*51) 

w = X + jy = S cosh (f + jrj) (52) 

one obtains 

X = f cosh J cos T?, y — f sinh $ sin tj (53) 


which represent confocal ellipses and hyperbolas with the focal 
distance 2/ as shown in Fig. 29*6. From (53), 


= 1 , f-£-Y - (-^Y = 

\f cosh \f sinh ’ \f cos rj/ \f sin rj/ 


1 

(54) 


The first relation describes the ellipses with semiaxes a = f cosh 
6 = / sinh f; the second relation gives the hyperbolas of semiaxes 
a = f cos riyh — f sin rj. Specifically, f is analogous to the radial 
distance p of the circular cylinder, and ^ == 0 is the ellipse which 


^ A. Gray, Phil. Mag., Series 6, 38, p. 201 (1919); also Bateman,^’ p. 410. 
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has degenerated into the focal line F 1 F 2 ] >7 = 0 and ri = 2 t are 
the hyperbolas which have degenerated into the positive x-axis 
from F 2 to the right, and 77 = tt is the hyperbola which has degener¬ 
ated into the negative a:-axis from Fi to the left; 77 = ir /2 is the 
plane of symmetry or ?/- 2 -plane in the underlying Cartesian 
system. 

In accordance with (2) one has from (52) 

Unn 2 

= |— = (cosh^ f — cos^ 77 ) (55) 


so that the components of the field vector become from (31-24), 
with = 1 , 


— -^(cosh^ J—cos^ 77 ) ^ > En = — \ (cosh^f — cos^ 77 ) ^> 

J J OZ 

(56) 

oz 

Defining in (55) 

!7i (?) = f cosh^ giit)) = -f cos^ r), 

one has directly from (8) 

+ {mY cosh2 ? - p2)S = 0 (57) 

W2U 

-T-y + ip^ — cos^ r;)H = 0 (58) 

dr] 


Both functions satisfy, therefore, differential equations of the 
same type which degenerate for m —> 0 into the standard differential 
equations for hyperbolic and trigonometric functions. 

The more general form (58) with vi 9 ^ 0 possesses solutions 
which are called Mathieu functions;® these solutions are periodic 
in 77 with period 27r as required for the elliptic cylinder, if is 
selected for any given value ni in accordance with a determinantal 

® Brief treatments of Mathieu functions are given in E. T. Whittaker and G. 
N. Watson: Modern Analysis^ Fourth Edition, Chapter XIX; Cambridge 
University Press, 1927; in Stratton,p. 376; and in Ince: Ordinary Dif¬ 
ferential Equations, Chapter XX; Longmans, 1927. Further details are given 
in M. J. O. Strutt: LanUsche, Mathieusche und verwandte Funktionen in Physik 
and Technik; J. Springer, Berlin, 1932. A summary of functional relations 
and graphical representations are given in E. Jahnke and F. Emde: Tables 
of Functions; reprinted by Dover Publications, New York, 1943; originally 
published by B. G. Teubner, Leipzig, 1939; the notation of Jahnke and Emde 
has been used here 



470 


Three-dimensional Analytic Solutions 


[Ch. 8 


equation which leads to a denumerably infinite set of Pn values. 
As with the degenerate solution for m = 0, there are even and odd 
functions, so that the general solution is of the type 

ce„(,, m) + Ba'”’ m) (59) 

where n is an order number starting from 0 for the ce functions 
(elliptic cosines) and from 1 for the se functions (elliptic sines). 

TABLE 32-1 


Comparative Notation for Ellifhcal Coordinates 


Coordinate 

This 

Book 

Bateman^ ^ 

Stratton-^ 

Whittaker 

and 

Watson 
{loc. cit.) 

Strutt 
{loc. cit.) 

U\ 



u = cosh”^ ^ 



U2 

V 

V 

V — COS~^ r; 

V 

V 


z 

z 

2 

2 

z 

Focal distance 
Mathieu 

2/ 

2c 

2ro 

2c 

2e 

Elliptic sine 

Se„(j;, m)\* 

sen\ 

So„ (cos V, X)) t 

sen) 

Sn] 

Elliptic cosine 
Mathieu, as¬ 
sociated radial 

ce„(77, m)j 

CCn / 

Sen (cos V, X) J 

Re, Ro 

CGnj 

Cnj 

e.cS 


* Same as Jahnke and Emde, he, cit,, p. 283. 

t Actually, the order numbers n and rn appear in interchanged positions in 
this reference. 


As periodic functions, they can, of course, also be expanded into 
conventional Fourier series for which the recurrence formulas arc 
found in Jahnke and Emde, loc. cit. These ce and se functions 
form a complete orthogonal system which can be normalized in 
the same general manner as the trigonometric functions. 

For any solution Hn(^) with the parameters rn and pn there 
exists a solution Sn(f) of (57), called associated radial Mathieu 
functions by Stratton,^^^ p. 378, or modified Mathieu functions,^^ 
which are expressible as infinite sums of Bessel functions; choosing 
Bessel functions of first, second, or third (Ilankel) kind, one has 
the respective kinds of associated radial Mathieu functions. 

^ H. Jeffreys, Proc. London Math. Soc., Series 2, 23, pp. 437 and 455 (1925); 
also P. Humbert: Fonctions de Lame et fonctions de Mathieu; Gauthiers- 
Villars, Paris, 1926. 
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The comparative notation of some references is given in Table 
32-1. 

As a simple illustration take the split elliptic cylinder of infinite 
length in Fig. 32*5. Because of homogeneity in the axial direc¬ 



tion, no dependence on z will exist, so that m = 0 and the solutions 
of (57), (58) become 

S(0 = Cl sinh + C 2 cosh pf 

(60) 

H(77) = Bi sin prf + B 2 cos pj] 

There are two symmetry conditions which it is always good to 
utilize; namely, the major axis ^ = 0 must be a field line, so that 
along it 

^ S(^) = [pCi cosh + pC 2 sinh pC]{==o = 0 

LoS j£=0 

which yields (^ 1 = 0 ; and along the minor axis rj = 7 r /2 and 
rj = 37r/2 the potential is constant and equal to the median value, 
namely zero, so that 

h(0 = h(|) = O = B. 

This leaves then for the potential 

v) = T. Bp cosh p5 cos prj (61) 

P 

if the remaining constants C 2 , B 2 are merged and made dependent 
on p. The final boundary condition requires the potentials on 
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5 = f 0 as given in Fig. 32 • 5, which can obviously be satisfied by 
considering (61) a Fourier series expansion in tj. From Fig. 32-5 
it is seen that 4> = <l>o for —(t/ 2) < rj < (t/2) and ^ = --^>o 
for (7r/2) < ri < (3 t/2). The conventional Fourier series for 
this symmetrical rectangular function is 

4>({o, v) =-%'L J cos (2n + 1)7? 

TT „ 2n + 1 


SO that comparison with (61) yields p = 2n + 1 and as final 
solution 


v) =-^oL 

^ 7J = 0 


( — 1)” cosh (2n + l)f 
2n + 1 cosh (2n + l)fo 


cos (2n + l)v 


(62) 


The value of is determined by the given axes of the ellipse, since 
from (46) for point A one has i/ = 0, x ~ a corresponding to 
7} = Oj ^ and similarly for the point so that 

a = / cosh b = f sinh fo = tanh”"^ - (63) 

a 


The field vector can be computed from (56) and with it the charge 
densities and capacitance for a small but finite gap between the 
halves. 


PARABOLIC CYLINDER COORDINATES 

The coordinates in the a:-i/-plane are chosen to describe orthogo¬ 
nal parabolas as in the case of the two-dimensional parabolic co¬ 
ordinates in section 29 with the additions of the third coordinate z. 
As seen in Fig. 29-7, the two families of parabolas can be de¬ 
fined by 

f = cos ^ > 7j = sin ^ (64) 

A 


Specifically, f = 0 is the parabola which has degenerated into the 
negative x-axis and t? = 0 is the orthogonal parabola which has 
degenerated into the positive a:-axis. The common focus is 
located at the origin 0, and the signs of f and rj are uniquely 
defined by ^ in (64). In terms of a conformal transformation one 
can express (64) by 

w = x+jy = (65) 

which gives parabolas as shown in section 29 and in particular 

X = - v^) = P cos \f/, j/ = {tj = p sin ^ (66) 
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Using (65) in (2), one obtains at once 


= 


dw\ 


= e + 


(67) 


The components of the field vector are, therefore, from (31-24) 


E.= - 


of 




-(|2 + ,, 2 )- H ^, 

orj 

E.= - 


dz 


Separating in (67), 

ffi(f) = gzi-n) = rf^ 

the individual differential equations (8) become in this case 

^ - p2)H = 0 

fj2LJ 

■tt + = 0 

ari 


( 68 ) 


(69) 

(70) 


Again, both functions satisfy differential equations of the same 
type which degenerate for m —> 0 into the standard differential 
equation for the hyperbolic and trigonometric functions. 

The more general forms with 7 n 9 ^ 0 lead to the orthogonal 
function systems of the parabolic cylinder; thus, by defining in 
(69) a new variable s = , and selecting for the available 

constant = — 2 jm{n + differential equation results 


(m 

(is- 


which has as solution the parabolic cylinder functions^^ 
H„({) = 4'„(s) = (n! exp //„(s) 


(71) 


(72) 


Introduced by H. Weber, Math. Annalen^ 1, p. 1 (1869); brief treatment 
in E. T. Whittaker and G. N. Watson: Modern Analysis, F'ourth Edition, p. 
347; Cambridge University Press, 1927; and in Bateman,p. 488. A 
summary of functional relations and curves are given in E. Jahnke and F. 
Emde: Tables of Functions; reprinted by Dover Publications, New York, 
1943; originally published by B. G. Teubner, Leipzig, 1939, whose notation 
has been used here. 
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The coefficients are so chosen that ^n(s) becomes normalized for 
real s in the range s=—oo tos=+oo; the functions Hn(s) 
are the Ilermite polynomials^' defined by the relation 

exp (- I) HM - (- I) exp (- (73) 

as they are used in (72). In analogous manner one obtains as 
solution of (70) 

Hn(^) = ^n(js) (74) 

since (70) becomes identical in form with ((>9) if one replaces 
V by jr?. 

The comparative notation of some references is given in Table 
32-2. 

TABLE 32-2 

Comparative Notation for Parabolic Coordinates 


Coordinate 

This Book 

Bateman^ ^ 

Stratton^ 

U\ 



V 

U2 

V 

V 


uz 

z 

z 

z 

Hermite polynomial 

Hn(s) 

✓ Ox * 

Un(s) 

— 

(Generating exponential) exp 

* Same as Jahnke and Emde, loc, cit., p. 32. 

oxp(—-S^) 

■ 


33* CONFOCAL SPHFJ<OIDAL CXWHDI^ATE 
AND FUNCTION SYSTEMS 

The confocal spheroidal coordinate systems are characterized 
as a group by the fact that each of their coordinate surfaces is 
intersected by the three Cartesian coordinate planes x = 0, 
y = 0, and 2 = 0 along conic sections. Since the general ellip¬ 
soidal coordinate system is discussed in section 31, only coordinate 


Because of their importance in quantum mechanics, the Ilermite poly¬ 


nomials with exp(—instead of exp 



arc treated in practically any 


introduction to this topic, such as V. Rojansky: Introductory Quantum Me¬ 
chanics; Prentice-Hall, New York, 1942; and L. Pauling and E. B. Wilson: 
Introduction to Quantum Mechanics; McGraw-Hill, New York, 1935; see also 
E. Madelung: Mathematical Tools for the Physicist, p. 59; reprinted by Dover 
Publications, New York, 1943; originally published by J. Springer, Berlin, 


1936. 
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systems with axial symmetry will occur here; this will permit 
further generalization with respect to the separation of variables. 
It might be stressed that symmetry of the coordinate system does 
not imply symmetry of the potential fields. 

Separability of Variables. One can establish basic conditions 
of separability quite similar to those demonstrated in section 32 
and thus justify again the relatively small number of coordinate 
systems that have attained practical significance. 

For any coordinate system with axial symmetry one will 
choose as one coordinate the angle </> of rotation about the axis 
of symmetry. Since the circular cylinder coordinate system has 
in a meridian plane the same rectangular reference grid as the 
Cartesian system normal to its 2 :-axis, one can use it as background 
system and, indeed, introduce the complex notation w = z + jp 
and consider any other orthogonal meridianal coordinate pair 
(J, Yj) as referred to it by a conformal transformation (Fig. 33 • 1) 

w == z + jp = w(^), f = f + (1) 

The dependence of the geometric scale in the meridian plane upon 
the distance p from the axis of revolution is indicated in the 

Laplacian potential equation of the circular cylinder by the 

appearance of the first derivative in p, namely, from (32-12) 

1 1 

TTi + “■ ^ (2) 

dp p op p a<p az 

It is convenient for the general discussion to define a modified 
potential function Vp and to separate at once the dependence 
on (t>, so that one introduces 

U{p, = \/p<l>(p, <#>, z) (3) 

into (2) which yields upon division by UF 



+ F-^ 


d^F 

d(t>^ 


= 0 


(4) 


Separation of the last term gives, therefore, 


d"‘F 

30 ^ 


-m^F 


F = Ai sin m4> + A 2 cos Tn<t> 


(5) 
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where m is normally an integer, permitting conventional Fourier 
series expansions in Though the coordinate systems in this 
section are axially symmetrical in their coordinate surfaces, it 

does not follow that all po¬ 
tential solutions must have the 
same symmetry! 

The reduced potential equa¬ 
tion pertaining to the meridi¬ 
onal distribution can now be 
written for the cylindrical 
system 

(^l^)t/ = o (6) 

Fig. 33*1 General Coordinate Sys- ^ ' 

tern with Axial Symmetry. which will be used as the 

rectangular background sys¬ 
tem. Any other pair of meridian plane coordinates (f, 77 ) must 
be related to ( 2 , p) by ( 1 ), which defines 

Z=fl{^,v), P=f2{i,v) 

as conjugate functions (see section 25) in the same sense as in any 
two-dimensional geometry. Since the Cauchy-Riemann equations 
must hold for z and p, the two-dimensional metric factor from 
(31*23) becomes 

= = (7) 



The Laplacian in p and z in equation ( 6 ) transforms in accordance 
with (2G-5) if (x, y) is replaced by (^, rj) here, so that ((i) changes 
to 


1 /dHl d^U\ 

drjy 




•[/ = 0 


For further separation of the variables, one introduces now the 
product function 

f/(£,r7) =E(J)*H(77) (8) 

which yields 
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It has been shown^ that the necessary and sufficient condition 
of further separability is the fact that 

v) = + Q2(v)] flO) 

where and §2 are functions of only f and t), respectively. This 
dw ^ 

means that —- itself must yield a factor and the remainder 

must be separable into the sum of two individual functions of the 
variables. This obviously imposes severe limitations upon the 
choice of orthogonal families of surfaces which can serve as orthog¬ 
onal coordinate systems with separability of the variables! 
Again, as in the cylindrical coordinate systems, it is primarily 
the family of conic sections which allows clear separability in the 
mapping function; there is an additional system employing elliptic 
functions for the relationship ( 2 , p) to (^, rj) which leads to the 
annular coordinate system briefly discussed in section 31. 

If then (10) is valid, the separation of (9) leads to the two 
ordinary differential equations of the Sturm-Liouville type (see 
section 29) 

where p^ is the second separation constant and can have any real 
or complex value. In addition to the solutions in terms of orthog¬ 
onal function systems, one c.an always find particular solutions by 
inspection, sucli as indicated for the Cartesian system in section 31. 

SPHERICAL COORDINATE SYSTEM 

The spherical or polar coordinate system possesses such sym¬ 
metry that it is simpler to proceed with the conventional and 
specific coordinate relations rather than to apply the above 
systematic approach. Of course, one can employ the conformal 
mapping function w = — e~^ (cos rj -- j sm rj) and obtain (7) 

and (11) as shown; one can also introduce the more usual coordi- 

^ Ch. Snow: The H jfpergeo metric and Legendre Functions with Applications 
to Integral Equations and Potential Theory^ p. 202; National Bureau of Stand¬ 
ards, Washington, D.C., 1942; see also Hobson,^® Chapter X. 



478 


Three-dimensional Analytic Solutions [Ch. 8 


nates of Fig. 33*1, namely, e~^ = r with — oo < { + oo and 0 = 
—t; and systematically obtain the equations (11) in terms of these 
new coordinates. 

Conventionally, however, one chooses as meridian coordinates 
directly the radial distance r from the origin 0 (pole) of the system 
and the colatitude 6 measured from the positive direction of the 
axis of revolution so that 0 < 6 < t. The coordinate surfaces 
r = cons are then the concentric spheres with center at 0, and 
those 6 = cons are the coaxial cones with apices at 0; (#> = cons 



Fig. 33-2 Two Conducting Hemispherical Shells. 


are, of course, the meridian planes as outlined previously. The 
line elements in the three coordinate directions are for the point 
P in Fig. 33*2 

dsi = dr, ds 2 = r dO, ds^ p dcj) = r sin 6 d<t> (12) 
so that by comparison with (31*23) 


hi = 1, h 2 — r, /i 3 = r sin 0 

and thus for the components of the field vector by (31 *24) 

„ 1 ^ I 

Ef — — * Ed — — ~ — * E <b — — —;;— — 

dr r dd r sin 6 d<t> 


(13) 

(14) 


The potential equation (31-27) becomes with (13) and deleting 
the factor {hih^h-iy^ 



+ 


1 d / a$\ 

-( sm 0 — ) 

sm«di9\ aej 


+ 


1 


sin^ B da>‘ 


= 0 


(15) 
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= R(r)-T(e)-F(<t>) (16) 

dividing through by it and multiplying by sin^ d permit at once 
the separation of the last term as in (5). There remains, then, 

sin^ 6 RT’^ ^ 'T ^ = 0 

dr\ dr) dd\ dS) 


from which one can separate the first term after clearing sin^ 0 , 
so that 



This can be satisfied by which yields 

n(n + 1 ) = (18) 

for n ^ 0 ; or also by with n 7 *^ — 1 which also yields (18), so 

that one uses (18) as definition of the second separation constant 
for integer values of n and has as general solution of (17) 

R = Cir" + n = 0, 1, 2, - • • (19) 

The differential equation for T{6) thus becomes 


\ d / dT\ r ^ 1 rr. r. 

- - ( Sin 0 — ) + n{n +1)- 7-t~ T = 0 (20) 

sin^^y^V do) I ^ ^ sin“ 0 j ^ ^ ^ 


which has as solution the associated Legendre functions^ or tesseral 
harmonics of first and second kind, of order n, and of degree 
m ^ n 


Tie) = DiPn"* (cos 6) + DaQn'” (cos 0 ), n ^ m (21) 


One frequently denotes cos 0 = m (or also x) because of the 
simpler forms that result in functional relations; in particular, 

^ These functions are rather uniformly designated in the manner indicated; 
good treatments can l)e found in practically any one of the references in 
Appendix 4, C, a, as well as in Smythe,^-^ p. 128; in Stratton,p. 172; and 
in Jeans,p. 20(). Exc(41ent summaries of definitions and interrelations as 
well as graphs and numerical values are given in E. Jahnke and F. Emde: 
Tables of Functions; reprinted by Dover Publications, New York, 1943; 
originally published by B. G. Teubner, Leipzig, 1939. Some of the simpler 
relations are given in Appendix 6. 
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for m = 0 this gives for the differential equation (20) 

£[(l-M")^^] + «(n+l)r(M) =0 (22) 

which is clearly of the Sturm-Liouville type (29*2) with character¬ 
istic number X = n(n + 1) and weight function p(pt) = 1. The 
solutions of (22) are valid for problems with axial symmetry and 
are of two kinds, the Legendre polynomials or zonal harmonics of 
the first kind Pn (cos ^), which are continuous for all values 
O^^^TTor—and the zonal harmonics of the second 
kind Qn(cos 0), which have logarithmic singularities at 0 = 0 and 
6 = T or fjL = itl, so that they cannot constitute solutions for 
problems which include the axis of revolution. The Legendre 
polynomials Pn(M) are orthogonal polynomials in ji for all values 
of the variable; in the range (— 1) ^ ^ +1 they can be used 

to represent any bounded function in terms of a Legendre series, 
as shown in Appendix 6, (24) to 6, (28). For m ^ 0 and with 
M = cos 6, the differential equation (20) becomes 

+ ["<" + ■> - r^] 

leading to the associated Legendre functions which also are of two 
kinds. In particular, the functions Pn^iu) of the first kind are 
again orthogonal with weight function unity in the range (— 1) ^ 
M ^ (+!)• these associated Legendre functions of the first 
kind are combined with their respective trigonometric factors in 
<t) from (5), namely, 

SrTiOy <t>) = Pn""(cos 6)'[Ai sin m(t> + A 2 cos m0] (24) 

they are frequently called surface harmonics or iesseral harmonics 
and constitute an orthogonal function system with respect to 
both order numbers n and m. 

Conducting Spherical Shells. If two hemispherical shells 
of infinitesimal thickness and potentials and are given as 
in Fig. 33-2, axial symmetry will prevail. In accordance with 
(16), the general type of solution must be the product of (19) 
and (21) for m = 0, 

[Cir« + C 2 r-("+»] [£)iP„(cos 6) + D 2 Q„(cos fl)] (25) 
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For the interior space r < a one cannot admit negative powers in 
r, and for the exterior space r* > a no positive powers in r can 
appear; furthermore, the second kind of Legendre function must 
be discarded because of its singularity along the axis. This 
reduces the solutions with appropriate contraction of the amplitude 
factors to 


= L Mnr^PniGOsO), r ^ a 

n = 0 

= Y. Nnr~^”‘'^^^Pn{cose), r a 

n =0 


f26) 


On the sphere r = a these expressions must represent the expansion 
of the given potential values = 4>i for 0 ^ ^ < 7r/2, and 4> = 
^2 for 7r/2 < 0 ^ TT into a Legendre series for which the coefficients 
for the internal potential are now found with cos d = /n from 
Appendix 6,(24) and 6,(25), 


2ii + 


- [Mna^] = T'" <i>iPn(M) dix + 4>2Pn(M) dfx (27) 

1 %/ti=0 


Because of the general integral form [Appendix 6,(21)] 


nM2 

(2n+l) / dfi 

*7 HI 

= [/\4.i(m2) ~ Pn—l(^2)] [Pn-\-l{fXl) — i(mi)] (28) 

the values of the integrals in (27) can readily be determined. For 
n even, say, n — 2k j Appendix 6,(5) and 6,(6) give 


P2^-(0) 


(-1)" 


l-3-5--'(2A’ - 1) 
2-4-6---(2A:) 


-f^2fc(“"l) — -P2fc(+1) 


+ 1 (29) 


and for n odd, say, n = 2A: + 1, 


<P2fc+l(^) ” *P2ft+l(+l) — ~P2fcH-l(“”l) = +1 (30) 

One finds, therefore, that n = 0 gives the only even contribution, 
and for n > 0 only odd functions remain, just as one would 
expect with the conventional Fourier series. Introducing the 
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results into (26), one obtains 

$(r, e)=l (#1 + 4.2) - ( 4 >i - 4-2) [7 - 
2 L4 a 

7 1/A^ „ 11 1-3/A® „ 1 . 


■Kr. 9) - 1 Wi + fs) - - (I’l - »») 

2 r 




-82W ^" + i 22 :;W J 


(31) 


This solution holds also for the temperature distribution within 
a solid sphere if the temperature is kept constant over each of the 
two hemispheric caps, (see Byerly,^^ p. 173); it also describes the 
current distribution through a solid conducting sphere with hemi¬ 
spherical electrode caps. Since the plane B - Tr/2 is an equi- 
potential plane with ^ = 3^(^i + 4 ^ 2 ), one can use the same 
solution for the internal potential distribution between one hemi¬ 
sphere shell r = a and 0 ^ ^ < 7r/2 of potential and the 
circular base plate AB 'm Fig. 33*2 of potential J^(^i + ^ 2 ). 
Choosing ^2 = ““01 gives to the base plate the potential zero. 

Similar applications can be made to concentric spherical shells 
of arbitrary potential distributions; in this case the complete 
solution for R(r) in (19) must be used as in Byerly,^^ p. 170. 
The case of a uniformly charged circular ring within a closed 
spherical shell is treated in Smythe,^^^ p. 138, by finding the 
potential produced by the ring along the spheric.al surface and 
compensating it by a solution of the type (26) for r ^ a so as to 
produce a constant potential for r = a. This method can be used 
where the original charge distribution is a fixed one, as in the case 
of line charges, and is not disturbed by the presence of other con¬ 
ductors. 

Solid Spherical Conductor. Assume two small electrodes 
to bring current to, and to collect current from, a solid sphere as 
in Fig. 33*3. If these electrodes are located at A and B, at 
diametrically opposite points, the current distribution will have 
axial symmetry and the potential solution within the sphere will 
be given by the first line in (20). The boundary conditions require 
a vanishing normal component of the field vector over the entire 
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surface except for ^ ^ r and for (w — t) < 6 < w, where it must 
have the value necessary to maintain the current density at the 
electrodes. In accordance with (14), the radial field vector com¬ 
ponent is from (26) 

Er= - — -Z nMnV^-^Pnicosd) (32) 

dr n=o 


and at r = a this must be the Legendre series expansion [Appendix 
6,(24)], so that the coefficients become similar to (27) 


2n + 1 


[uMnO^ M = 


I / -PnMdn (33) 

= —1 'Y c//x=OOSr Y 



where J is the current density (positive, if radially out) 

(ar) TT 

if r is a small angle. The integrals are evaluated again by (28), 
since the current densities are constant;^ because of (29) and (30) 
only the odd functions contribute, so that one can restrict n = 
2k + \ and thus 

[nM„a"“*] = + - . [P 2 fc(cos t) - P 2 fc+ 2 (cos r)] (34) 

7 

^Smythe,^^^ p. 234, treats the same problem but assumes in (33) PnM 
» Pn(l) which leads to infinite potentials at the electrodes and does not permit 
evaluation of the resistance between electrodes. 
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The complete potential solution is, therefore, 


4>(r, e) = 


^ y 1 

7 ifc=o2A: + 1 



[P2*(cOS t) — P2fc+2(cOS T)]P2fc+l (cOS 0) 


(35) 


Defining the voltage between the electrodes 


V = ^(a, 6 = 0) — 6 = tt) = RI 


and observing (30) as well as the definition of the current density, 
(35) yields for the resistance R between the electrodes 

R = — Y. , -4 [^2/k(cos t) - P2fc-f2(C0S r)] (36) 

k =0 2A: + 1 

If the second electrode is shifted from /? at 0 = tt to at 
6 = a, the axial symmetry no longer holds and the potential solu¬ 
tion becomes 

00 p QO 

4>(r, 0, (^) = Z Z M„,,„r”P„’”(cose) co.sm<> 

?i =0 Lrn =1 

+ iV„r"P„(cos0)j (37) 


where the last term holds for ni = 0 and where advantage has 
been taken of the even symmetry in 0 with respect to the plane 
through the centers of the two electrodes by dropping the sine 
terms. The coefficients must be determined from the boundary 
conditions on the electrodes as previously. There is no change at 
A, where the electrode is defined hy 0 < 6 < t, O< 0 < 27 r; 
however, at B' the electrode cannot easily be descriVied as round: 
it is more convenient to define it as a small square by (a + t) > 
B > (a — t) and —T<<t><T with an area (2ar)^, which one 
could, of course, make equal to that at A . Computing the radial 
derivative of the potential (37) and letting it be zero everywhere 
except on the electrode surfaces where constant values are assumed, 
one has for the coefficients expressions similar to (33). Since no 
such simple integral relations exist for the associated Legendre 
functions as (28) for the Legendre polynomials, further simplifying 
assumptions become necessary. 

Dielectric Spheres. The dielectric spherical shell of finite 
thickness in a uniform electric field as in Fig. 33*4 is a very 
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simple application of the Legendre functions. Expressing the 
given field as in section 21 by 

Er^ = cos e, Eq^ = -E^ sin 6 (38) 

it becomes obvious that the potential functions for the various 
regions can only contain terms n = 0 and n = 1 in the general 



Fig. 33-4 Dielec^tric Spherical Shell in Uniform Ele(;tric Field. 


axially symmetrical solution (2()), since boundary conditions would 
render all other coefficients equal to zero. For the three regions 
one would tlierefoi’e have 


for r h\ = AV~^A)(cos^) + .Vir“^Pi (cos 0) 
fora ^ r ^ Poi(^osd) 

+ {Cnr + Ci2r~'^) Pi (cos 0) 
for r ^a: ^3 = MoPoi^osd) + MirPi(cos0) 


and as boundary conditions 


Siir = b: 




- £3 




- £2 


dr 


1 ^ 
r Hi 


1 ^ 
r dd 


1 ££2 

r dO 


(39) 


at r = a: 


(40) 
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Introducing the gradients from (39) and the external field from 
(38), the constants can all be evaluated, giving C 02 = No = 
Coi = Mo = 0 , and 


Ml 


j2 £2 - £1 £2 ~ £3 
19 Si £3 



, 1 2£i + £ 3 ] ^ 

3 £1 1 


( 41 ) 


where terms have been collected to lead to this simpler expression. 
Since the electric field inside the spherical shell follows from (39) as 

= -Ml cosd, = +Mi sin 0 

it is definitel 3 " a uniform field like the impressed field (38) and 
has the same direction as E^. Its intensity is decreased by the 
factor within the brackets of (41), so that this factor /:« defines 
directly the shielding efficiency" of the dielectric shell. If one 
assumes ei = £3 = £0 and £2 = £, then 




For a value e = Seq and b/a = 2, one has ks = (1.62)"”^ = 0.617, 
so that dielectric shielding can be made effective only with special 
materials with very large dielectric constants. Solutions are 
given briefly in Smythe,"^^^ p. 139, and more extensively in 
Ollendorff,^p. 55; Maxwell,I, p. 438, solves the analogous 
current distribution for conductors of like geometry and conduc¬ 
tivities 7 i, 72 , 73 , respectively. 

The completely analogous case of a magnetic shell in a uniform 
magnetic field is obtained by appropriate substitutions; it is treated 
in Maxwell,II, p. 59; in Moullin,^^^^ p. 205; in Smythe,^^^ p. 
288; and in Frank and Mises,^^ II, p. 718. 

If one lets a —> 0, the spherical shell becomes a solid sphere. 
The solution for remains the same as in (39); <i >2 reduces to 


^2 = CiirPiicosd) = Cur cos 0 (43) 

It has, therefore, the same form as ^3 before, and one finds 


Cu = 


po 

+ 2ei 
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again a uniform field throughout the sphere. The application to 
the analogous magnetic case is obvious. The dielectric sphere is 
treated well in Jeans,p. 228; in Harnwell,'^^ p. 67; in Mason 
and Weaver,p. 151; in Ramsay,^^^ p. 135; and in Stratton,^^^ 
p. 205; the magnetic sphere in Moullin,®^® p. 205; in Planck,"^^^ 
p. 99; and in Frank and Mises,^® II, p. 716. If one lets £2 ? 

the solution becomes identical with that of the conducting sphere 
in a uniform field (see section 21 ). It is worth noting that at 
the pole 0 = 0 the electric field strength has the largest radial 
value; for the dielectric it follows from (43) 

£(2) = ^ 
dr 62 + 2 £i 

and for air because of the continuity of the dielectric flux density 

£(1) = !? £;(2) = _3f2_ 

£1 £2 + 2 £i 


If £i » £ 2 , then if ^ ^ 3 ^ 0 . 

trie of lower dielectric constant always carries a larger local field 
strength than the impressed uniform field E^\ Spherical air 
bubbles in transformer oil correspond to the first alternative, and 
water drops in transformer oil to the second alternative; both can 
readily ionize under field strength values considered moderate for 
the oil. 

It had been stressed in section 21 that no image treatment exists 
for a point charge and a dielectric sphere. Assume the poi^t 
charge located at Q as in Fig. 33*5; then its potential is given by 




Q 

47r£ir^ 


(45) 


In order to be able to satisfy the boundary conditions on the 
surface of the sphere, the potential must be expressed in terms of 
the spherical coordinates r and 0 , which can be done by the classical 
expansion 

(r')“^ = [r^ + 6 ^ — 2rb cos 0 ]"’^ 

1 * /A” 

= E j Pn(cos 0 ), r <b (46) 
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which has led to the designation Legendre coefficients for the poly¬ 
nomials Pn{cos 6), Taking for the total external potential the 
combination (4>i + 4 >q), where <l>i is the reaction potential of the 
dielectric sphere and is identical with the second line in (26), 



Fig. 33*5 Dielectric Sphere and Point Charge. 

and for the internal potential 4>2 the first line in (26), one can 
satisfy the boundary conditions 

d d 

at r = a: si ~ (4»i + 4 >q) = £2 “ 4>2, 4>i + = <I >2 (47) 

dr dr 


and actually finds as in Stratton,p. 204, for the coefficients of 
(26): 

M - £1) 

" 4 ^ + si) + si] 6"+* 

(48) 


Q 2n +1 1 

47r [n{e2 + ei) + ei] 


As £2 > the inner potential 4>2 becomes a constant and the 

potential solution can be shown to be identical with a Legendre 
series of the type (46) for a point charge —Q(a/b) located at a 
distance d — o?jh from the center of the sphere; it therefore 
reduces to the solution of a point charge and an isolated conducting 
sphere given in section 21. No such simple interpretation is 
possible for the dielectric sphere. 

Admitting a small but finite radius ai of the point charge Q 
permits the determination of its capacitance as influenced by the 
presence of the dielectric sphere. The total potential on the surface 
of the given quasi point charge is now the value of from (45) 
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at r' = ai and that of at r « 6 and 0 = 0, since ai 6; thus 
with Nn from (48) 


$(ai) = — L _ 1 52 —!ll_ 

47reiLai = 0^(22 + ei) + £1 



9l 

c 


(49) 


since Pn(l) = 1- For £ 2 —> 00 this expression for capacitance 
becomes identical with (11*23), the capacitance of a quasi point 



/ 

/ 


Fig. 33 • 6 Circular Ring of Charge. 


charge Q near an isolated conducting sphere. Numerically, the 
effect upon the capacitance of the quasi point charge caused by 
the dielectric sphere is much smaller than that caused by the 
conducting sphere, though both tend to increase it. 

Uniformly Charged Circle and Disk. Though the circular 
ring of charge has been treated in section 12, a more convenient 
formulation can be obtained b}^ the use of Legendre polynomials. 
As obtained in (12-60), the potential along the axis where 0 = 0 
can be written Q/47r£r', where r is the distance of any point on 
the circle of charge to the point of observation A on the axis, as 
indicated in Fig. 33 • 6. But one can expand 

(r')~^ = — 2zc cos a]“”^ 

into the Legendre series (46), so that the potential along the axis 
is also 

[2: 



490 Three-dimensional Analytic Solutions [Ch. 8 

where the first bracket is used for 2 < c, and the second bracket 
for 2 > c. From (50) one can at once construct the solution 
anywhere in space by replacing 2 by r and adding the factors 
Pn(cos 0), which formally reproduces the expansions (26) but now 
with known coefficients basically obtained by coefficient com¬ 
parison along the axis of rotation. That this method is generally 
applicable in systems with axial symmetry where the axis belongs 
completely to the field region is demonstrated in Byerly,^^ p. 
157; in Kellogg,p. 255; in Webster,p. 346; and in Bate¬ 
man,p. 406. The solution for the potential becomes thus 


$(r, e) 



Pn(cos a) 



Pn(cOS a) Pn(cOS 0) 


Jr> c 


(51) 


Shifting the origin 0 in Fig. 33*6 to the center M of the circle, 
where ot = 7r/2 and / = one sees that the expansion 

follows the binomial theorem. The more general forms (50) and 
(51) are, however, useful, since they permit extension to disks, 
cylinders, spherical caps and zones, by simply integrating the 
axial potential of the circle over the given geometry in terms of 
c and a. For gravitational potentials such applications are given 
in Byerly^^; Jeans,'^^^ p. 226, solves the uniformly charged spheri¬ 
cal cap. 

Thus the extension to a uniformly charged circular disk of radius 
a is readily made by first determining the potential along the 
axis. Integrating the potential produced along the axis by the 
circle above, with the origin chosen at the center of the disk, one 
has simply 

^>9-0 = - z] 

47re 


for example from Attwood,^^ p. 67. Expanding into positive or 
negative powers of z by the binomial theorem, replacing z by r 
and applying the appropriate Legendre factor, one can then con- 



491 


Sec. 33] 


Circular Currents 


struct the complete solution 


Q 2ri/a\ 1 fa 




+ 


P.(cos9) 


r > a (52) 


and similarly for r < a, as given also in Webster,p. 346, and 
in Churchill,^^ p. 198, for the gravitational analogue. 

Circular Currents. For axially symmetrical magnetic fields, 
the vector potential A reduces to the single component parallel 
to the circular currents; even so, it does not satisfy the Laplacian 
differential equation in the spherical coordinate system, but rather 
from (6*15) with J = 0 the equation 

VXVXA, = i{^,M,) 

^ = 0 (53) 

r dd Lsin 6 dO JJ 


which is obtained by applying twice Appendix 3, (41). Upon 
separation of variables, one finds the solution in r identical with 
(19), but in 0 one obtains the associated Legendre function of 
order n and first degree {m = 1). Thus, the general solution 
becomes, disregarding as singular on the axis, 

= L (Ci„r" + (cos 6) (54) 


The radial magnetic field component is from Appendix 3, (41) 

1 d 

Br = —T-T-— (sindA^) 
r sin d dd 

Because one has from Appendix 6, (31), 

d d 

Pn^ (cos e) = sin 0 - -— Pn (COS 0) = — — Pn (cOS 0) 

a cos 0 ad 

one can use this in (54) and introduce it for differentiation into 
Bf. This leads to 

- ^ ^ + U Pn 

smd dd\ dd / 
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on account of (20) for m = 0, since Pn is just a special case of the 
general spherical harmonic T{Q). Thus, the radial field component 
becomes 

-Br = E n{n + l)(Ci„r"“* + C 2 „r“"~^)P„ (cos0) (55a) 

n = 0 

The meridian component is, then, from Appendix 3, (41) and 
using (54) directly, 

B, = -1 A ) 

r dr 

ae 

= — E [(«- + — nC 2 vr~'^~^]Pn (cos0) (556) 

n =0 

Assuming now an infinitely thin circular current located as in 
Fig. 33*6, one can evaluate the field distribution by using (54) 
in a manner similar to (26). For this one will expand the locally 
concentrated current distribution along the sphere r — c into a 
series of associated Legendre functions and then satisfy the 
boundary conditions which require (see section 6) 

atr = c: Bn - Br 2 , Bd 2 “ Bei - (56) 

where = //c50, if the total current of the circular loop is /. 
Obviously, in all three forms (54) and (55), one has to use only 
the positive powers of r for r < c, and only the negative powers 
for r > c. Introducing the respective parts of (55a) into the 
first boundary condition (56) gives at once for each value n, 

= - C 2 „ c -"-2 

Introducing the respective parts of (556) into the second boundary 
condition (56) gives 

E nC 2 „c -”-2 PJ (cos e) 

n 

- E (n + l)Cj„c»-ip„‘ (CO8 0) = = -^ 

This requires now the expansion of K 4 , into a similar series of 
associated functions Pn^ (cos 6), 


^0 = E DnPn^ (cos e) 
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where the coefficients can be found as for any orthogonal function 

system by (29-12), with the norm Nn(l) =—-— 

2n + 1 (n — 1)! 

from Appendix 6, (48) and weight function p == 1. Thus, observ¬ 
ing that the current is restricted to 66 Sit d = a, one obtains in 
good approximation 


Nn{l)Dn = f (cos 6 ) sin 6 dd ^ ^Pn (cos a) sin add 

t/ 0 =o c86 


With this expression for the coefficients in one can reduce the 
second boundary condition to individual relations for each value 
n; this also permits the evaluation of the constants Cin and C 2 n- 
The field components become, then, finally. 


p “ r(r/c)"-n 

P„* (cos a) Pnicosd), 


Be = — — sin 
2c 


imT ^ r (r/cy * • 1/ft 


00 P” 

n=0 L 




(c/r)”+- (^+ 1)“ 

Pn (cos a) Pn^ (cos 0), 


r ^ a 


r ^ a 


(57) 


where the signs and terms in the brackets are related to the ranges 
of r as indicated on the right. Obviously, these expressions could 
be converted to cylindrical coordinates and compared with the 
elliptic integrals in (13 • 20). The major advantage of the formula¬ 
tion with Legendre functions lies in the fact that one can now 
again integrate with respect to c and a over various current dis¬ 
tributions on cylindrical^ or spherical surfaces. Solutions for the 
circular loop are given in Maxwell,II, p. 304, and in Smythe,^^^ 
pp. 263 and 270, who also considers general spherical surface dis¬ 
tributions. 

Conical Boundaries. If it is desired to solve the potential 
distribution in a conical space as in Fig. 33-7 with the given 
boundary values, then one has in 6 a homogeneous boundary value 
problem of axial symmetry, so that the solution of (22) is subject 
to 


DiPn (cos a) + D2Qn (cOS a) = I>lPn (cOS P) + D2Qn (cOS jS) = 0 

^ See H. B. Dwight, T?'ans. A.I.E.E.^ 61, p. 327 (1942) for comparative 
practical forms of field expressions for cylindrical coils. 
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This condition can be satisfied only if the determinant of the 
Legendre functions vanishes 

Pn (cos a) Qn (cos a) — Pn (cOS jS) Qn (cOS /?) = 0 (58) 

which in turn means that this relation defines the order n as a 
real but non-integral number, since the Legendre functions can be 
considered as analytic and continuous functions of their order 
numbers; see particularly Hobson,Chapter IX, on the discus- 



Fig. 33*7 Conical Boundaries. 


sion of the zeros of Legendre functions. Having the order num¬ 
bers, one can then write the potential 

0 ) = JL r Pn (cos e) — (59) 

n L Qn (eOS Ot) J 

and must determine the coefficients Dn such that for r = a one 
has 4> = 4^0- 

On the other hand, if the boundary value problem is homoge¬ 
neous with respect to two spherical surfaces r = a and r = 6, then 
from (19) follows 

Cia^ + = Clip + = 0 


which defines the order number as 

an{,-(«+i) = 2n + 1 = 

In a/o 

and admitting In 1 = In (exp j2irp), one has the complex order 
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numbers n = — 3^ + with q = Trp/(In a/h), leading to the cone 
functions.^ 

Dipole Coordinates. The function w = has been shown 
to define the spherical coordinate system; the conformal trans¬ 
formation to the '-plane 


w = e ^ = 


V) 


f 


also gives 


f = ln 


y/ +f 

\w' + f 


w' =f coth I = + jp' 


f A 

w — / 


1 

= In — > 

r2 


7} == <j>i — (l>2 


or, as shown in Fig. 33-8 and already discussed in (26-53), the 
l)iaxial family of circles such as the field picture of two parallel line 



charges zhX. Because of the axial symmetry, this coordinate 
system actually provides two families of orthogonal spheres and 
is called the dipolar coordinate system. Solving for the coordinates 
of the ly'-plane, one has 






cosh f “ cos 7 } 


P 


cosh J — cos rj 


® Introduced by F. G, Mehlor, Math, Ann. 18, p. 161 (1881); see also rather 
extensive treatment in Heine,II, p. 217, and in Hobson,^® p. 444. 
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and from (7) 


Thus, 



/ 

(cosh J — cos rj)^ 


J2 


= [sin v] 


1-2 


defines the system as clearly separable in its coordinates in accord¬ 
ance with the condition (10). It is definitely related to the polar 
or spherical coordinate system and leads also to tesseral harmonics. 

The problem of two finite spheres, which was treated with an 
infinite number of images in section 21, has been solved by means 



Fig. 33*9 Oblate Spheroidal Coordinates. 


of this coordinate system by Hobson,^^ p. 448. Further details 
are found in Snow, loc, cit,, p. 235. 


OBLATE SPHEROIDAL COORDINATES 

The oblate spheroidal coordinate system is an axially symmetrical 
ellipsoidal system in which the minor axis is the axis of revolution 
as shown in Fig. 33*9. In accordance with the general discussion 
at the beginning of the section, one obtains the meridian co¬ 
ordinates 7 } by the conformal transformation from the under¬ 
lying cylinder system 

w = z-)r jp = /sinh (f + jr?) (60) 

which is similar to the one used for the elliptic cylinder in (32*52). 
From (60) one obtains 

z — S siiih i cos ri, 


P = f cosh { sin t; 


(61) 
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which represent confocal ellipses and hyperbolas with 2/ as the 
focal distance. This is shown explicitly by 


(/ sinh ^ (/ cosh (/ cos t?) ^ sin r;) 


The first relation describes the ellipsoids f = cons with semlaxdS 
a = f cosh f along the p-direction and minor axes b = f sinh f 
along the axis of revolution; these degenerate into the circular 
area p ^ / in the 2 = 0 plane for f = 0. The second relation 
gives the orthogonal and confocal hyperboloids rj = cons, degener¬ 
ating into the plane 2 = 0 with a circular hole for rj = t/2 . The 
ranges of values are 0<^< oo,0<77<7r, quite analogous to 
the spherical coordinate pair r, 6 , 

In accordance with (7) one has 


= 


so that 


dw\ 


df 


= f [cosh^ f 1 = (cosh^ ^ — sin^ rj) (62) 


cosh^ f — sin^ tj 1 


p^ cosh^ ^ sin^ 7\ sin^ ri cosh^ ^ 
and therefore 

,X -1 /X 1 

s'lCO = —ryr' ^2(’7) = t-j- 


costr 5 


sin^ ri 


(63) 


One can thus write down at once the separated Sturm-Liouville 
equations (11). It is advantageous at this point to transform 
these equations (11) by a change of variables and redefinition of 
the functions, namely, 

u = sinh S($) = Vcosh f Wi{u) 

V = cos rjj H(77) = Vsin rj W 2 (v) 

into equations of the type (20) or (22), namely, 





"I 

u^+ ij 

m2 1 

l-v^j 


TFi = 0 
Tfz = 0 


(65) 
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The solutions for W 2 are the conventional associated Legendre 
functions if one writes (p^ — 3^) = (p ~ 3^)(p + 3^) and defines 
(P /^) == so that 

W 2 (v) = DiPrT (cos v) + D 2 Qrr (cos v) (66) 

Since a substitution ju for u makes the differential equation for Wi 
identical with that for W 2 , one can write with the same values of 
(p^ ~ = n(n + 1) the solutions for Wi in analogy to (66) 

(see also Appendix 6) 

sinh I) + C 2 Qrr(j sinh f) (67) 

It is, however, customary to define these modified associated 
Legendre functions of imaginary (or complex) argument, say 
t = r + jsy by [Appendix 6, (33) and G, (39)] 


( 68 ) 


which assures that for imaginary argument the combinations 

exp ^ -jn ^ P„’” (js), j exp ^+jn 0 (js) 

take on real values. The asymptotic expressions in (68) demon¬ 
strate the analogy of these functions to the radial functions (19) 
for the spherical coordinate system. 

Returning to the original definition of the product solution for 
the potential in (3) and introducing (8), (61), and (64) yield now 

(i sinh ?)-F 2 (cos „)-F(,^) (69) 

n m 

where the constant can, of course, be absorbed in the other 
constants. Treatments of this coordinate system, solutions in it, 
and in particular discussion of the various system functions are 
found in several references, and for convenience table 33 • 1 gives 
the comparative notations used. 

Conducting Spheroids. Ascribe to a solid conducting 
spheroid of semiaxes a and b the constant potential <1>; then the 


P»’"(0 = if - ^r'^^nPnit) —> ^ 

dt |« 1>>1 (^ “ ^ 0 * \/nTr 


0 ."«) - - 1 )-'“^ «.«) — 

dt |< 1>>1 n\ \/n(20 
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potential distribution in space will be axially symmetrical so that 
m = 0 and Wi, W 2 reduce to the plain Legendre functions. The 
surface of the spheroid is defined by the semiaxes as 

a = / cosh fo, ^ / sinh ^ 0 , ?o = tanh"”^ 



TABLE 33*1 

Comparative Notation for Oblate Spheroidal Coordinates 
This 


Coordinate 

Book 

Bateman^ ^ Byerly^^ 

Hobson^® Lamb^^^ Smythe^' 

Ul 

u = sinh ^ 

d = sinh 77 

tanh 77 / 

sinh 77 

f = sinh 77 

r 

U2 

V == cos 77 

/i = sin 1 

tan 

cos d 

fjL cos e 


W3 

<t> 

<t> 

0 

0 

03 

0 

Focal dis¬ 







tance 

V 

2k 

2/ 

2c 

2k 

2 ci 

Distance 







from axis 

p 

03 


P 

03 

p 


Distance 

along axis z z z z z x 


On account of the asymptotic behavior of the functions Pn^ and 
QrT given in (68), the former must be excluded because the 
potential must at least remain finite at infinite distance. One 
thus has left 

00 

4>(£, V) = H [DlnPn (cos t)) + D2nQn (cOS v)]Qn ij sinh £) 

n =0 


This, then, must represent the expansion of the potential function 
for f = fo into the conventional Legendre series; because Qn 
has a logarithmic singularity for rj — 0, ir or for cos 7 ; = ±1, it 
also must be excluded if the 2 -axis belongs to the field region. 
For the assumed constant potential the series thus reduces to a 
constant, i.e., n = 0, so that 


sy(t\ = * ^ coth * (j sinh £) 

° QoU sinh £0) ” coth“^ (j sinh £o) 


= #0 


cot ^ (sinh £) 
cot“* (sinh£o) 


(70) 
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where the definition of Qo from Appendix 6 has been used; see 

Byerly,^2 p 247 . 

The charge distribution is readily found from the normal 
component of the field vector, which is from the general definition 
(31*24) with (62) 

I 

= — - — = cosh cosh^ { — sin^ rj cot”"^ (sinh 
h 

= <l>o[/\/+ iVcot“^ (71) 

where one might use for quicker computation from (61) and (64) 
z = fuVj p = + iV 1 — 

On the surface of the spheroid one has u — Uo sinh fo, so that 

<r = = e4>o[/v' U(,^ + iVUo^ + cot“' (72) 

The total charge can be found best as for the ellipsoid in section 31 
by letting ^ become very large, so that the equipotential surfaces 
approach spheres. From (61) one has 

z = fu cos 7 }, p ^ f u sin ??, 2 ^ + p^ = « fv^ 


and for the field vector in (71) this gives 


lim ^ cot ^ Uq] ^ = 

{—>00 


cof“^ U() 


which is the same as that of a point charge Q at the origin. The 
value of the charge itself is found by integrating (eE^) over a large 
sphere. The capacitance of the spheroid follows then as 


Q __ 4x6/ 

4>o cot”^ Uo 


(73) 


With the charge value from (73) one can replace <l>o in the expres¬ 
sions of field vector and charge density. The maximum charge 
exists for u = Uq and y = 0 and the minimum charge for = 1 , 
so that (72) yields 

Q Q 

O’max — . 1 ^ <^min — . o 

4xao 4xa^ 


or the ratio is (a/i>), directly the ratio of the semiaxes of the 
spheroid. 
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In the limit as fo 0, the spheroid becomes a circular disk of 
radius /. Since cot"“^ 0 = 7r/2, one gets at once the same values 
for charge density and capacitance as found in (31-54) and 
(31-53), respectively. Ollendorff,p. 280, solves this case and 
applies it to the capacitance of an umbrella antenna above ground. 
Smythe,^^^ p. 160, treats the uncharged circular disk in a uniform 
electric field of arbitrary angle with the plane of the disk and also 
computes the torque exerted on it. Byerly,^^ p. 153, expresses 
the potential along the 2 -axis by setting r; = 0 in (61), and by 
replacing sinh ^ = z/f in (70), where also fo = 0, 




Replacing now by and multiplying each term by Pn (cos ^), 
one has the alternative form for the potential 


^(r, 0) = 4>o - - <I>o L 

TT 


(-DV /V 

2 n + 1 \f) 


Pn (cos d)y 



(-1)^ 

2n + 1 



2n4-l 

P 2 n (cos e), 


r <a 


r > a 


K74) 


where the value for r > n follows from the corresponding expan¬ 
sion of the potential. 

If the potential along S = fo is a prescribed function, for example 
for two hemispheroidal shells where for 0 < t; < 7r/2 

and ^ = <l >2 for w/2 < ry < tt, as in the corresponding case of 
two hemispheres in Fig. 33*2, one can take the development 
for the outside potential directly from (27), replacing [MnCi^] by 
[DuQnU sinh ^n)]. F or the inside field one would have to substi¬ 
tute Pn^ {j sinh $) for the second kind of the modified Legendre 
function; see Byerly,^^ p. 248, who solves the analogous case of a 
temperature field between two hemispheroidal caps. The hydro- 
dynamic problem of a spheroid moving through an infinite ideal 
fluid is treated in Lamb,^““ p, 135. 

Dielectric Spheroids. In analogy to the dielectric sphere in a 
uniform electric field, one can treat the dielectric spheroid { = fo 
in a uniform electric field; here, however, one has to observe the 
direction of the impressed field and can obviously consider two 
principal orientations : parallel to the axis of revolution and normal 
to it. The first case is by far the simpler one, since it retains 
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axial symmetry in the field distribution. Expressing the im¬ 
pressed potential as 

^ -E^fuv = ~£?7sinh{cos 77 (75) 

and forming the local potential solutions outside the spheroid 
in dielectric constant ei and ^2 inside the spheroid of dielectric 
constant £ 2 , then one has from (69) with m = 0 and using u and v 
as abbreviations from (64), 

v) = llDnPn(v)-Qn{ju), U > Uq 

(76) 

^2(f, v) = JLCnPn(v)'PnU'^), U < Uq 


where Pn is suppressed in the outside potential because it increases 
beyond all limits as f —> 00 , and Qn is suppressed in <I >2 since it 
has a logarithmic singularity at dbl. As in the spherical case, the 
form of (75) requires similar forms of (76) because of the boundary 
conditions. Noting cos rj in (75) restricts the sums to n = 1, 
since only Pi (cos rj) = cos rj. The boundary conditions can 
now be set down as 


at { = 


$0 + = $2, 



(77) 


where in the second form the factor \/h has been omitted. With 
the functional forms of Appendix 6, (4) and 6, (16) one finds from 
the boundary conditions (77), observing d/d^ = {du/d^){d/du) = 
cosh id/du)j 


^2 = 


—E^fuv 


A 


A = l + 


(uq^ + 1)(1 - Wo cot ^ Wo), 

Wo = sinh ^tanh""^ 


(78) 


The field within the spheroid is again uniform in the same direction 
as EP and for 62 >ei weaker than the impressed field. For 
6/a = one finds A = 1 + 0.53(£ 2/51 — 1), and as b decreases, 
A —♦ € 2 / 21 , so that for a very flat spheroidal disk the inner field 
strength becomes E^ ^ EP ti/^ 2 - This solution is given with 
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considerable detail in Ollendorff,p. 289; he also treats the 
second orientation of normal to the axis, which requires the 
use of the associated Legendre function of degree m = 1 but 
otherwise is yet simple. In the case 62 one obtains again 
the solution of the conducting spheroid in a uniform electric field. 

Obviously, this analysis can be transposed to solve the analo¬ 
gous problem of an iron spheroid in a uniform magnetic field. 
In turn, one can solve for the proper azimuthal current distribution 
in a spheroidal coil to give a uniform magnetic field within.® 

Inverse Coordinate System. By the inversion 


w' = 


{w - Zo) 


= z' + jf> 


where Zq = f sinh fo, the ty-plane is transformed so that the 
p-axis in Fig. 33 • 9 is bent into a circle, and the part OFi becomes a 



Fig. 33 *10 Inverse to Oblate Spheroidal Coordinate System. 


finite circular arc which upon rotation about the s-axis forms a 
spherical cap. The confocal ellipses then transform into shells 
about this spherical cap and about a pole at the origin where the 
base circle intersects. For 2:0 = 0, the p-axis inverts into itself 
with OFi transforming into the complementary part of the p-axis, 
thus leading to the circular aperture in an infinite conductive 
plane but with the pole at the center of the aperture as shown in 
Fig. 33*10. The function systems involved in the solution are 
identical with those above, since the same metric factor applies, 
so that it can be classed with the oblate spheroidal system. 

® J. P. Blewett, JL Appl. Phys., 18, p. 968 (1947). 
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and therefore 


gi(^) = 


sinh^ { 


g2(v) = 


1 

sin^ rj 


( 80 ) 


This permits one immediately to utilize the separated Sturm- 
Liouville equations (11); but as in the case of the oblate spheroidal 
coordinates it is advantageous to transform these equations by a 
change of variables and redefinition of functions 

u = cosh E(^) = V sinh f Wi{u) 

( 81 ) 

V = cos t;, H(r?) = V sin 7/ W 2 {v) 

This results in the differential equations 





Wi 

W2 


= 0 

( 82 ) 

= 0 


Setting again = ^(^ + 1)> both equations are of the 

type (20) or (22), so that for TF 2 one has the solution (66), whereas 
for Wi because of > I, one must choose the modified associated 
Legendre functions (see Appendix 6), namely, 

Wi{u) = CiP,r (cosh^) + a^Q^r (cosho (83) 


Returning to the original definition of the product solution for the 


TABLE 33-2 

Comparative Notation for Prolate Spheroidal Coordinates 


Coordinate 

This 

Book 

Bateman^ ^ Byerly^“ 

Hobson^® Lamb^^^ Smythe^^^ 

U\ 

u = cosli ^ 

0 = cosh 77 

coth 

cosh 77 

f = cosh 77 

V 

U2 

V = cos 17 

M = cos ^ 

tanh 77/ 

cos B 

M = cos^ 


U3 

Focal dis¬ 

<t> 

<t> 

0 

0 

07 

0 

tance 

V 

2 k 

2/ 

2c 

2 k 

2C2 

Distance 







from axis 

p 

ta 

V 

P 

c 5 

p 


Distance 

along axis z z z z x z 
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potential in (3) and introducing (8), (79), and (81), this yields 
now 


= (cosh Wz (cos v) F{<t>) (84) 

n rn 


where the constant can, of course, be absorbed in the other 
constants. Treatments of this coordinate system, solutions in it, 
and discussions of the function systems appearing in these solutions 
are found in several references, and for convenience table 33*2 
gives the comparative notations used. 

Conducting Spheroids. With the suitable modifications, the 
applications of the oblate spheroidal system can readily be trans¬ 
posed into solutions for the prolate spheroids. Since the asymp¬ 
totic forms (68) apply also for real arguments \^i\ > 1, the poten¬ 
tial outside a conducting spheroid of semiaxes a — f cosh fo, 
b = f sinh ^ 0 , is by transposition of (70) 


$ $ (cosh ^) _ ^ coth”’ (cosh f) 

^ Qo (cosh ^o) ^ coth”^ (cosh fo) 

^ ^ In (u + \ )/(u - 1) 

^ In (iiQ + \)/{uq — 1) 


(85) 


where the definition of from Appendix 6 has been used. The 
normal component of the field vector is from the general definition 
(31*24) with from (32*55) 


E, 


1 j_ 

— 7 —r = ^o[/ sinh fVcosh^ ^ — cos^ 77 coth~^ (cosh fo)]”^ 
h 

4>o[/ — v'^ \/u^ — 1 coth~^ Uo]~^ ( 86 ) 


where one might use for quicker computations 


z = fuVj p = fV— I Vl — (87) 


On the surface of the spheroid u — Uq = cosh fo, so that the 
charge density becomes 

0* = (e^^^)io = + 1 V'wo^ + coth"”^ UoT^ (88) 

The total charge can be found in analogous manner as for (73), 
so that the capacitance follows: 


Q __ 4:wzf 

^0 coth”^ Uo 


(89) 
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With the charge value from this expression one can replace 
in (86) for the field vector and (88) for the charge density. The 
maximum and minimum values of charge density exist for u ^ uq 
and V — 1, r; = 0, respectively, so that (88) yields 

Q Q 

or the ratio is again a/b^ as for the oblate spheroid; however, the 
respective maximum values as well as the minimum values in the 
two cases bear the same ratios a/6, with the larger values occurring 
in the prolate spheroid. 

In the limit as fo —> 0, the spheroid becomes an ellipsoidal rod 
of length 2/ which has l)een treated rather completely in section 12. 
A general solution with the rod as special case is given in Kirch- 
hoff,^^^ p. 37; in Ollendorff,p. 308, who also applies the solution 
to the current flow from a grounding electrode reaching below the 
level of ground water; and in Byerly,^^ p. 155, in terms of zonal 
Legendre harmonics, and p. 250 for gravitational potential applica¬ 
tions. Smythe,^^^ p. 167, solves the field near a semispheroidal 
mound on an infinite ground plane; see also Bateman,^^ p. 436. 

If the potential along J = Jo is a prescribed function, then it 
can be readily expressed from (84) as a normal Legendre series if 
axial symmetry prevails, or as series of surface harmonics (24) in 
the more general case. 

Dielectric Spheroids. The prolate dielectric spheroid in a 
uniform electric field can be treated in exact analogy to the 
oblate spheroid. Two principal orientations are possible; the 
electric field can be either parallel to the axis z or normal to it. 
The first case retains axial symmetr}^, and its solution proceeds 
exactly as with the oblate spheroid, leading again to the uniform 
internal field of value 

A = 1 + — 1^ (^^0^ — l)('*^o coth"”^ uq — 1) (90) 

where Uq = cosh Jo = ^//- Here one finds for h/a = the value 
A = 1 + 0.177(£ 2 /ei — 1), and as b decreases, A 1, so that the 
very thin rod has a uniform inner field which is equal to the im¬ 
pressed outer field, E' « However, the continuity of the 
normal component of D requires then that at the pole of the 
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spheroid a local field strength exist of value 

Si Si 

causing a very strong concentration of the electric field on di¬ 
electric objects, as masts, poles, or sharp mountain peaks. This 
solution is given for the analogous magnetic case with considerable 
detail in Ollendorff,p. 315; Lamb,^^“ p. 132, also solves the 
motion of a spheroid through an ideal fluid. 

If the uniform electric field is oriented normal to the axis z and 
parallel to the plane = 0, then its potential can be expressed in 
the form 

= —E^p cos (l> 

= 'u? — cos (t)y u < Ui) (91) 

where the x-direction is taken from the Cartesian system, con¬ 
verted to cylindrical coordinates p, </>, and with (87) finally to the 
spheroidal system. Now, the general solution (84) has to satisfy 
the boundary conditions which are identical with (77) and which 
relate only to ^ ov u; one surmises that in (5) only m = 1 can occur 
and only the cosine term; further, that in (6()) only n = 1 can lead 
to the requisite term VT — — sin rj and that the second kind 

of associated Legendre functions must be avoided, since the axis 
y — 0 belongs to the field region. One can tlierefore write for 
the local potential solutions inside and outside 

(I, V, <t>) = {v)W{u) cos <t>, U > Mo 

(92) 

V, <t>) = CiPi^{v)Pi^iu) COS<]>, U <Uo 

With the functional forms from Appendix 6, one finds then the 
inner potential 

(^2 = —E'fPi^(v)Pi^(u)cOS(l} 

where 

E' = A = 1 + — 1^^[mo — (mo^ — 1) coth“' Mo] (93) 

There is again a uniform field inside the spheroid in the same direc¬ 
tion as the impressed field, and for £2 > ei weaker than it. For 
b/a — one finds here A = 1 -f 0.412 (e 2 /ei — 1), and as b 
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decreases, A 3^( 62/51 + !)• This solution is given in detail by 
Ollendorff,p. 319, for the analogous magnetic problem; he 
applies it also to evaluate the error in long-range radio navigation 
caused by the body of the ship. 

Conducting Hyperboloids. Selecting one of the hyperboloids 
in Fig. 33 *11 as a conductor surface of potential ‘t>o in combination 
with either the symmetrical one of potential — or the center 
plane 2 = 0 with zero potential, gives solutions for needle elec¬ 
trodes^ which might be applied to high-voltage rectifiers.® Assume 
axial symmetry; then variation of the potential occurs only with 
V — cos 77 , and the analogous solution to (85) is in this case 

, , <3(1 (cos Jj) tanh~’ (cos ??) 

* = ^>0 — : = 4>o . ._i , -r (94) 

(3o (cos 170 ) tanh (cos rjo) 

where 170 = tan~^ h/a is defined by the semiaxes of the hyperboloid 

electrode. The field vector can be evaluated from the general 
definition (30-24) with from (32-55), so that 


Er, 


1 

h dr) 


sin r;Vcosh“ ^ — cos" rj tanh ^ (cos rjo)] ^ 


(95) 


The maximum field strength exists for $ = 0 and rj = rjo, at the 
apex of the hj^perboloid; its value becomes from (95) 


E 


max 


j[& 


tanh ^ 



where the focal distance / = {or — this can be plotted 

entirely as function, of a ^f or 6 /, indicating the rapid increase of 
Eiunx with the decrease of the angle 170 . 

Inverse Coordinate System. By the inversion 



w - Zo 




where Zo ~ f cosh Jo? the ?>y-planc is transformed so that the focal 
length 2/ moves along the axis to points F/ and F/ and the origin 
becomes a pole, the image of 2 = . The confocal ellipses thus 

transform into odd-shaped surfaces of revolution and in the limit 

7 J. Muller, Arch, f. Elektrot., 29, 568 (1935). 

* R. Strigel, Fachherichtef V,D.E., 1929; see also Ollendorff,p. 311. 
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for 0 represent essentially hyperboloids about the 2 -axis with 
ellipsoid-shaped surfaces close to the pole and surrounding it as 
shown in Fig. 33-12. The function systems involved in the 



Fig. 33*12 Inverse to Prolate Spheroidal Coordinate System. 


solution are identical with those above; this coordinate system 
can be classed therefore with the prolate spheroidal coordinate 
system. 


PARABOLOIDAL COORDINATES 

The paraboloidal coordinate system can be considered a singular 
case of the spheroidal system where one of the foci has moved into 
infinity. One obtains the meridian coordinates 7} as in the 
parabolic cylinder coordinates by the conformal transformation 

w = z +jp = +jv)^ 

so that 

z = P = (96) 


These represent confocal parabolas with focus at the origin as 
shown in Fig. 33-13. The ranges of the variables are 0 < ^ < oo 
and 0 < 1 ? < . 

In accordance with (7) one has 




^ 2 
df 




and therefore from (10) with (96) 


giiO 




(97) 
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One can therefore write down at once the separated Sturm- 
Liouville equations (11) and identify them as belonging to the 
class of Bessel equations with solutions® 

2(f) = V^[Ci7^(pf) + C 2 KM)] = vlBi(f) 

(98) 

H(»j) = V^[I>lJm(Pn) + I>2Nm{Vn)\ = V^52(»?) 

where p is an arbitrary separation parameter, and are the 

conventional and 7^, Km the modified Bessel functions of first 
and second kind; see also Appendix 5. 



Returning to the original definition of the product solution for 
the potential in (3) and introducing (8), (96), and (98) yield now 

v,<t>) = Bi{^) B 2 (v) Fi(f>) (99) 

VI p 


Treatments of this coordinate system are less frequent; see, how¬ 
ever, Bateman,p. 449, and references there. 

Paraboloidal Conductors. Ascribe to a solid conducting 
paraboloid ^ = Jo the potential 4>o; then the potential distribution 
must be axially symmetrical and, moreover, can depend only on 
For this singular case, m = y — 0, so that both equations (11) 
reduce to the same form 


^ 1 ^ -n 

^^2 + 4 ^ 2 * -0 


® Jahnke and Emde, ioc. ciLj p. 146. 
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which has as solution for f 

m) = >/i(Ci + C 2 In i), B, = f ', + C 2 In I 
and similarly for rj 

H(r;) = + D 2 In rj)j 7?2 ~ "4" -D 2 111 V 

so that the potential function (99) becomes, suppressing the varia¬ 
tion with T?, 

= Cl + C2lnf (100) 

Defining the boundary conditions <^(?o) = ^0 and = 0, and 
choosing large enough so that the paraboloid almost becomes a 
plane as a convenient reference, then 

00 .) 

The field strength is from the general definition (31-24) with 
from above 

i iF ^ [^VF+Vln (I)] 

which has its maximum value at = 0, ^ Ollendorff,^ 

p. 204, has used this system to represent a model of a pin insulator. 

Another special case is indicated in Fig. 33-13, where the 
paraboloid generated by AP carries potential and that generated 
by PB potential 4^2 > 4>i. The internal potential distribution 
will show axial symmetry, so that m = 0. Since the second kind 
of Bessel functions possess logarithmic singularities at the origin 
which is included in the field region, they must lx* suppressed and 
the solution becomes, from (99) with (98), 

Cih{'pi)Jo{v^) 

To satisfy the boundary conditions one might best add the con¬ 
stant to the potential solution and thus make the condition at 
rj — rio homogeneous, namely, 4> = 0. This requii-es then 

JoiWo) = 0 

leading to an infinite number of root values Pn as discussed in 
sections 30 and 32. The potential solution is now 

$ = #1 + L CJoipn^) JoiPnV), JoiPnVo) = 0 (102) 
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and the coefficients Cn must be evaluated by interpreting the 
summation as the Fourier-Bessel series expansion of the potential 
($2 — $i) at f = {o in terms of the orthogonal system Joipnv) 
between the limits 0 < rj < rjo- From Appendix 5, (43) and 5, (40) 
the coefficients are, therefore 

CnloiVn^o) /^[voJliVnVo)]^ = (^2 ^l) V JoiPnV) drj 


where the brackets on the left-hand side indicate the norm 2Nn- 
Since (4>i — 4»2) is constant, the integration can be performed and 
gives simply (rjo/pn) Ji(Pn'no)i so that the final complete solution 
for the internal potential is 


4 > 


<i>, + 2(<I>2 - - JoiPnV) - 

n loiPn^o) (PriVo) JliPnVo) 


(103) 


Because of the axial symmetry, this can represent a paraboloidal 
electron lens system with focussing action for which the field 
vector is found by the application of (31*24) as before. 

For potential distributions in external regions it is usually 
necessary to formulate Fourier integrals rather than Fourier series 
in the parameter p, since the ranges of both variables { and rj 
extend to infinity. 


TOROIDAL COORDINATES 

The toroidal coordinate system represents in any meridian plane 
the same cross section as the two-dimensional biaxial system with 
two orthogonal families of circles as produced by the potential 
distribution between two parallel charged lines in section 12. One 
obtains the meridian coordinates J and rj by the conformal trans¬ 
formation discussed in (2()*53) and again in connection with the 
dipolar coordinates in this section with the appropriate modification 
for the different axis of rotation 


w = z + jp = jf coth [J^({ + jr))] (104) 


Explicitly, from this one has 
sin rj 


z-f 


cosh f — cos 7} 


P=f 


sinh ^ 


cosh f — cos rj 


(105) 


which represent the circles shown in Fig. 33*14, namely, 
z^ + (p-/coth^)2 = * (2 -fcotv)^+p^ = 
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The first relation describes the circles { = cons with centers along 
the p-axis and radii a = //sinh degenerating for J = 0 into the 
2:-axis and for J = oo into the point F\ by rotation, each circle 
generates a toroid, shrinking to the circle of radius / for f = oo. 
The second relation gives the orthogonal circular arcs rj = cons, 
which generate spherical caps with the circle of radius / as common 





base; the line OF describes a barrier surface where the values 
rf = —tt and rj = +7r join back to back. 

In accordance with (7) one has 


= 


dw 




f 


so that with (105) 


sinh^ { 


(cosh J — cos Tjy 


= 92(v) = 0 


(106) 


(107) 


One can, therefore, write down at once the separated Sturm- 
Liouville equations (11). Since g 2 (v) = 0, the solutions for 
H(77) are simply trigonometric functions, 

H (v) = F >1 sin prj + D 2 cos pri 


(108) 
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The value of gi (0 is the same as in (80) for the prolate spheroids 
so that the same substitution for S(J) as in (81) will be indicated; 
the solution is, therefore, given by (83), or also, with n = p — 3^, 
as defined there and in ( 66 ), 

2(0 = Vsinh f Wi (cosh 0 

= [CiPp _(cosh 0 + C 2 Qp-h' (cosh?)] (109) 

Returning to the original definition of the product solution for the 
potential in (3) and introducing (105), (108) and (109) yield now 

<>(?, V,<l>) = T. Vcosh ^ - cos r/ 

Tfi(coshl) H(»?) F(<^>) (110) 

where, of course, can be absorbed in the other constants. 
Treatments of this coordinate system, solutions in it, and discus¬ 
sions of the function systems are found in several references, and 
for convenience, table 33-3 gives the comparative notations used. 



TABLE 

33-3 



(yOMPARATIVE 

Notation for 

Toroidal Coordinates 


Coordinate 

This Book 

Bateman^ ^ 

ByerlyC2 

Hobson^® 

U\ 

^ = cosh”"^ u 

<7 = cosh”^ s 

CL 

■n 

U2 

V 



e 

Uz 


4> 

7 

0 

Radius of btise circle 

f 

a 

a 

C 

Distance from axis 

p 

p 

r 

P 

Distance along axis 

z 

z 

z 

z 


Conducting Toroid. Ascribe to a solid conducting toroid as 
in Fig. 33-14 of center diameter 26 and of cross-sectional radius a 
a potential 4>o; the potential distribution in space will be axially 
symmetrical, so that m = 0. To determine the value fo for the 
surface of the toroid, one can use the relations from the definition 
of the circles above 

a = - 7 - 7 — > b = OM = f coth Jo 

sinh Jo 

so that 

cosh Jo = -» / = Vb^ — d? 
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For the external potential J > €o one can use only the second 
kind of modified Legendre function in (109) in accordance with 
the asymptotic forms ( 68 ); then ( 110 ) reduces to the single sum¬ 
mation 

v) = Vcosh 5 — cos 1 ? 

X sin prj + D2,p cos pri) (cosh ( 111 ) 

p 

Since at ^ = Jo the potential must give the constant value the 
series (111) must actually represent there the Fourier expansion 
of ^>0 (cosh Jo cos 7 ?)“^, which permits coefficient comparison 
and complete solution of the problem. Since V cosh Jo — cos rj is 
even symmetrical about 77 = 0 , only cosine terms will occur, so 
that in conventional Fourier coefficient determination 

(coshfo) = ^ 0 ^^/* ... - dy (112) 

TT «/() v cosh Jo — cos 77 

For any other potential variation with 77 the modification of the 
integral is rather obvious. If the potential is also a function of 
0 , then a double Fourier series results. The toroidal coordinates 
were introduced by C. Neumann;*^ brief treatments are in Bate¬ 
man,p. 461, and in Byerly,^^ p. 260; also in Ilobson,^'^ p. 433, 
who calls the special type of Legendre functions occurring here 
‘‘ring functions.^’ Obviously, as a —> 0 one approaches the solu¬ 
tion for the circular ring of charge in (12-58). 

The field vector and charge density can again be found by the 
application of (31*24) with (106). 

Related Coordinate Systems. The toroidal coordinate 
system can be considered a special case of the annular coordinate 
system in section 31 if in Fig. 31*4 one takes b — a ~ f\ the oval 
rings then go over into the circular ones of Fig. 33 *14. 

If, on the other hand, one lets/ —> 0 in Fig. 33*14, the circles 
all pass through the origin, as in the potential solution for the 
dipole line in section 12 , Fig. 12*7. This coordinate system is 
then actually the inverse to the circular cylindrical coordinate 

C. Neumann: Theorie der Elektrizitdts- und der Wdrme- Verteilung in 
einem Ringe; Halle, 1864; see also G. Szego, Bull. Am. Math. Soc.^ 61, 325 
(1945). 
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system of section 32 and leads to the same function systems, thus 
demonstrating the close inner relationship of all these coordinate 
systems. 

34- USE OF GREEN’S FUNCTIONS 
Starting with the second identity of Green (see Appendix 3), 

jfjfjf£(4.^(1) 


where both ^ and ^ are harmonic or potential functions and where 
the volume r is bounded by a regular surface S (which can be con¬ 
tracted to a point without intersecting itself), choose for ^ = 1/r 
with r the distance from an arbitrary point P(x, ?/, z) within the 
volume T. Obviously, ^ qc as r 0, so that the point P must 
be excluded by a very small volume r' of surface S'. Since 
V^(l/r) = 0 as the solution of the Laplacian potential equation, 
the identity (1) becomes 



V-4> (h 




( 2 ) 


Since S' is very small and can as well be assumed to be a small 
sphere around point P at r = 0, one has also, observing that the 
out^^'a^d normal on S' is directed towards point P, 



7 ^’ 


dn dr 


dS' = dQ 


with dQ the element of the solid angle from P, so that the last 
integral l)ecomes 


4t 



d4> , 
r — dQ 
dr 


Here, <1>(P) is the average potential value over the surface S', and 
as r —> 0, it becomes identical with the potential value at P itself; 
the remaining integral vanishes as r —^ 0, assuming that d^/dr 
remains finite as in any regular region. 
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The identity (2) yields now finally an expression for the potential 
^{P) itself, 


4>(P) = 



1 9 , 

-V24> dr 
r 



1 ^ 
r dn 


dS 



dS (3) 


With the general interpretation (see section 2) (again observing 
the proper direction of the normal) 




e 


a = 


+ e 


dn 


the first term constitutes the integral expression for the electro¬ 
static potential as given in (2-5) in terms of space charge within 
the volume r. Having assumed S to be a regular surface, the 
other two integrals in (3) constitute fictitious charge effects; the 
first represents the potential of an equivalent surface charge dis¬ 
tribution a on the inside of *S as in (2-3), the second the potential 
of an equivalent dipole moment distribution with moment dS 
per element dS (directed into the volume r) as comparison with 
(12-33) shows. Thus the potential inside S is defined completely 
by the actual space charge within r and by charge distributions 
on the inside of S which replace the effect of all charges actually 
located outside of S and which reduce the potential outside of S 
everywhere to zero. An excellent detailed interpretation of this 
integral representation (3) and the physical meaning of its parts 
is given in Stratton,pp. 185-192. 

The representation (3) can still be maintained if conductors are 
located within the surface S; in this case, however, tlu* conductor 
surfaces must be considered as part of the bounding surface of r 
and the first surface integral in (3) will then include the real charge 
densities on these conductor surfaces. 


GREEN’S FUNCTION FOR THE FIRST BOUNDARY 
VALUE POTENTIAL PROBLEM 

It is seen that the potential at any point of a regular region can 
be found by integrations over the boundary of the region. If no 
space charge is present, the first term in (3) disappears. If, 
furthermore, only surfaces with known potential values form the 
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boundaries of the electrostatic field, so that the boundary condi¬ 
tions state - • - on surfaces a, jS,* • then the boundary 

value problem is called of the^rs^ kind, as stated in sections 2 and 
6 and, more particularly, section 28. The potential solution is 
then in integral form 

In general, if and ^ are solutions of the Laplacian potential 
problem, the left-hand side of (1) vanishes completely, and one 
also has 



Adding (4) and (5) shows that, if one can select ^ in such a manner 
that anywhere on the surface S the value of 

r^ + ;l =0 (6) 

L ^Jon S 

the second terms drop out, and one has 

where G{P, Q) is called Green^s f unction of the first kind and is the 
combination ((5). It will, therefore, generally be a function of 
the point Fix, /y, z) of observation'where the potential value is 
to be found, and of the point Q{x, y, z) on the surface S where the 
potential value is known. See Kellogg,^^® p. 236; Bateman,^^ p. 
240; and many other textbooks on advanced mathematics. 

The use of Green’s function for the solution of potential problems 
of the first kind, then, requires that one assume at a point P in 
the region r bounded by surfaces of known potential values, a point 
charge of unit charge value and with l/r as reduced potential 
function (stripped of all constant factors), and that one find the 
suitable set of image charges with respect to the bounding surfaces 
which renders all of them of zero potential value. The sum total 
of potentials of the original and all image charges then constitutes 
G{P, Q), which can be used to find the potential functions by (7) 
for any point P in the region t. It is clear that the use of Greenes 
function demands the complete solution of a related boundary 
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value problem, even if not quite as complex as the whole original 
problem might be! Moreover, it then requires a further surface 
integration. For this reason, there are only a few instances in 
which Green’s function actually has been used for the potential 
evaluation; however, many specific Green’s functions of the first 
kind have been computed: indeed, every one of the image problems 
involving a point charge can be interpreted as a Green function. 



Green’s Function for Planes. For the infinite (‘.onducting 
plane located at 2 = 0, the potential solution (10* 15) gives 
Green’s function when referred to Fig. 10 • 2 as 

G{P, Q) = - - — (8) 

rp rpr 

where rp and rp> are the distances between any point P{x, z) 
or its image point P'(.r, ?/, —z) and any point in the conducting 
plane Q(x, y, 0) as in Fig. 34-1, so that 

rp2 = [(X - xf +{y- yf + (- 2 )^], 

rp-2 = \{x - xf + (y - yf + (+ 2 )*] (9) 

since the image must be located symmetrically with respect to the 
plane 2 = 0. The normal derivative at 2 = 0 is then 

^ G{P, Q) = -2zl{x - x)2 +{ y - yf + (10) 
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so that for any general potential distribution in the plane 1 = 0 
one has in accordance with (7) the potential solution 

y,z) = — I dx I [{x - x)^ 

ZTT c/ -- 00 «/ — 00 

+ (y — y)^ + z^]~^^{x, y) dy ( 11 ) 

Complete results for 4> = 4>o within the rectangle — a < x < +a, 
— b < p < +b, and 4> = 0 outside of it, are given in Byerly,^^ p. 
138. 

This method can, of course, readily be extended to a metallic 
corner formed by two perpendicularly intersecting conducting 
planes, as by (10*19), or for intersection at any other angle, 7 r/n, 
where n is integer. Obviously, the amount of labor rapidly grows 
prohibitive if one keeps in mind the integration (7), which might 
be performed numerically or by machine methods in special cases. 

For two parallel planes. Green’s function can be represented by 
a Fourier integral^ in axial distance p, since axial symmetry pre¬ 
vails; the relation to the solution by means of images as in section 
21 is given in Bateman,^^ p. 414, who also gives, p. 472, Green’s 
function for a conducting wedge, i.e., in the outside space of two 
conducting planes intersecting at 7r/n with n > 1 and integer as 
well for the semi-infinite single plane. Smythe,^^^ p. 210 , gives 
the results for a rectangular prism and a rectangular box in terms 
of Fourier double scries expansions. 

Green’s Function for Spherical Surfaces. For the single 
sphere of radius a the potential solution in the presence of a point 
charge is given by (10*26), where h is the distance of the point 
charge from the center of the sphere. In order to get Green’s 
function one has to make the spherical coordinates of P more 
general, say, P(r, (9, </>) and those of Q{f = a, 5, $) as in Fig. 34*2. 
Thus one has 

G{P, Q) = (- - - —) (12) 

\rp r Tp^/ 

where, then 

rp^ = [r^ + -- 2 /f cos 7 ], 

+f^-2yfcos7j (13) 

^ C. Fox, PhiL Mag.f 6, 7, p. 994 (1928); also Bateman,p. 413. 
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are the respective distances of the point charge at P and its image 
at F', which is located on the same radius vector but at a dis¬ 
tance a^/r from the center. The angle between the radius vectors 
to F(or F') and Q is given by 

cos 7 = cos B cos B + sin 6 sin B cos (0 — $) (14) 

The normal derivatives with respect to f can now be evaluated and 
give 

r/ / 1 \ _ r cos y — f cos 7 — f 

dr VOv df \rp j rp^'^ 



Since now for f = a, G{P, Q) = 0 as boundary condition, onc' cfin 
replace rp' from ( 12 ) so that 




G{P, Q) 

dr Jp 


= a 


and therefore 



$(r, 6, <t>) = 


—- / do I —:: ^(6, sin 0 do fIZ (15) 

47ra Je=o rp^ 


where 


rp2 = -f- a® — 2m cos y 


(16) 
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and cos 7 from (14). The integral (15) is the celebrated Poisson 
integral for the sphere; see Kellogg,p. 241; Bateman,p. 367; 
and many other textbooks on advanced mathematics. 

Greenes functions for a circular disk and a spherical bowl are 
also given in Bateman,^’ p. 465. 

The solution for the potential of a point charge in an earthed 
cone of semiopening 6 = a can be obtained in spherical coordinates 
by means of the general product functional expansion (33*16). 
The point charge, which is confined to tlie volume element dr, 
must be expressed as a double f'ourier series in d and 0 . Smythe,^^^ 
p. 154, gives the complete solution for the conical space as well as 
for the conical box. 

Grec'ii’s Function for the Cylinder. For the circular 
cylinder, the potential of a point charge cannot be found by any 
image theory. One has to use the complete functional solution 
from section 32 and expand the point charge, as distributed over a 
small volume 5r, into a Fourier-Bessel series. A solution which 
is symmetricjil about the plane through the point charge and the 
axis of the cylinder and also symmetrical about the plane through 
the point charge and normal to the axis of the cylinder is given by 
the double series (see section 32) 

G{P, Q) =^LL JmiPnP) COS - .^o) (17) 

w m 

if a is the radius of the cylinder; the point charge is located at 
point P with coordinates po < a, r = Zq, and 0 = 0o, and the point 
Q at (p = o, 2 , if). The values are obtained from the condition 
that 

Jm {Pn^ ) — 0 


In the plane 0 = 0 o t he field lines have no axial component except 
right at the point charge, which is assumed as an infinitesimal 
area bS = P()5p50, over which the integral gives one half the total 
electric flux in the positive 2 -directioii and one half in the negative 
2 -direction. The Fourier coefficients Cn,m in the derivative 
(dG/dz) are, therefore, 

Vn^n,m wi+l(P7i^)] 
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where the bracket on the left-hand side is the norm of the Bessel 
function of order m, and where on the right-hand side I/tt holds 
for m > 0, l/27r for m = 0. In accordance with the definition of 
G{PyQ) one has, then, 



Po8p6<l> — — 


1 

2 


so that with this and (18), one obtains 


(19) 


G(P,Q) =^ 2 L-exp(- 

27ra^n=i Pn 


■Pn 


-H) 


JoiPnp) JoiPnp) 


[JliPnd)? 


I rt V' '^mipnP) '^miPnP^ 

+ 21: —r-. -T- 

m =1 m-\-l (j^n^ )J 


<!>) 


( 20 ) 


This function, as required, is symmetrical in the coordinates of the 
points P and Q; actually the zero subscripts have been dropped, 
since they are no longer necessary. To use (20), one must 
differentiate with respect top; in the result set p = a and introduce 
it again into the general form (7), which becomes here 

4.(P, <i>,z) = - -T d-z " -1 <*>(?, z)a (21) 

TtJO L op 

The Green function is deduced^ in Sinythe,^^^ p. 174, for the 
cylinder as well as for the cylindrical box. For the somewhat 
simpler case of a point charge on the axis the solution can be 
given in terms of a Fourier integral to which reasonable approxi¬ 
mations^ can be made so as to allow further integrations. 


GREEN’S FUNCTIONS FOR OTHER BOUNDARY VALUE 
POTENTIAL PROBLEMS 

Potential Problems of the Second Kind. If the normal 
component of the field gradient or the charge distribution is 
specified on the boundary surfaces, rather than the potential 
values, one calls the boundary value problem of the second kindy 
as stated in sections 2 and 0 and, more particularly, in section 28. 
Starting again from the two relations (4) and (5), one observes 

^ C. J. Bouwkamp and N. G. de Bruijn, Jl. Appl. Phys.y 18, p. 573 (1947). 

® E. Weber, JL AppL Phys.y 10, p. 663 (1939); also Bouwkamp and de 
Bruijn, loc. cit. 
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=- + ^(P,Q) 

r 


has a normal derivative on the boundary surfaces which is at most a 
constant but preferably zero, then the sum of (4) and (5) gives 

<*>(P) = ^ jfjT ^ iP, + HQ) ds (22) 


The function is called Greenes function of the second kind; it 
determines the potential function except for the constant second 
term (fc is an arbitrary constant), which is as expected, since only 
the normal derivative of the potential is known; see Kellogg,^^® 
p. 246. 

Rather few explicit solutions have been given for this second 
kind of Greenes function, so that the usual terminology “Greenes 
function’^ without qualification is assumed to apply to the first 
kind only. 

For the interior of the sphere of radius a, the second kind of 
Green’s function in terms of the coordinates of P(r, 6, </>), P'(r' = 
a^/r, <#>), and Q(f = a, $) is 


rp r rp> a -r Trp> — rr cos y 


(23) 


where rp and are defined as in (13) but with r < a, and cos y 
is given by (14). On the surface of the sphere f = a, and 
rp^ = {a/r)rpj so that the form (22) becomes explicitly 


r2 1, 

X-1— In — 

Lr/> a a 


2a 


+ rp — r cos 7 . 


]« 


d? + 4»(0) (24) 


where 4>(0) is the potential at the center of the sphere in accord¬ 
ance with the mean theorem of Gauss (Bateman,p. 369). The 
above s(Jution is given in Kellogg,p. 247. 

Other Potential Problems. It is possible to construct 
formally Green’s function for many other types of problems, 
notably those in which boundary conditions of the first and 
second kind are mixed. Similarly, one can deduce a formulation 
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for the third kind of boundary value problem, as in Bateman, 
p. 141. In many cases, however, the direct solution of the 
boundary value problem is less involved. 

One might surmise that Green’s function for two-dimensional 
problems would be much simpler to formulate and that, indeed, 
it should have close relation to the complex potential theory. 
As a matter of fact, there exists a unique relationship between 
Green’s function for a regular region and the conformal transfor¬ 
mation of that region upon the unit circle which was discussed in 
section 28. Whenever one can perform the latter, one has the 
explicit solution for the former and vice versa, so that Green’s 
function will give no advantage. For the details see Kellogg,^^® 
p. 365. 

PROBLEMS 

1. Two infinitely long coaxial cylinders of equal diameters and potentials 

= 0 and ^ — V have finite separation 2d as in Fig. 30-4. A.ssuining the 

potential to vary as sin (Trz/2cl) along p — a across the gap, find the 
potential distribution near the axis p = 0. 

2. A semi-infinite cylindrical bar of circular cross section with radius a 
extends for 2 > 0. The base at 2 = 0 is kept at a high temperature To and 
heat is transferred from the cylindrical boundary surface in accordance with 
(29*24). Find the temperature gradient along the axis p = 0. Find the 
amount of heat transferred to the ambient medium. 

3. Express the solution (30*46) for two .semi-infinite coaxial cylinders near 
the axis p = 0 in the series form (30*7) and id(*ntify the first three terms. 

4. Formulate the solution for the potential distribution between two semi¬ 
infinite coaxial cylinders of different radii R\ and Ro > R\y both starting at 
2 = 0 and forming there an electron lens similar to Fig. 30*3. Point out the 
basic difficulty of an exact solution. 

5. Demonstrate the validity of the expre.ssions (30*16) and (30*17) for 
vector potential and magnetic flux density near the axis of a single circular 
loop of current. 

6. Find tin? best spacing of three coaxial circular current loops lying in 
parallel planes in order to produce nearly uniform magnetic field close to the 
axis, if (a) the loops are identical and carry the same current I, {b) the loops 
are identical but carry conveniently chosen diff(‘rent currents. 

7. For the two semi-in fniite coaxial cylinders in Fig. 30-3 determine the 
values of z for which the potential along the axis is within 2% of the respective 
cylinder potential. Check this with the approximation form (30*50). 

8. A very large number of coaxial cylinders of equal diameters are arranged 
with infinitesimal gaps similar to the two cylinders shown in Fig. 30*3. As¬ 
suming that the voltage increment between any two inaghboring cylinders is 
AF, find the potential distribution along the axis. Choose the haigth to 
diameter ratio L/2a so that the potential increases nearly linearly along 
the axis. 
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9. A circular cylinder of length L, radius a, and completely closed except 
for a coaxial circular aperture of radius 6 < a in one of the end faces can be 
considered a collector of electrons or ions. Find the potential distribution 
inside, if the cylinder is at ground potential and the aperture has an arbitrary 
radial potential distribution ^(r). Plot some equipotential surfaces if 6 = o/2 
and the aperture potential is a linear function of the radius. 

10. In a solid cube of side a, one face is kept at temperature To, the opposite 
face is ideally insulated, and all the other faces transfer heat to the ambient 
medium of zero temperature in accordance with (29-24), namely, k{bT/dn) + 
fT = 0. Find the thermal resistance of the cube. 

11. A rectangular metal box as shown in Fig. 31 -1 has the face x = 0 kept 
at potential dilTerence V with respect to all other faces. Find the potential 
distribution. Find the surface charge on the face x = a. 

12. Assume in problem 11 that the two opposite faces x = 0 and x = a are 
kept at the same potential diffenaice with respect to all the other faces. Find 
the potential distribution. Find the charge distribution on face x = 0 and 
its total charge. 

13. The solid conducting rectangular block in Fig. 31-1 has two electrodes 
with potential dilT(;rerice V applied, one covering the left half top facex = a, 
the other covering the right half of the lower face x = 0. Find the resistance 
of the block. Hint: divide the block into two halves by the plane z = c/2 
and establish the boundary conditions in this plane. 

14. Find the capacitance between two confocal ellipsoids of semiaxes 
A > B > C, and a > h > c, resj)eclively. 

15. Find the gravitational potential produced by an ellipsoid of mass 
density p and witli .semiaxes a > h > c. Show that at large distance the mass 
can be considered as concentrated at the center of the ellipsoid. 

16. A dielectric ellipsoid with semiaxes a > b > c and of dielectric constant 
e becomes uniformly polarized in a uniform electric field which is parallel 
to the largest axis. If the polarization is parallel to and in opposite 
direction, find the resultant potential distribution. Plot some resultant equi¬ 
potential and field lines. Find the resultant potential at large distance from 
the ellipsoid. Find the equivalent dielectric constant in terms of F and 

17. A conducting (*lIipsoid of semiaxes a > h > c is introduced into a uni¬ 
form electric field E^'^^ with its axis b parallel to it. Find the resultant po¬ 
tential distribution. Find the charge distribution over the surface of the 
ellipsoid. 

18. Find the approximations for a thin long rod for which a » h and 6 = c 
by utilizing the solution for the* conducting ellipsoid. Verify the results with 
the values obtained in section 12. 

19. Deduce the Laplacian differential equation and its separation into 
ordinary dilTerential equations for the circular cylinder coordinates by means 
of the generalized theory in section 32. 

20. A solid cylindrical ring as in Fig. 32-2 has the base z = c kept at high 
temperature Ti, the opposite end face z = 0 is cooled to a low temperature 
Tq, and the cylinder surfaces p = a and p = 5 transfer heat to the surrounding 
medium in accordance with (29*24) in the form k{dT/dn) A- f(Ti — T 2 ) « 0, 
where T 2 is the fixed temperature of the ambient and T\ > T 2 > Tq. Find 
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the temperature distribution in the ring. Find the total heat transferred from 
the heated base 2 = c. 

21 . All the walls of a hollow cylindrical ring as in Fig. 32*2 are kept at zero 
potential except an annular ring Oi < p < 61 on the face 2 = 0 , which is at 
potential V and separated by infinitesimal gaps from the rest of the surface. 
Find the charge distribution on the annular ring. Find its capacitance with 
respect to the walls of the cylinder. 

22. A solid cylindrical ring as in Fig. 32 • 2 has two thin ring electrodes ap¬ 
plied in its center plane 2 = c/2, one at the outer surface p = b, the other at 
the inner surface p — a. Find the current distribution if the total current 
entering is 7, the small width of the electrodes w, and the current distribution 
can be assumed as uniform. Find the resistance of the ring. 

23. A solid cylinder of finite length is heated internally by distributed 
sources of space density h such as joule heat. Find the temperature distri¬ 
bution if the heat loss on all surfaces is given by (29-24) in the form k{dT/dn) 
+ f{T — To) = 0, where To is the ambient temperature. Find the maximum 
temperature. Find the temperature distribution along the axis. 

24. A hollow cylinder of finite length is grounded. Find the potential dis¬ 
tribution if a quasi sphere with charge Q is placed on the axis at the center of 
the cylinder. Find its capacitance. Hint: divide the cylinder space by the 
plane of symmetry into two halves and consider that in this plane the normal 
dielectric flux is injected like current from an electrode. (See also Smythe, 

p. 175.) 

25. A very long conducting cylinder of radius a is covered with a dielectric 
of thickness a/2. Find the distribution of the potential and the electric field 
within the dielectric if the conductor surface has a potential value given by 
V sin(27r2/L) and the outer surface of the dielectric is kept at zero potential. 

26. A solid conducting cylinder of radius a and finite length has one cylin¬ 
drical electrode of small radius p appli(;d at one end face* with center at r = a/2 
and the second, like electrode at the opposite face again with centeir at r = a/2 
but in diametrically opposite position. Find the; resistance to the current flow. 

27. A hollow cylinder of radius a and finite length L has a narrow slot e*ut 
in its cylindrical surface parade;! to the axis and of length L/2. Assuming that 
the cylinder is grounded anel that the slot is e;ove;red with a strip of potential 
V, find the capacitance of the strip with respect to the; cylinder walls. Assume 
the slot symmetrically located and the strip) fitting into the slot wdth infini¬ 
tesimal clearances. 

28. A point charge Q is locate;d at a distance d from an infinite plane dielec¬ 
tric boundary. Find the potential distribution by me*ans of (32-44) for the 
potential of the point charge and the complete solution of the; boundary value 
problem. Demonstrate that the result can be interi)reted in terms of the 
image method in section 21 . 

29. Find the capacitance between two small spheres of radii pi and p 2 
carrying charges dtQ and being located symmetrically with respect to the 
dielectric plate in P'ig. 32-4. 

30. A circular loop of current of radias R is located in a plane parallel to 
an infinite magnetic plate of thickness a and permeability p, analogous to 
Fig. 32 • 4. Find the inductance of the loop. 
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31. A circular ring of charge of loop radius R and small wire radius p is lo¬ 
cated in a plane parallel to an infinite plane dielectric boundary and at distance 
o from it. Find its capacitance. Find the charge distribution on its surface. 

32. Two small semispherical electrodes with centers in the surface of ground 
and buried in it are a distance 2c apart. Find the resistance between them if 
the ground has uniform conductivity 71 to a depth oi, and uniform conduc¬ 
tivity 72 for the additional depth 02 , beyond which the conductivity is so large 
that it can be assumed infinite. 

33. Verify the solution (32-62) for the two half elliptic cylinders in Fig. 
32-5 by means of conformal mapping. 

34. Find the charge distribution on the two half cylinders of Fig. 32-5 and 
evaluate the capacitance. 

35. Deduce the Laplacian differential equation and the equivalent ordinary 
differential equations in the coordinates r and 6 for the spherical coordinate 
system from the general theory at the beginning of section 33. 

36. Find the temperature distribution in a solid sphere of radius a if the 
two diametrically opposite caps 0 < 0 < 7r/4 and 37r/4 <6 < ir are kept at 
high temperature Ti and the zone of the surface ir/4 <0 < 37r/4 is kept at 
low temperature Tq. Find the thermal resistance. 

37. A solid hemisphere of large radius a is set with its flat surface upon 
conducting ground of potential 4> = 0. Find the current distribution in the 
sphere, if an electrode of potential V is applied over 0 <6 < ir/6 with pole 
0 = 0 located on the normal to ground. 

38. A solid conducting sphere has two electrodes of small area S applied 
at the points A and B' as in Fig. 33-3. Find the resistance between the 
electrodes. Hint: use for the associated D^gendre functions a Taylor series 
approximation near 

39. A conducting thin hemispherical shell of radius a is placed with its 
large circle a small distance above a conducting plane. Find the capacitance 
between the shell and the plane. Find the charge distribution induced in the 
plane if the shell carries a total charge Q. 

40. The dielectric spherical shell of finite thickness as in Fig. 33*4 with 
62—8 and 63 = 60 carries two hemispherical electrodes of potential difference 
V on its outer surf ace. Find the internal capacitance between the hemispheres. 
Compare it with the case of a single dielectric of constant eo. 

41. A uniformly charged circular ring of radius R is coaxial with a dielectric 
sphere with constant eo and radius a. Find the resultant field distribution if 
the plane of the ring is at distance h from the center of the sphere. Find the 
capacitance of the ring for a small wdre radius p. 

42. Find the potential solution for a point charge Q located within the di¬ 
electric sphere at b < a in Fig. 33-5. Find its capacitance for a small radius 
p. Find the approximate charge distribution on the surface of the sphere. 

43. Find the mutual inductance of two coaxial parallel circular current 
loops of equal radii a and center distance d in terms of spherical harmonics. 

44. A circular current loop of radius R is coaxial with a magnetic sphere of 
permeability p and radius a. Find the resultant magnetic field distribution 
if the plane of the loop is at distance b from the center of the sphere. Find 
the inductance of the loop for a small w^ire radius p. 
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45. Find the potential distribution within the cone d = tt/G and r ^ o if 
the potential difference between the cone surface and the spherical zone is V. 
Find the capacitance. 

46. A point charge Q is located at the axis of a grounded cone with angle 
0 = Tr/6. Find the induced charge distribution on the cone. Assuming the 
charge to reside on a small sphere of radius p, find its capacitance. 

47. A thin circular metallic disk of radius R is located at the center of an 
oblate conducting spheroid of semiaxes a and b = 3a/4. Find the potential 
distribution if the disk belongs to the family of spheroids. Find the capaci¬ 
tance of the disk. 

48. Find the potential distribution within a dielectric, oblate spheroidal shell 
of finite thickness in a uniform electric field parallel to the axis of rotation. 

49. A very small sphere with charge Q is located in the center of a circular 
aperture of an infinite conducting plane. Find the field distribution. Find 
the capacitance of the sphere. 

50. A thin metallic rod of length 2c is located at the center of a prolate 
conducting spheroid of semiaxes a and b = 3a/4. Find the potential distribu¬ 
tion if the rod belongs to the family of the spheroids. Find the capacitance of 
the rod for a small radius p. 

51. Find the potential distribution within a dielectric prolate spheroidal 
shell of finite thickness in a uniform field parallel to the axis of rotation. 

52. The inside of a tank of insulating material filled with conducting fluid 
can be approximated b}^ a prolate spheroid of semiaxes a and b = a/2. Two 
electrodes are inserted at the opposite ends along the axis of revolution; their 
lengths are o/lO. Find the total resistance of the fluid if the uniform con¬ 
ductivity is 7 . 

53. A small sphere is located with its center in the surface plane of ground. 
At a distance c directly below the sphere is a very long thin rod extending 
perpendicular to the surface of the ground. Find the resistance between the 
sphere and the rod if a potential difference V is applied and if the conductivity 
of ground can be assumed uniform, l^se the inverse to the prolate spheroidal 
coordinate system. 

54. Show that the integrals in (33-112) are reducible to elliptic integrals. 

Demonstrate that the solution in (33-111) actually l)ecomes that for the 
circular ring of charge if a is very .small and b Observer that as be¬ 

comes very large, one can approximate (cosh — cos ► \/cosh — 

cos 77/Vcosh ^ 0 ). 

55. The infinite plane z = 0 ha.s zero potential everywhere except for a 
circular area of radius R where the potent ial is V. Find the potential distribu¬ 
tion for z > 0. Find the charge distribution in the plane z == 0. 

56. Two conducting planes intersect at an angle tt/G. Find the potential 
distribution between their halves if they are bi.sected by a plane normal to 
both, and one half of the intersecting planes carries potential zero, the other 
hfilf potential V. Find the charge distributions on the planes. 

57. Find Green’s function for the interior of a cubical box. 

58. A thin spherical shell is bisected into two hemispherical shells with a 
potential difference V between them. Find the potential distribution inside 
the shells by Green’s function, and verify the solution (33*31). 
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The letter symbols for electrical quantities have been chosen in close 
correspondence with the latest*^Proposed American Standard,” prepared 
in 1947 by the Committee Z10.8 on Letter Symbols for Electrical 
Quantities of the American Standards Association under the chairman¬ 
ship of Professor Edward Bennett. To make reference more con¬ 
venient, table 1 • 2 gives an alphabetical list of the quantities, their 
symbols, and their units in the now most frequently used rationalized 
MKSC system (the extended Giorgi system of units), which has as 
fundamental units the meter, kilogram-rnass, second, and coulomb. 
W'here the standards proposal allows alternative symbols or designations, 
a choice has been made here which leads to minimum conflicts. The 
only major discrepancy is the symbol K, used here for the current sheet 
density instead of A, since the latter would conflict with A, the symbol 

TABLE 11 


Alphabetical List of Symbols with Item Number of Table 1*2 



Item No. 


Item No. 


Item No. 

Symbol 

Table 1 -2 

Symbol 

Table 1 • 2 

Symbol 

Table 1*2 

A 

37 

M 

34 

7 

7 

B 

22 

m 

28 

e 

11 

C 

1 


29 

«r 

13 

c 

41 

P 

33 


12 

D 

14 

P 

38 

A 

20 





X 

3 

£ 

24 

P 

27 

M 

30 

5 

36, 26 

Q 

2 

Mr 

32 

F 

21 

a 

39 

Mt» 

31 

G 

6 

R 

40 

P 

5 

H 

25 

S 

16 

a 

4 

I 

8 

V 

17 


35 

J 

9 

w 

42, 18 


19 

K 

10 




15 

L 

23 
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for magnetic vector potential, and both quantities occur simultaneously 
in several of the relations in section 6. 

As an additional assistance for the identification of the symbols used, 
table 1 • 1 gives the alphabetic listing of the symbols with the respective 
item numbers of table 1*2. 

TABLE 1-2 



Alphabetical List of 

THE Names of Quantities with 

Item 

Their Symbols and Units 

L Quantity Symbol MKSC Unit 

Remarks 

1 

Capacitance 

C 

Farad 

Notes 1, 2 

2 

Charge, electric 

Q 

Coulomb 


3 

Charge density 
line d. of charge 

X 

Coulomb per meter 


4 

surface d. of charge 

<T 

Coulomb per meter^ 


5 

volume d. of charge 

P 

Coulomb per meter^ 


6 

Conductance 

G 

Mho 

Notes 1, 2 

7 

Conductivity 

y 

Mho per meter 


8 

Current 

I 

Ampere 


9 

Current density 

J 

Ampere per meter^ 


10 

sheet c.d. (linear 

K 

Ampere per meter 

Note 3 

11 

c.d.) 

Dielectric constant 

e 

(width) 

Farad per meter 


12 

of evacuated space 



li 

f 

ll 

13 

relative d.c. 

Er 

A ratio 

(10~V36») farad 
per meter 
relative to 

14 

Displacement, electric 

D 

Coulomb [)er ineter^ 

evacuated space 

15 

Displacement flux 


Coulomb 


16 

Elastance 

S 

Daraf 

Notes 1, 2 

17 

Electromotive force 

V 

Volt 

Note 4 on sub¬ 

18 

or electric potential 
difference 

Energy 

w 

Joule 

scripts 

19 

Flux, magnetic 

4>m 

Weber 


20 

Flux linkage 

A 

Weber-tuni 

Notes 1, 2 

21 

Force 

F 

Newton 


22 

Induction, magnetic, 

B 

Weber per meter^ 


23 

or magnetic flux 
density 

Inductance 

L 

Henry 

Notes 1, 2 

24 

Intensity, electric, 

£ 

Volt per meter 


25 

or electric field 
strength 

Intensity, magnetic, 

H 

Ampere-tum per 



or magnetizing force 


meter 
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Item 

L Quantity 

Symbol 

[ MKSC Unit 

Remarks 

26 

Magnetomotive force O' 
or magnetic potential 
difference 

Ampere-tum 

Note 4 on sub¬ 
scripts 

27 

Moment, electric 

P 

Coulomb-meter 


28 

Moment, magnetic 

m 

Weber-meter 


29 

Permeance 

^P 

Henry 

Or weber per 
ampere-tum 

30 

Permeability, 

magnetic 


Henry per meter 


31 

of evacuated space 



« 4t X 10”^ 
henry per meter 

32 

relative perme¬ 
ability 

Mr 

A ratio 

relative to evacu¬ 
ated space 

33 

Polarization, electric 

P 

Coulomb per meter^ 


34 

Polarization, mag¬ 
netic, or magnetiza¬ 
tion 

M 

Weber per meter^ 


35 

Potential, electric 

<i> 

Volt 


36 

Potential, magnetic 
scalar or magneto¬ 
static potential 


Ampere-tum 

Note 4 on sub¬ 
scripts 

37 

Potential, magnetic 
vector 

A 

Weber per meter 


38 

Power, active 

P 

Watt 


39 

Reluctance 

91 

Ampere-tum per 
weber 

Notes 1, 2 

40 

Resistance 

R 

Ohm 

Notes 1, 2 

41 

Velocity of light 

c 

Meter per second 


42 

Work 

W 

Joule 



Note 1 . Quantities per unit length, area, or volume are generally designated 
by the capital letters from the table with the subscript 1 unless a specific 
symbol is listed in the table. 

Note 2. For mutual coefficients (partial capacitances, inductances, resist¬ 
ances, etc.) double subscripts are used in the sense of determinant notation, 
i.e., the first index indicates row, the second column of the square array of 
coefficients. 

Note 3. Current sheet density cannot be designated by A as proposed in 
the standards, since it occurs in the same equation with A, the magnetic 
vector potential; the notation K if also used by Stratton.-^ 

Note 4- Potential differences usually carry a double subscript, the order 
indicating the direction in which the difference is to be taken. 
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CONVERSION TABLES FOR UNITS 


For the conversion of units from one system to another it is well to 
keep in mind a few basic concepts pertaining to physical quantities' 
which tend to minimize misinterpretations. 

Any mathematical equation defines a relation between numerical 
values, whereas physical laws relate physical quantities whose values 
are expressed with reference to specifically chosen units. A physical 
quantity Q is best conceived as the product of a numerical value N 
and the chosen unit Uy 

Q = NU (1) 

which merely reiterates the fact that measurement is basic to any 

quantitative knowledge about the physical quantity Q, Conversion 

from a unit Ui to another unit 6^2, 

Q = N,Ui = N2U2 (2) 

involves the knowledge of the conversion factor 

Ui = Aiof/o (3) 

which relates relative magnitudes of units but which obviously itself 
must be a pure number for any two consistent unit systems; thus, 

Q = NiUi = {NiNi2)U2y N 2 = N 1 N 12 (4) 

The following conversion table gives these values N\a with the MKSC 
system of units chosen as system 1, since it has been used throughout 
this monograph; a = 2 is chosen as the CGS electrostatic, a = 3 the 
CGS electromagnetic, and a = 4 the symmetrical Gaussian, system of 
units, respectively. 

Any relation between physical quantities given in the MKSC system 
of units, as for example equation (6-3) 


f 


Hds 


I MKSC units 


(5) 


* Handbook of Engineering FuruHamerUah, section 3, “Physical Units and 
Standards,” edited by 0. Eshbacb; published by John Wiley, New York, 1936. 
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will retain exactly the same form in any other unit system in which 

or in which all units are connected by “unitary’^ relations. There are, 
however, very few such desirably consistent and logical unit systems 
besides the MKSC system which utilize well-established units. All 
the systems in table 2* 1 for a = 2, 3, 4 contain several units which are 
rather arbitrarily defined and therefore lead to extra numerical factors 
in equations like (5) which must be committed to memory. 

To establish the general procedure of converting relations like (5) 
from one unit system 1 to another system a, assume a simple equation 
given in system 1 

A‘B = C (6) 

where Ay B, C are physical quantities defined by (1), so that in systems 
1 and CK, respectively, 

A = Ni^Ui^y B = Ni^Ui\ C = Ni^Ui^ 

A = Na^Ua^y B = Na^Ua^ C = Na^Ua^ 

with conversion factors Nia such as listed in table 2*1. In system 1 
for which (6) is valid, it is obvious that w’ith (7) 

= A'lS Ui-Ui^ = (8) 

In the system a such an assumption is not generally warranted, and 
the units might be related by 

= kUa^ (9) 

wdicre k must be a numeric for any self-consistent unit system which 
claims to be useful for dimensional analysis or model theory. But in 
order to maintain (6) as equation, it must now" read 

Aia)B{a) = ^ (10) 

SO that with the units of system a the numerical values are corrected 
for the non-unitary relation (9). To determine k one needs only to 
convert (9) to system 1 by the relations, 

Ui- = Nia^Ua% 

SO that 

Ui^ Ui^ ^ Ui^ 



(11) 
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and with the unit equation (8) this gives at once 

k = (12) 

Nla^Nla^ k Nia‘ 

to be used in (10). 

Applying this conversion to equation (5) and expressing it in the 
CGS electromagnetic system, one has, with o: = 3 from table 2*1, 

k Nn‘ 10-‘ 

= (CGS emu) 

Similarly, for the symmetrical Gaussian system with a = i, follows 

1 Nu’^Nu' , 10+2 4 ^ 

k Nu‘ 3 X 10+« 3 X 10‘® 


f 


Hds 


At 

1 


7 1 (CGS Gaussian) 


where V = 3 X 10is the value of the velocity of light but not the 
velocity itself. 

This treatment can readily be extended to any mixture of units such 
as the poor compromises that were made rather early in magnetic 
computations by expressing the left-hand side in (5) in CGS electro¬ 
magnetic units and the right-hand side in practical’^ or now MKSC 
units. One obtains 


/ 


Hds 



//, s in emu; I in MKS 


and it should be felt as the author^s obligation to indicate clearly the 
hybrid units used. 
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REVIEW OF FUNDAMENTALS OF 
VECTOR ANALYSIS 


A distinction is made between a physical quantity which is uniquely 
given by numerical value and unit and called a scalar quantity, and one 
that requires in addition the specification of direction in space, a vector 
quantity. The notation of a vector, V, therefore implies the fact that 
one must know all three components in a coordinate system, say Vx, 
Vy, Vx in Cartesian coordinates, in order to be able to construct the 
vector. 

If there is associated with every point in space a vector quantity 
describing a physical phenomenon, such space is called a vector field; 

the electrostatic field, for example, 
is described by the electric field 
strength E. 

Vector Algebra. A vector V may 
be displaced parallel to itself in space 
as long as it retains both length and 
direction. A vector of the same length 
but opposite direction is designated as 
the negative vector —V. The length of 
the vector is usually designated as 
absolute value V| = V: it is a scalar 
value; the direction is usually designated by u» = V/V, the unit vector 
of length 1. A vector of the same direction as V l)ut of length is 
called the inverse vector V“ ^ to V. 

Two vectors V and W referred to a common starting point 0 determine 
a plane. The sum of the two vectors is the directed diagonal of the 
parallelogram formed by them as in Fig. A-1 with the same starting 
point 0. The difference (V — W) of two vectors is obtained by adding 
—W to V; it is the second diagonal in the same parallelogram. For 
more than two vectors the corresponding extensions hold, since one 
can always combine two vectors at one time, their resultant with the 
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Fig. A*1 Addition and Sub¬ 
traction of Vectors. 



Fundamentals of Vector Analysis 


539 


third, etc. The order is irrelevant, since the commutative, associative, 
and distributive laws of algebra are valid. 

Though vector operations as such are entirely independent of specific 
coordinate systems, it is convenient to introduce orthogonal reference 
coordinates and the simplest is the rectangular Cartesian system as in 
Fig. A-2. The vector can then be expressed 

y ^iV,+iVy + kV^ ( 1 ) 

where Vx, Vy, and F, are the projections of V upon the three coordinate 
axes. The sum and difference of two vectors W and V are then simply 

V ± W = i(Vx ± Wx) + iiVy ± Wy) + k(7. ± Wx) (2) 

indicating the obvious extension to any number of vectors. 



Fig. a* 2 Cartesian Reference Coordinates. 

The scalar or dot product of two vectors (also inner product) is defined 
as 

V-W = Fir cos 7 = F(IF cos 7 ) = W{V cos 7 ) 

= + VyWy -h F.]l^) 

It is a scalar and can be interpreted in two different ways: as the product 
of F and the projection of W upon F or vice versa, valuable when work 
is to be computed; and as the sum of the products of corresponding 
vector components, valuable as concept because of its feasible extension 
to n dimensions or even infinite orthogonal systems (see sections 29 
and 31). Application to the unit vectors, already used in (3), gives 

i-i = jj = kk = 1, ij = jk = ki = 0 (4) 
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The vector or cross 'product of two vectors (also outer product) is 
defined as 



i j k 


HVyW, - V,W^) 

VxW = 

V, Vy K 

= nVW sin 7 = 

+j(V^W, - V,W.) 


TVx Wy W, 


+iLiV,Wy - VyW,) 


It is a vector directed normal to the plane defined by V and W and so 
that it forms the third direction in a right-handed triplet with them; 
obviously interchange of V and W changes the direction of n. If the 
cross product of two vectors vanishes, they must have the same direction. 
One can interpret the magnitude of (5) as the area of the parallelogram 
formed by V and W. Application to the unit vectors gives 

iXi = jXj=kXk = 0 iXj = k, jXk = i, kXi = j(6) 

Several significant products of three or more vectors are summarized 
below; the proofs can readily be given by direct expansion with (4) 
and (6): 

U- (VxW) = V- (WxU) = W- (UxV) cyclic change (7) 
U X (V X W) = (U-W)V - (U-V)W (8) 

(TXU).(VXW) = (T-V)(U.W) - (T-W)(U.V) (9) 

Formulation of vector algebra in any other specific orthogonal 
coordinate system requires primarily the pertinent definition of the 
unit vectors. The generalized forms for these are given in section 31. 

Vector Differentiation. In physical problems, vectors are func¬ 
tions of the space coordinates which enter as scalar varial)les into the 
definition of the vector components. Differentiation with respect to 
one of these scalar variables follows exactly the rules of differentiation 
of scalar quantities. 

On the other hand, in the vector field it is important to obtain the 
differential variation with respect to all three space variables. It is 
convenient and economical, then, to introduce a vectorial combination 
of the derivative symbols in the form of the vector differential operator 

V = (“del” or “nabla”) = i + j + k - (10) 

dx ay dz 

Application of this operator to a scalar space function y, z) gives 

V4. = i + j + k — = grad 4> (11) 

OX oy dz 


which is known as the gradient of the scalar function; it is actually a 
vector pointing everywhere in the direction of largest space variation 
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of 4>(x, y, z) and therefore is always normal to the surfaces ^(x, y, z) = 
cons, which are called niveau or level surfaces of 4>. 

As a vector, V can be applied to a field vector either in scalar or in 
vector product form in accordance with (3) and (5), respectively. 
The results in these two cases are 


VV 


VxV 


dFx 

dx 


. dVy ^ dV, .. ^ 
+ + ^ = divV 

ay dz 


i j k 




\dy dz) 

d d d 


dV\ 

dx dy dz 

' 


1' X V, 




= curl V 


( 12 ) 


(13) 


The physical significance of (12) is obvious from the fact that 
div V = 0 is nothing but the law of continuity of fluid flow, characteriz¬ 
ing the fluid as incompressible; if the fluid is compressible, div V is then 
related to the local change in mass density. The physical significance 
of (13) can also be seen best by considering curl V = 0, in which case 
each component must be zero, which can only be if in turn 




or also if 


dx ^ 



dz 


V = grad 4> 


V,dx -h Vydy + V,dz = d^ 


(14) 


is a complete difl’erential whose integral over any closed path must 
vanish. If V is taken as a force vector, then (14) expresses the law of 
conservation of energy and curl V = 0 characterizes the force field V as 
a conservative one with a force function or “potentiar’ 4>(x, y, z). 
Since integration over a closed path is involved, one calls the value 
curl V also a measure of the ‘‘circulation’' of the vector V. 

With the definitions given, one can now deduce 

d^d) ^2* ^2* 

V.(VxV)=0 (16) 

Vx(V$) = 0 (17) 

In a formal sense one can write with (8) 


Vx(VxV) = (V-V)V - (V-V)V 


(18) 
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which is not very sensible; but one can interpret by direct expansion in 
the Cartesian system the first part as meaning V(V-V) = grad div V, 
and the second part as V^. However, the latter contraction is per¬ 
missible only in the Cartesian system, where it can be identified with 
the Laplacian from (15); in no other coordinate system is any explicit 
definition possible, and one certainly must beware of confusing it with 
the well-established operation (15). 

Again, with (7) and (8) one can interpret V applied to products, 
such as 


V(4>>F) = 

-f 

(19) 

V(V-W) = 

(V-V)W -f- (W-V)V + Vx(VxW) -f Wx(VxV) 

(20) 

V- (^V) = 

(y^).Y + ^(V-V) 

(21) 

V-(VxW) = 

W- (VxV) - V- (VxW) 

(22) 

Vx(^V) = 

(V<I>)xV + 4>(VxV) 

(23) 



Fig. a*3 Line Integral of a Vector; Stokes’s Theorem. 


Vector Integral Theorems. The line integral of a vector V is 
defined as 



Vds 




V cos 7 ds 


(24) 


If the path is a closed one and regular, so that it can be contracted to 
a point without intersecting itself, as for example in Fig. A • 3, then one 
can transform 

V-ds = jfjr(^>'V)-dS = jfj^curU Y dS 



(25) 
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This is Stokeses theorerriy and S is the surface bounded by the closed path 
with dS = ndS so chosen that, from the top of the normal direction, 
the closed line integral appears counterclockwise; the surface S can 
have any convenient shape whatsoever. If the closed line integral 
vanishes for any regular path in a continuous volume r, then from 
(25) and (17) 

in t : V ds = 0, VxV = curl V = 0 
and J ? (26) 

V = V<I> = grad ^ J 

This means that a vector field with no circulation is derivable in 
accordance with (17) from a scalar function usually called potential: it 
is a potential field; it is also called a lamellar field because the equi- 
potential surfaces subdivide space into non-intersecting lamellas. 

The surface integral of a vector V is defined as flux of the vector, 


/X 


V dS 




V cos y dS 


(27) 


where dS = n dS is the vector representation of the surface element as 
shown in Fig. A *4. If the surface S becomes the closed one S' which 



Fig. A-4 Surface Integral of a Vector; Gauss’s Theorem. 


is regular, so that it can be contracted to a point without intersecting 
itself, then one can transform 

VdS = Iff. (V-V) dr = Iff div V dr (28) 

where r is the volume bounded by the closed surface S\ This is usually 
called GaiLSs^s theorem or, better, the divergence theorem. If the closed 
surface integral vanishes for any closed surface within a volume t', 
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then from (28) and (16) 


and 


in r'c^yV-dS = 0, V-V = divV = 0 
V = VxA = curl A 


(29) 


This means that a vector field without divergence is derivable from 
another vector function A, usually called vector potential; it is a solenoidal 
field because the vector has no sources and no sinks; the field lines 
defined as everywhere tangential to the vector are closed lines. 

Substituting in (28) for the vector V the product 4>(V^) and using 
(21) in the right-hand integral, one has 




dr + 


M 


4>V2 ^ dr (30) 


This is Greenes first theorem, which can be used for many formal deduc¬ 
tions in the theory of potential fields. Interchanging and ^ and 
subtracting this second relation from the above, one obtains (since the 
center term cancels) 


ff 


- 'ir^^lndS 




~ ^V24>] dr (31) 


which is Green's second theorem. 

Substituting in (28) for the vector V the vector product Vx(VxW) and 
using the identity (22) 

V-VKVxW) = (VxW)-(VxV) -V- [Vx(VxW)l 

one has 


// (VxVxW).dS = Iff. (VxW)-(VxV)dT- . (VxVxW) dr (32) 


which is the vector analogue to Green’s first theorem (30); see Stratton, 
p. 250. By interchange of V and W and subtracting this second relation 
from (32), one obtains 


If [Vx(VxW) - Wx(VxV)l-dS = 

SSI [V. (VxVxW) - W- (VxVxV)] dr (33) 


which is the vector analogue to Green’s second theorem (31). 

General Curvilinear Coordinates. All the vector operations can 
readily be expressed in any orthogonal coordinate system by using the 
general forms of metric factors deduced in section 31 and specifically 
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illustrated in the various coordinate systems of significance in applica¬ 
tions. Because of frequent references in the text to the cylindrical and 
spherical coordinate systems, the most important vector operations 
are repeated below for these systems only. 

Cylindrical coordinates p, 2 : 


V4> 


1 ^ 

^dp p d\l/ dz) 


(34) 


VV 

V.V4> = V24) 


- r~ (pVp) H-—- -f — 

p dp P oyp dz 


P dp \ 


d^\ 

’ dp) 


. 1 d^ 

p2 5^2 


L\p dip dz / \ dz dp / 

u.'-'-m 


Spherical coordinates r, By </>: 




^ 1 ^ 1 

\dr r dO r sin 6 dip / 


V-V = 4 - ir‘‘Vr) + — 

r* dr r sin 0 dd 


— (sin ev*) -\ -— — 

r sin 6 d<t> 


V= V^4> = -- — I — ) + —-( sin 0 — ) + 

dr\ dr / r- sin 0 d0 \ d0 / 


_ ^ 

sin^ 0 


VxV = 


f—^ r~ (sin e\\) - ^1. 

|r sin 0 Ld0 d<t> J 

1 r_l_ 1 (rr*)1. if— {rVe) - —1 

rlsind d<t> dr^ * J r [dr ' J 


(35) 

(36) 

(37) 

(38) 

(39) 

(40) 


(41) 
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use of vector notation is mentioned, also give considerable detail on 
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New Haven, 1901. 

L. Page and N. 1. Adams: Electrodynamics, Chapter I; D. Van Nostrand Co., 
New York, 1940. 

H. B. Phillips: Vector Analysis; John Wiley & Sons, New York, 1933. 

H. H. Skilling: Fundamentals of Electric Waves, Second Edition; John Wiley 
& Sons, New York, 1948. 
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22. V. E. Cosslett: Introduction to Electron Optics; Oxford University Press, 

England, 1946. 

Good introductory presentation of principles and applications. 

23. W. G. Dow: Fundamentals of Engineering Electronics; John Wiley & Sons, 

New York, 1937. 

Very detailed treatment of basic concepts; good bibliography. 
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Appendix 5 

ON BESSEL FUNCTIONS 


The Bessel differential equation 

+ (w’p’* - p^)R = 0 


( 1 ) 


can be solved by a power series in 7np = x multiplied by (wp)^, so that 
the most direct result for real argument x and any real value p > 0 is 


Jpix) = 


{x/2y \ ^ (x/2y {x/2y 

p\ [ l!(p + l)'^2!(p+l)(p + 2) 



P>0 (2) 


Actually, this solution, the first kind of Bessel f unctions, can be con¬ 
tinued into the complex domain as Jp{z) by replacing x in (2) by the 
complex variable z = x + jy. The function Jp{x) is regular at x = 0 
and at X = 00 and possesses an infinite number of zeros for real values 
of the argument which are not harmonically spaced but approach a 
spacing of tt for values of the argument which are large compared with 
the order number p. For small and large values of tlie argument, 
the approximations hold 

(x/2\r 

Jv{^) « ‘^o(x) « 1, 

p! 

For integer values n of the order, the functional values are real for 
positive or negative values of the argument, as well as of order, and 
actually 

Jn{-x) = (-l)Vn(x) = J-n{x), 71 > 0, integer (5) 

For non-integer values p > 0 one interprets 

pi = r(p + i) 

556 


X < 1 (3) 

x'^p (4) 
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where r(p + 1) is the gamma function* of Euler. For negative values 
of the argument, the function takes on in this case complex values, 
which can be written best 


Jpif^x) =f^^Jp{x) ( 6 ) 

For negativey non-integer orders, the Bessel function (2) becomes 

(x/2)=> , (x/2)^ . 1 




where 


=—f-Y 


1 + 


1! (p - 1) 2! (p - l)(p - 2) I’ 

p>0 (7) 


(_p)! = r(-p + 1) = 


PIT 


p ! sin pTT 


( 8 ) 


This Bessel function approaches infinite values as x—>0, so that for 
small values of the argument with p — n + rjy n being the nearest 
integer. 


J-p(x) « 




sin r}Tr 

TT 



1 


(9) 


The general solution of the equation (1) could, therefore, be represented 

by 

AJp{x) + BJ^p{x) 


as long as p is non-integer; for integer values, (5) shows that J-.n{x) 
is not a different solution from Jn(x), In order to have a more general 
second solution, it is customary to define a Bessel f unction of the second 
kind {Neumann function) 


Np{x) 


Jp{x) cos pw — J-p{x) 
sin PTT 


( 10 ) 


which clearly is related to (7) for p non-integer; this solution can be 
continued into the complex domain as Np(z) in the same manner as 
Jp{z), For integer values of the order number n one takes 


»r /-X „ i:_ [■^n+xC®) COS (n + r))x - J-^n+„){x)] 
J^n\X) — lim \ ; - / 

rj -^0 [ sin (n -f rj)T J 


( 11 ) 


which is formally written 
Nn{x) 


Jn{x) COS nw — J-.n{x) 
sin mr 


( 12 ) 


* E. Jahiike and F. Emde, Tables of FunctionSy p. 9; reprinted by Dover 
Publications, New York, 1943; originally published by B. G. Teubner, Leipzig, 
1938. 
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and can be expressed as a rather unwieldy series expansion* by the 
usual process of evaluating indeterminate forms. This function 
always approaches infinite values as a; —^ 0, in fact for small values 
of Xj the following approximations hold: 


No(x) « 
Nn{x) « 
N^{X) « 


TT yx 

(n - l)! ^2y' 

(p — 1)! sin r;7r /2 V 

TT rjTT \x/ 


(1 + e), 


(13) 

(14) 

n < p < n + I (15) 


where In y = C = 0.5772, the Euler constant, and where with 
p = n + r;, 


s = r}l\l/{-7i) + \l/(n - 77 )], 



1 

V a 


) 


For very large values of the argument. 



(p 4- 3^) 


TT 

2 ^ 


x^p (16) 


For negative order numbers, one has with (10) 


-J--p(x) cos PTT + Jp(x) r r \ ’ I AW \ 

iV-p(x) = - - -^- = Jp{x) sin PTT + ^p{x) cos PTT 

sin pir 

(17) 


so that no new solution results whatever the value of p may be. For 
integer values n of the order, the functional values are all real and (17) 
gives very simply 


iV_n(x) = {-\rNn{x) = Nn{-X) (18) 

The general solution of the Bessel equation (1) is, therefore, 

Rp(mp) = AJpimp) -f BNp{mp) (19) 

which reduces to the first term if the axis p •-= 0 of the cylindrical 
system is included in the region of the solution, since Np is not regular 
for p = 0. 

Bessel functions of the third kind (Hankel functions) are really a special 
combination of the Bessel functions of the first and second kind; how- 


* Jahnke and Emde, loc. ciL, p. 132. 
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ever, for applications in boundary value problems they have particular 
usefulness. They are given by the definitions 

H^^^Hx)^Jp{x)+jN,{x) (20) 

=Jp(x) -jNpix) (21) 

for any value of p > 0 and can be extended to complex argument in the 
same manner as the two individual functions Jpiz) and Np{z), For 

negative values of the argument one has 

H^p^^Kx) = (22) 

Both functions are singular at x = 0 because of Np(x)\ their values for 
x'^ p are readily given by the complex combination of (4) and (16), 

. p 2»p (23) 

« ^exp |(-i) - (p + 

The Hankel functions are therefore related to the first and second kind 
of Bessel functions as the complex exponential to the cosine and sine 
functions. Indeed, if one expands the differential equation (1), 
divides by p^, and lets p—> oo, it reduces to the differential equation of 
the trigonometric or complex exponential functions, indicating that the 
Bessel solutions degenerate into the simpler harmonic series for the 
plane boundary value problem. 

For complex argument, neither Jp{z) nor Np{z) remains finite as 
2 —► 00 because of the complex trigonometric functions; however, 
Hp^^^iz) will vanish as z—^ oo if Im(z) > 0, and Hp^'^^{z) similarly if 
Im(z) < 0 as seen from (23). This fact accounts for the use in bound¬ 
ary value problems where vanishing values at infinity are required. 

Modified Bessel Functions. In many problems, the differ¬ 
ential equation (1) might have (—m^) replace (+m®), so that 

P ^ (p 0 - (mV* + P*)K = 0 (24) 

The solution is then given by the same group of Bessel functions, but of 
imaginary argument jmp = jx. The approximations (4), (16), and (24) 
for real arguments x'^ p suggest characteristics like the hyperbolic and 
real exponential functions for imaginary arguments jXf if \x\ »p. 
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This has prompted the introduction of the “modified” Bessel functions 
which have real function values. 

From (2) one sees that all terms in the brackets remain real for 
imaginary argument, so that the modified Bessel function of the first kind 

= (^/2)" i {x/2)^ {x/2y . 

p! 1 ^1 !(p + 1)'^2!(p + 1)(p + 2)‘^‘ 

p > 0 (25) 

defines a real solution of (24), which, however, can readily be extended 
into the complex domain as Ip{z) by replacing a: in (25) by 2 = x + jy. 
For small values of the real argument, the approximations hold 

~ h{x) « 1; a: < 1 (26) 

p! 

whereas for large values of x the function grows beyond all limits. 

For negative, non-integer orders, one can define in analog}'^ to (7) the 
modified Bessel function 


I^p{x) — j^J^p{jx) 



as a real solution of (24) with ( —p)! from (8). But, again, for integer 
orders n this gives no new function, but rather 


= In{x) = (-l)”/n(-x), 71 > 0, integer (28) 


It is therefore customary to construct a modified Bessel function of the 
second kind in close analogy to (10), 


2 L sin pTT 


(29) 


which is clearly related to (27) but carries the extra factor 7r/2. For 
integer values n of the order number, one takes as in (11) 


Zn(x) = ^ lim 


~ 1 _ 


sin (n + r))T 


(30) 


which is formally written as (29) with n replacing p and which can be 
expressed as an unwieldy series expansion by the process of evaluating 
indeterminate forms. 

Introducing (10) into (20) and combining the coefficients of Jp(x), 
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one has for imaginary argument 

= ij-Cr^VK,(x) (31) 
sin pTT T 

SO that for large arguments x, by use of (23), 

x»p (32) 

The general solution of the modified Bessel equation (24) is, therefore, 
Rpimp) — AIp(mp) + BKp(mp) (33) 

which reduces to the first term if the axis p = 0 of the cylindrical system 
is included in the region of the solution, because Kp is not regular there; 

and which reduces to the second term if the point p = oo is included 

in the region of the solution, since Ip is not regular there. 

Nolation of Bessel Functions. Though the notation for the 
Bessel functions of the first kind and for the modified Bessel functions 
has remained rather well standardized since their introduction into the 
mathematical literature, not even seeming uniformity has been achieved 
with respect to the Bessel functions of the second kind. Table 5*1 
gives the comparative notation as now found in the literature, and 
Jahnke and Emde’s first edition, p. 173 (see below), should be con¬ 
sulted for tlie notations and definitions of functions used in the earlier 
literature. It is most unfortunate that very few authors are con¬ 
siderate enough to relate their own notation at least to that of standard 
works. 

The Bessel function of the second kind .Vp(x) defined in (10) is fre¬ 
quently designated as Fp(.r); however, this is also the notation intro¬ 
duced by C. Neumann in 1867 for a function defined by 

1 N^ix) + ./p(x) In - (34) 

2 y 

where In 7 = (7 = 0.5772 is the Euler constant. To avoid confusion, 
some authors use Kp{x) for this function which, however, is the standard 
designation for the viodijlcd Bessel function of the second kind. It is, 
therefore, imperative to ascertain the defining equations for each of the 
function symbols used before starting comparison of solutions. 

The Orthogonal Function System. The most general solution 
of the Bessel equation can be taken as (19), since the Hankel functions 
by (20) and (21) are covered by the special constants B = ijA, and 
since the modified functions differ only by constants from standard 
Bessel functions as shown by (25) and (31). One can, therefore, 
discuss all general relations directly in terms of R{mp) = R{x), 
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References (4): Nielsen (ref. below), who does, however, not use the modified Bessel functions; Bateman.^^ 

References (5): Gray, Matthews, and MacRobert^^; MacRobert^^- also uses Gp{x). 

References (6): MacLachlan (ref. below), Karman and Biot (ref. below), who also gives a good table of comparative notation. 

* Whittaker and Watson^^® use Ap(a:) cos pT in order to obtain the same recurrence formula as for /n(x), but also designate 
it as Kp{x). 
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Useful relations are for real arguments x — mp 


Rp^i{x) + Rp+i{x) = — Rp{x) 

X 

IRp-i(x) - = -^Rpix) 

2 2 ax 


— [p=^’'Rp(inp)] = ±mp^’’Rp^i(,mp) (37) 

(ip 

Cp^p-^^Rp(mp) (fp = =h — p^P-^^Rp^i (mp) (38) 
J m 

In the last two relations upper and lower signs have to be taken cor¬ 
respondingly. 

Because the Bessel equation (1) is of the Sturm-Liouville type dis¬ 
cussed in section 29, namely, 




with characteristic numbers X = and weight function p(p) = p, 
the Bessel functions form an orthogonal function system within a range 
Pi ^ P ^ P 2 for homogeneous boundary conditions. One finds, then, 
for the norm with (37) and (38) and integrating by parts 


(a) « 

t/pi 


p[/i;p(7naP)l^dp = ~\[Rp{map)]^ 


1 (^oP)f^p4-l (^aP) f (39) 


which reduces for the homogeneous first boundary value problem with 
(35) to 

^ lRp+^{maP2)V - ^ [ftp+,(m<.pi)]* 

if 

Rp{map2) = RpirriaPi) = 0 (40) 

and for the homogeneous second boundary value problem with (35) 
and (36) to 

~ P*l[Sp(TOoP2)r 

2 ma- I 

- [(wiaPi)** - p’l [ffp(m„pi)]“| (41) 


Rpimap) 

jdp 
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Any integrable function G(p) can then be analyzed in terms of the 
Fourier-Bessel series 

G^(p) = L AaRpirriap) (42) 

asl 

where the coefficients A a have to be determined by the integral 

Np^^^Aa^ rpGip)R,(map)dp (43) 

typi 

Unfortunately, these integrations can be performed in closed form for 
very few functions G(p); see Watson (ref. below) for the most complete 
collection of integral relations. 

References. Most texts on advanced calculus have a chapter 
devoted to Bessel functions; they are usiially restricted to the first 
kind, however, as for example Churchill,^ ^ Reddick and Miller,and 
Woods (see 6 below). More complete relations are given in Smythe,"^^^ 
and other references cited in table 5* 1 , as w’ell as in the following books: 

1. E. Jahnke and F. Emde: Tables of Functions; reprinted by Dover Publi¬ 

cations, New York, 1943; originally published by B. G. Teubner, 
Leipzig, 1909 (First Edition); 1938 (Third Edition). 

2. Th. v. Karman and M. A. Biot: Mathematical MeiJuxis in Engineering^ 

Chapter II; McGraw-Hill, New York, 1940. 

3. N. W. McLachlan: Bessel Functions for Engineers; Oxford University 

Press, 1934. 

4. N. Nielsen: Zylinderfunktionen; B. G. Teubner, Leipzig, 1904. 

5. G. N. Watson: Bessel Functions; Cambridge University Press, 1922. 

6 . F, S. Woods: Advanced Calculus; Ginn, Boston, 1920. 

As a convenient collection of references to tabulated values of the 
Bessel functions see A. Fletcher, J. C. P. Miller, and L. Rosenhead: 
An Index of Mathematical Tables; McGraw-Hill, New York, 1946, p. 
244. 
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ON LEGENDRE FUNCTIONS 


The Legendre differential equation 


^ l + Ur = 0, n = integer (1) 

Sin ^ \ dJd ) 

can be solved most readily in terms of a power series in cos 0 = fi. 
With the introduction of ii into (1), the equation transforms into 


— (1 — ^ 4- n{n + 1)T = 0, /x = cos 6 

djjL L dfij 


( 2 ) 


and for integer values of n, as assumed, the solutions actually become 
polynomials 

PM - L - 


lU — - U 

n! [ 2(2n-l)'^ 

n(i 

+ 


n(» - l)(n - 2)(n - 3) _ 

2-4-(2n - l)(2n - 3) ^ 


of which the first few have the explicit forms 

Po(m) = 1 Pi(m) = M 

P2(m) = H(3m^ - 1) P3(m) = y2W “ 3m) 


(3) 


(4) 


These are variously called Legendre^8 coefficients, Legendre^s polynomials, 
or Legendre functions of the first kind. Because of their polynomial 
nature, these functions actually exist in the complex domain as Pn{z) 
by replacing p in (4) by the complex variable z = x + jy; they are 
regular in the entire z-plane with the exception of z = qo , where they 
have a pole of the order n. One readily has 

P2„(0) = ~ 0 , p,„^j(0) = 0 I 

2-4-6-**2n ) 

Pn(l) = 1 

as well as 

Pn(-«) “ (-1)”P«(Z) 
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( 6 ) 
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Legendre Functions of the Second Kind. A second and linearly 
independent solution of the differential equation (2) for integer values 
of n is given by the second kind of Legendre functions 

e«(M) = ^ Pn(/x) In - Tr„_i(M), M = cos (7) 
2 1 “ M 

where 

W„.i(ix) = -£ (8) 

m=l rn 

is a polynomial of the (n — l)st degree; the first term in (7), however, 
has logarithmic singularities at = ±1. The general solution of the 
Legendre equation is then 

TM = APn(M) + BQM (9) 

which reduces to the first term if the axis /x = ±1 of the spherical 
problem is included in the region of the solution because of the logarith¬ 
mic singularities of Qn(M)- 

The functions of the first few orders are explicitly defined as 
Qo(m) = J In QM = - 1 

2 1 — M 

( 10 ) 

QtW = P2(.li)Qoifl) — = P3{li)Qo{fl) + Z 

L 2i O 


showing the even order functions to be odd in and conversely; one 
also has for this reason 


9.4 .c... 

Q2n(0) = 0, Q2„+,(0) = (-1)"+* - ~y ,, 

1 -S-S-••( 2 n — 1 ) 

Qn(-/3) = (-l)’’+‘Qn(M) 


( 11 ) 


Because of the logarithmic term, 


Q„(l) = 00 


( 12 ) 


Extension of the solution (7) into the complex domain as well as to 
real values a; > 1 requires a modification in the logarithmic term, 
namely, 


- 1 2 + 1 
Qn(z)=-P.iz) In^- 
2 2 — 1 


ir„_i(2) 


(13) 
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so that for real values a; > 1 the function remains real. Expanding 
(13) into a power series, one obtains 

5 ^ _f 1 , (w + l)(n + 2) 1 

’ 1.3.5...(2n + 1) [ 2 »+‘ 2(2n + 3) «»+* 

(n + 1) (n -h 2) (n 4“ 3) (n -j- 4) 1 , 

2*4-(2n + 3)(2n 4-5) 

Since in the complex domain 2 = zfcl represents branch points of the 
function (13), one must introduce a branch cut or barrier along the real 
axis connecting 2 = 4-1 and z — —1 in order to make the logarithmic 
term in Qn{z) one-valued. One defines, then, 

2 4-1 = 2 - 1 = p2 



with 0 < 01 < 27r, — tt < 02 < 4-?r; this gives different values just 
above and just below the branch cut and actually defines QnCp) in (7) 
as half the sum of the values Qn(l^ -f jO) and Qn(M — ^0). 

For values I 2 I ^ 1, one can approximate (14) by the first term, 


Quiz) 


_wj_ 1 __ 

l*3-5---(2n 4- 1) 


(15) 


Since IFn-iCz) is obtained from (8) by replacing fi by the complex 
variable 2 = x 4- jy^ one can use the explicit forms (10) with the 
appropriate change for Qoiz)f so that 


Qo{z) = ^ In 


g + 1 
2 - 1 


Qiiz) = P2(2)Qo(z) - ^2 


Qliz) = Pi(2)-Qo(2) -1 


Qz{z) = P3(2)-Qo(2) -^2*+^ 

^ O 


(16) 


For purely imaginary arguments one can also use the identity 


QoUy) 



j> + i 
jy - 1 


—j cot~^ y 


The Orthogonal Function System for Integer Values n. The 

differential equation (2) is definitely of the Sturm-Liouville type with 
the characteristic numl)ers X = n{n + 1) which are integer because n 
is integer, and with weight function p(/x) = 1. For the real variable 
fjL = cos 6 and |m| ^ 1, the general solution is given by (9); for the com¬ 
plex variable 2 5 ^ m the general solution is given by 

fniz) = APniz) + BQr,{z) 


( 17 ) 
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since the definition (3) of Pn can be directly extended into the complex 
domain. 

Several useful relations are 

{n + l)Tn(M) + nTn-M = (2w + 1) (18) 

^ ^ r«-i(M) = (2n + 1)TM (19) 

diJL a/x 

(1 - M*) rn(M) = (n + l)[Mr„(M) - Tn+iCM)] (20) 

dfi 

(2n +l)f TnM dn = !r„+i(M) - 7 ’„_i(m) (21 ) 

which also hold for Tn{z) if M is consistently replaced by 2 . 

If one now writes the equation (2) for two different values of n, say, 
n = a and n = multiplies the first by and the second by Ta and 
subtracts them, one has 



^l-a{a + l)+m + l)]TaTfi 

Integration between fii and ^12 gives on the right-hand side the form 



Ta{tJi)Tfi{lJL) d/JL 


with a factor that can vanish only for a = the left-hand side is 
directly 


(1 


- M*) ( t ^ 


dn 



But no two functions of the series Pn or Qn or their derivatives can vanish 
at the same value of the argument 7 ^ 0 (observe that in the Bessel 
functions an adjustable parameter m was available); even at /x = 0 
only even-ordered Pn and odd-ordered Qn vanish. It is therefore not 
possible to construct an orthogonal system of functions satisfying the 
first or second boundary value problem, except in the interval /xi = — 1 
to /X 2 = +1. However, at those values Qn(M) possesses logarithmic 
singularities, so it has to be excluded also. Only Pniy>) can form an 
orthogonal function system and only in the interval — 1 ^ /x ^ +1; i.e., 


-+1 fo for a /3 

/ PMPM dM = j 
•'-i [N„ for a = /3 = n 


( 22 ) 
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where the norm Nn is found by integration by parts and use of (20), 
(21) as 


iVn = 


2n -f 1 


(23) 


The same consideration shows that Tn{z) cannot form any orthogonal 
system, not even for the real variable 1 ^ a: ^ oo, since Pn(a:)—> Qo 
as a;—» oo, and Qn(x) —> oo as a;—> 1 . 

In order to expand any bounded function G{ijl) with at most a finite 
number of discontinuities into the orthogonal Legendre series, 

GitJi) = i AnPnW (24) 

n =0 

one determines the coefficients in accordance with (29-12) and (23) 
above 

2 n 4“ 1 /•+! 

An = J ^ G(n)Pn(fJL) dlX (25) 

If the function to be expanded is given in terms of the colatitude then 
G{e) = E il„P„(cos0) (26) 

n a =0 

and the Legendre functions (4) can be converted into functions of 
multiples of the angle d, namely, 

Po(cOS0) = I Pi (cos 0) = COS0 

(27) 

P 2 (cos 6) = 34(3 cos 20 -f 1) P 3 (cos d) = cos 30 + 3 cos 0) 

The coefficients in (26) are then best determined by 
2n -4- 1 

An = .- / (?(0)Pn(cos 0 ) sin 0 dd (28) 

Associated Legendre Functions of the First Kind. The more 
general Legendre differential equation for integer values n and m 

+') - - »■ 

Sin 0 d0 \ dd / L sin^ 0J 

(w, m) = integer (29) 

can also be solved most readily in terms of a power series in /x = cos 0. 
Introducing n into (29), this transforms to 
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and for integer values of n and m as assumed, the solutions are related 
to the Legendre polynomials, namely, 

= (1 - iU*)’"/*^P„(M), A* = cosff (31) 

which are called associated Legendre functions of the first kind, of order n 
and degree m. Because of (3) it is seen that these associated functions 
exist only for m ^ n as long as both n and m are integer. For the first 
few values n, m (31) gives the explicit forms 

P2Hm) = P2Hpi) =3(l-/x2) 

PsKm) = 1) (1 -/x") Pb^Cm) = 15m(1 P3*(m) = 15(1 

P*\n) = %(7m«-3;i) (1 -M^) PiKfJL) = 1 (7m2- 1) (1 -m') P4®(m) = 105m(1 

(32) 

which are valid for j /a | ^ 1 and real values of jit. 

The extension to real values x> 1 and to general complex values 
z — X + jy is customarily done by defining the modified functions 

— 

Pn^{z) = - l)-/2 P^(2) (33) 

dz^ 


which are regular polynomials in the entire 2 -plane for m even, but have 
branch points at 2 = rtl for m odd. It is therefore necessary to intro¬ 
duce a branch cut or barrier from 2 = —1 to 2 = +1 along the real 
axis in order to make Pn""(2) single-valued in the 2 -plane. Actually, 
then, the value Pn’”(cos d) in (31) will be one half the sum of the values 
just above and just below the real axis, adjusted by ( — 1)”*/^ as com¬ 
parison of (33) and (31) indicates, 

Pn^{cos 6) = % [r"Pn^{cos 6 + jO) + j+”*P„"*(cos 6 - jO)] (34) 


One readily verifies that 

Pn’”(0) = 0 for (n + m) = odd ' 

p„”(0) = (-l)H(n-m) l-3-5-^;(n + m-l) 

2‘4-6* • • (n — m) 

for (n + m) = even 

Pn^iD = 0 


(35) 


whereas 

Pn^{-fJ>) = (-l)’*+"‘Pn*"(M) (36) 

which also holds for the modified function Pn”'(2). 
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Associated Legendre Functions of the Second Kind. A second 
and linearly independent solution of the differential equation (30) is 
given by 

= (1 ~ Qn(M), M = COS0 (37) 

d/i 

where QnW is the Legendre function of the second kind defined in (7). 
Since the logarithmic term remains in Qn”*, its characteristics will be 
essentially dictated by those of Qn- For the first two values of n, m 
one has explicitly 

QiKm) = [<2o(m) + (1 - 

= [smQoCm) + (1 - (38) 

Q^Ky) = |^3Qo(m) - (1 - ***) 

where Qo(m) is taken from (10). 

The extension to real values x > 1 and to general complex values 
2 = X + il/ is customarily done by defining modified functions related 
to (13), namely, 

Qn’^iz) = {Z^ - (39) 

dz^ 


which decrease to zero as z > oo , so that they can be used for potential 
solutions outside of a closed surface. As in the case of Qniz)^ one must 
introduce a branch cut or barrier between z = — 1 and z = +1 in order 
to render the function one-valued. Actually, then, the relation (34) 
can be used for Qn "" in identical manner. 

One readily verifies that 


en’"(0) = 0 

^^"(O) = (- l)W»-’»+« 
whereas 


for (n -b m) ~ even 
2-4*6* • • (n + w ~ 1) 

1 -S-fi- • • (n + w) 

for (n + w) = odd 




(40) 

(41) 


which also holds for the modified functions Qn”*(2). 


The Orthogonal Function System for Integer Values n and m. 

The differential equation (30) is again of the Sturm-Liouville type with 
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two possible sets of characteristic numbers and weight functions (see 
section 29): 

X = n(n + 1), piix) = 1, 9 (m) = - 

1 - At* 

(42) 

or 

X = -m*, pip) = - - > 9 (At) = n(n + 1) 

1 - M 

For each real variable p = cos 0, the general solution is given by 

^"■(At) = APn”‘ip) + BQn”'{p) (43) 

which can be extended to the complex plane by using the modified 
functions 

f„“(z) = AF„”'(z) + BQn”‘{z) (44) 


Some generally useful relations are 

(n - m+ l)T„+i’^ip) + (n + m)7’„_i”*(ju) 

^ i2n + l)pT„’"{p) (45) 

-(n - nt + l)!r„+i”’(At) + (n + l)pT„”‘ip) 

= (1 - p^) ^ T.’^ip) ( 46 ) 

aix 

which also hold for Tn^{z) if M is consistently replaced by z. 

If one writes equation (30) for two pairs of values n and m, say, 
n = m — T] n = m = s; multiplies the first one by T/ and the 
second one by Ta^, and subtracts them, one has for the case r — s — m, 



= [-a{a+l)+li{0 + \)]Ta^Tr 

By the same reasoning as for the Legendre functions one finds at once 
that only the associated functions of the first kind can form an orthogo¬ 
nal system and only in the interval —1 ^ /x ^ + 1 ; i.e., 



jo for a ^ P 
[iVn(m) for a = = n 


(47) 


where the norm Nn{m) pertains to a fixed degree m and variable order n 
and is found as 


Nn{m) = 


2 (n + m)! 
2 n + 1 (n — m)! 


(48) 
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For the second case a = jS = n, one has 



Repeating the reasoning but now pertaining to the degrees r and s, 
one finds that again only the associated functions of the first kind can 
form an orthogonal system and only in the interval — 1 ^ /a ^ +1 ; i.e., 




|0 for r s 

for r = s = w 


(49) 


where the norm N^{n) pertains to a fixed order n and variable degree 
m and is found as 


N^'in) 


1 {n m )! 
m (n — m)! 


(50) 


Which of the two alternatives arises in applications depends on the 
nature of the problem; however, the orthogonalization (47) and (48) 
with respect to order for fixed degrees is the natural one for spherical 
coordinates. If for example a distribution function on a spherical 
surface is given asGiO, 0), where 6 is the colatitude and 0 the longitude, 
then this function can be represented as 


G{d,<t>) = X {^nPn (COS0) 

n *=0 

m «n 

+ cos 7n<t> + Bn^ sin m<t>]Pn”' (cos 6 )} (51) 

m ~l 

where the coefficients An pertain to an axially symmetrical part of the 
distribution function and are determined by (25), if one defines 

G(m) = ^ r^G{d, 4>) # (52) 

tJo 

as the average value of G{6y<t>), The coefficients Ah’” and Rn*" are 
found, respectively, by the combination of the pertinent Fourier series 
coefficient integration and the integration corresponding to (28) but 
with the norm (48), namely. 

An”"] _ 1 2 n + 1 (n - m) I 
Bn”"] 2 (n + m)! 

d4, r G{0, (cos 0) sin (63) 

J^-o Je-o Ism m</>J 
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Non-integral Legendre Functions. Both the Legendre polyno¬ 
mials and the associated Legendre functions of the first kind could be 
made orthogonal function systems over an interval mi ^ M ^ 1 i^ one 
could assure either Pn(Mi) = orPn"*(iLti) = 0. This means, however, 
selecting an order number n such that a zero is made to occur at 
fi — fjLi; this requires definitions of Legendre functions for non-integral 
orders. Though this has been done by relating these generalized 
Legendre functions to the hypergeometric functions (see particularly 
Hobson the lack of adequate tables makes their use more formal 
than practical. 

Notation of Legendre Functions. Though the Legendre functions 
have generally been less subject to confusing notation, there is enough 
variety to make the comparative table 6*1 desirable. The most 
difficult feature is the fact that a number of authors use the same symbol 
for the functions of real argument \ijl\ ^ 1 and complex argument z, 
even though the functional forms and therefore some of the recursion 
formulas differ. Certainly, one can remember these if one deals 
frequently with these functions; for study purposes it is not convenient. 

References. Many texts on advanced calculus and advanced 
electromagnetic theory have at least brief chapters on the Legendre 
polynomials; Churchill^^ and Murnaghan^’^ also deal with the 
Legendre functions of the second kind and real argument |/i| ^ 1 ; 
extension to the associated Legendre functions of the first kind with 
real argument |/i| ^ 1 is shown in Kellogg,^Stratton,and 
Webster^'®. The generalized treatment is found in the references 
cited in table 6 - 1 , in particular also in the following references: 

1. N. M. Ferrers: Spherical Harmonic^^ London, 1877. 

2. E. Jahnke and F. Emde: Tables of Functions, Third Edition; reprinted by 

Dover Publications, New York, 1943; originally published by B. G. 
Teubner, Ijcipzig, 1938, 

3. C. Snow: The Hyper geo metric and Legendre Functions with Applications to 

Integral Equations and Potential Theory; National Bureau of Standards, 
Washington, D.C., 1942. 

4. W. J. Sternberg and T. L. Smith: The Theory of Potential and Spherical 

Harmonics; University of Toronto Press, Canada, 1946. 

6. A. Wangerin: Theorie des Poteniiales und der Kugelfunktionen; B. G. 
Teubner, Leipzig, 1909. 

As a convenient collection of references to tabulated values of the 
Legendre functions see A. Fletcher, J. C, P. Miller, and L. Rosenhead: 
An Index of Mathematical Tables; McGraw-Hill, New York, 1946, 
p. 232. 
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TABLE 6-1 


Comparative Notation op Legendre Functions 



References (1): Jahnke and Emde (ref. p. 574); Helne^® used the same 
symbols for associated Legendre functions with interchange of n and m and 
with extra factors; since some relations are not quite correctly stated, consult 
Hobson.^® 

References (2): Bateman^Smythe^“^ uses n throughout for the variable; 
MacRobert uses x throughout for the variable, occasionally replacing it 
by M = cos and also uses Tn^(x) for (31); Whittaker and Watson^^® use 
z throughout for the variable, occasionally replacing it by cos $ for z real and 
\z\ ^ 1. 

References (3); Snow (ref. p. 574); (*) this symbol was first used by Ferrers 
(ref. p. 674). 

References (4): Hobson^®; (*) he uses, however, ( —l)”*rn’”(M) and calls 
that also (t) be uses (—from first column and also calls 

it 
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(Problem numbers are italicized and follow the page number and a colon) 


Absolute dielectric constant, 1, 72, 
536 

Absolute permeability, 39, 72, 536 
Absorption current, in liquids, 32 
non-reversible, 32 
reversible, 32 
Ampere’s law, 39 

Amplification factor, measurement in 
electrolytic trough, 192 
of triode, cylindrical, 291 
with grid strips, 323 
Analytic function, 8 
of complex variable, 279-281 
in conformal mapping, 302 
continuity of, 279 
differentiability of, 279, 280 
at infinity, 309 
integrability of, 280 
series expansion of, 307 
Laurent, 308 
Taylor, 307 

single-valuedness of, 279 
singularity of, 308 
essential, 309 

Annular coordinates, 453, 454 
Aperture, circular, 431-434 
unsymmetrical, 434 
Associated Legendre functions, 479, 
498, 569 

comparative notation, 575 
differential equation of, 479, 480, 
569 

of first kind, 479, 480, 492, 569 
modified, 498, 569 
modified, 498, 502, 505, 508, 515 
as orthogonal system, 572, 573 
relations betw^een, 572 
of second kind, 479, 480, 570 
modified, 498, 499, 506, 570 

Barrier surface, 44, 78; see also 
Potential, magnetostatic 


Barrier surface, for cylindrical coil, 
214 

for parallel wires, 208 
Bessel functions, 422, 429, 458, 556 
comparative notation of, 561, 562 
differential equation of, 556 
general solution of, 558 
expansion in, 564 
of first kind, 426, 458, 512, 556 
series for, 556 
zeros of, 426 
norm of, 429 

as orthogonal system, 429 
relations betw^een, 563 
of second kind, 458, 459, 557, 558 
series for, 558 
of third kind, 558, 559 
Bessel modified functions, 421, 422, 
460, 511, 559 

comparative notation of, 561, 562 
differential equation of, 559 
general solution of, 561 
of first kind, 560 
series for, 560 
of second kind, 560 
Bifilar wires, 56 

Bilinear transformation, 314-318 
Biot-Savart law, 52, 129 
Bipolar coordinates, 407 
Borda mouthpiece, 382 
Boundary conditions, for dielectric 
flux density, 10 
for electric current, 69 
for electric field strength, 10, 69 
for magnetic flux density, 46 
for magnetic vector potential, 51 
for magnetizing force, 47 
Boundary value problem, of first 
kind, 9 
in plane, 363 
of mixed kind, 9 
in plane, 367 
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Boundary value problem, of second 
kind, 7, 9 
in plane, 367 
of third kind, 76 

Breakdown, electric, of gases, 27 
of liquids, 31 
of solids, 34, 35 
of vacuum, 26 
thermal, of solids, 34, 35 

Capacitance, 13, 72 
of circular disk, 452 
of circular ring of charge, 127 
above ground, 129 
of condenser, cylindrical, 148 
two dielectrics, 150 
plane, 146 

two dielectrics, 146 
spherical, 151 

from curvilinear squares, 203 
of ellipsoid, 450 
oblate, 452, 500 
prolate, 108, 452, 506 
by inversion, 248-253 
measurement of, by current model, 
185 

by electrolytic trough, 192 
of quasi point charge, 97 
between planes, 217 
near sphere, conducting, 98, 103, 
104, 489 
dielectric, 489 
of rod, antenna, 110 
horizontal, above ground, 114 
vertical, above ground, 112 
of spheres, conducting, 232 
intersecting, 250 
of spherical bowl, 253 
of spheroid, oblate, 452, 500 
prolate, 108, 452, 506 
per unit length, of cable, coaxial, 
148 

two-conductor, 225 
between cylinders, concentric, 
148 

elliptic, 320, 406 
parallel, 120, 121 

enclosing each other, 121 


Capacitance, per unit length, of Max¬ 
well grating, 293 
of plane strip, 320, 321 
between semicylinders, 314 
between wire, and ground, 115, 
122 

and intersecting cylinders, 259, 
313 

and intersecting planes, 327 
between wires and ground, 125 
Capacitance coefficients, 15; see also 
Capacitances, partial 
matrix of, 15 
measurement of, 16 
Capacitances, direct, 14 
partial, 14 

from curvilinear squares, 203 
measurement of, 16, 203 
stray, 13 

Cauchy’s integral, 306 
Cauchy’s integral theorem, 281 
use in Fourier integral, 396 
Cauchy-Iliemann equations, 280 
Center of charges, 95-97 
Characteristic functions, 384 
Characteristic numbers, 384 
continuous spectrum of, 393, 424 
discrete spectrum of, 384, 423, 437, 
460 

by tangent graph, 391 
Charge, electric, 1, 72; see also In¬ 
duced charge; Line charge; 
Point charge 
image, 215 

Charge density, electric; see Electric 
charge density 
magnetic, fictitious, 54 
Charging currents, 16 
Circular aperture, 431-434 
unsymmetrical, 434 
Circular cylinder coordinates, 456, 
457 

Circular disk, 452, 501 
charge density, on, 452 
with, uniform, 467, 490, 491 
gravitational potential of, 491 
Circular harmonics, 399 
Circular ring of charge, 125, 467, 489 
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Circular ring of charge, above ground, 
127 

potential of, 489 
Circulation of vector, 541 
Complete system, in electrostatics, 13 
in magnetostatics, 56 
Complex potential function, 303 
for coplanar planes, 335 
with finite gap, 340, 348 
for coplanar strips, 355 
for half plane, 364, 365 
for lino charge above ground, 326 
for plane strip, 340, 341 
for semicylinders, 314 
for unit circle, 363, 364 
Complex variable, 277-278 
absolute value of, 277 
analytic function of, 279-281 
argument of, 278 
conjugate complex of, 280 
modulus of, 277 
Condenser, 13 

coaxial cylinder, 147 
concentric; sphere, 151 
elliptic cylinder, 320, 406 
ideal, 13 
plane, 145 

conformal mapping of, 333-338 
fringing flux in, 336 
Condenser bushing, 150 
Conductance, electric, 73 
hydraulic, 73 
thermal, 73, 75 

Conductance coefiicients, electric, 80: 
5 

hydraulic, 80: 18 
thermal, 80: IS 
Conductivity, electric, 67 
thermal, 73, 75 
Conductor, electrostatic, 1, 4 
Conductors, system of, electrostatic 
energy of, 16, 18, 19 
in electrostatic field, 15 
forces in, 21, 22 
Cone functions, 495 
Conformal mapping, by analytic 
functions, 301, 302 
linear, 310-318 


Conformal mapping, by analytic func¬ 
tions, rational, 318-321 
transcendental, 321-323 
of condenser, parallel plate, 333- 
338 

with thick plates, 351 
of cylinder grating, 377, 378 
of cylinders, elliptic, 319-321 
intersecting circular, 312 
by graphical superposition, 324 
of hydrodynamic problems, 379- 
383 

non-conformality of, 305-310 
of polygons, closed, inside of, 329- 
333 

outside of, 360-362 
rules for, 332 

with circular arcs, 370-379 
with parallel lines, 338-343 
of rectangle, 354-355 
of rounded corners, 372-376 
of slots, rectangular, 344, 347, 348- 
350, 356 

oppowsing, 352, 353 
of strip, rectangular, 345-351 
of strips, coplanar, 356, 357 
of unit circle, on half plane, 315, 
316 

on itself, 316 
of vertex, single, 325-328 
Conformal representation, 302; see 
also Conformal mapping 
Conformal transformation, 246, 253, 
302; see also Conformal 
mapping 

by inversion, 246-259 
in three dimensions, 246 
in two dimensions, 256 
by stereographic projection, 253 
Conjugate functions, 281 
for cylinder, elliptic, 298, 300 
in uniform field, 287 
for line charges, 285, 286 
array of, cylindrical, 290 
plane, alternating, 296 
dipole, 296-298 
uniform, 291-295 
dipole, 286, 288 
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Conjugate functions, for line charges, 
pair of, 286, 288 
for line current, 285, 286, 288 
pair, 286 

in uniform field, 287 
for Maxwell grating, 292 
for planes, coplanar, 288, 290 
for source line, 285, 286 
for unicursal curves, 299, 300 
for uniform field, 286, 288 
for vortex line, 285, 286, 288 
Conservative electrostatic field, 3 
Continuity, of electric current, 69 
equation, hydraulic, 77 
Coordinates, annular, 453, 454 
bipolar, 407 
cartesian, plane, 387 
three-dimensional, 435 
confocal spheroidal, 474, 475 
cylinder, circular, 456, 457 
elliptic, two-dimensional, 404,405 
three-dimensional, 431, 432, 
468, 469 

general, 454, 455 
parabolic, two-dimensional, 407 
three-dimensional, 472, 473 
dipolar, 495, 496 
orthogonal, general, 440-442 
paraboloidal, 510, 511 
polar, 399 

spherical, 420, 477-479 
spheroidal, oblate, 496, 497 
inverse to, 503 
prolate, 504, 505 
inverse to, 509 
toroidal, 513, 514 
Coulomb’s law, 1 

for ^‘magnetic poles,” 63: 

Critical field strength of air, 30 
for breakdown, 30 
for corona, 30 

Cross product of vectors, 540 
Curl, 541 

in cylindrical coordinates, 545 
in orthogonal coordinates, 443 
in spherical coordinates, 545 
Current, electric, 66, 73; see also Line 
current; quasi line current 


Current filament, 51 
helical, 161 
Current loop, 56, 144 
circular, 140, 492 
rectangular, 131 
Current loops, system of, 60 
magnetic energy of, 60, 61 
Current sheet, 46 
model, 183-187 
Current density, 46, 66, 73 
in cylinder, finite, 462, 464 
equivalent, for magnetization, 55 
sheet, 46 
equivalent, 55 
in sphere, 483, 484 
Curvilinear coordinates, 440, 545; 

see also Coordinates 
Curvilinear squares, in electric fields, 
201 

in magnetic fields, 209 
Cylinder, conducting, current dis¬ 
tribution in, 461—464 
line charges parallel to, 118, 119, 
223 

in uniform field, 224, 286, 288 
with dielectric, 400, 401 
dielectric, conducting strip on, 369, 
370 

line charges parallel to, 226, 
228 

in uniform field, 227, 401 
inversion in, 255-259 
magnetic, in uniform field, 241, 
242 

Cylinders, coaxial, equidiameter, 421- 
431 

with finite gap, 427, 428 
infinitely long, 428, 429 
contacting, 370, 371 
Cylindrical coil, electric field of, 
468 

magnetic field of, 493 
Cylindrical ring, hollow, 458, 459 
Cylindrical shell, dielectric, in uni¬ 
form field, 401 
magnetic, 404 
shielding effect of, 403, 404 
in uniform field, 401 
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Diamagnetic materials, 42 
Dielectric breakdown strength of in¬ 
sulators, 24, 25 
Dielectric flux, 5, 72 
Dielectric flux density, 6, 72 
of long line, 116 
Dielectric flux lines, 5, 197 
Dielectric flux tube, 6, 197 
Dipolar coordinates, 495 
Dipole, electric, 92 
magnetic, 143 

Dipole line charge, 123, 286, 288 
grating, 295-298 
in uniform field, 297, 298 
Dipole line current, 136 
magnetic moment of, 137 
Dipole moment, electric, 92 
of dipole line, 123, 289 
Dirichlet boundary value problems, 
363 

Disk, see Circular disk; Elliptic disk 
Dissipation into heat, 70 
as a minimum, 80: iS 
Divergence, 541 

in cylindrical coordinates, 545 
of field vector, 72, 73 
in orthogonal coordinates, 442 
in spherical coordinates, 545 
Divergence theorem, 543 
in two dimensions, 280 
Dot product of vectors, 539, 540 

Earnshaw’s theorem, 38: 19, 85 
Eigen functions, 384 
Eigen values, 384; see also Charac¬ 
teristic numbers 

Electric charge density, “bound,” 12 
from curvilinear squares, 203 
fictitious, 12 

for axisymmetrical systems, 415 
line, 116 

in inverse system, 247 
measurement of, 175 
for semiconductors, 71 
surface, 6, 71; see also Induced 
charge density 
on circular disk, 452 
on elliptic cylinder, 406 


Electric charge density, surface, on 
elliptic disk, 451 
on ellipsoid, 450 
oblate, 452, 500 
prolate, 108, 109, 453, 506 
in inverse system, 247, 257 
on parallel cylinders, 122 
volume, 5, 72 
in conformal mapping, 305 
Electric field lines, 2 
differential equation of, 2, 3 
in axisymmetrical system, 83, 92 
for dipole, 92 
line, 124 

for lines, parallel, 117, 200 
mapping of, 176, 177, 201, 204 
in axisymmetrical system, 204 
by relaxation method, 268, 269 
by conformal mapping, 303, 304 
by conjugate functions, 282 
by current sheet model, 183-185 
by curvilinear squares, 201 
by electrolytic trough, 191 
by hydraulic flow lines, 194 
by images, 216-229 
by relaxation method, 267, 268 
by straw probe, 177 
for point charges, 84, 205 
near plane, conducting, 87 
near sphere, conducting, 90 
Electric field strength, 2, 72, 73 
for condenser, plane, 335 
with several dielectrics, 146, 147 
from conformal mapping, 304 
from conjugate functions, 283 
for cylinder, and line, 118 
in uniform field, 224 
for cylinders, coaxial, 147 
optimum value of, 148 
for dipole, 92 
line, 124 

for ellipsoid, prolate, 108 
for point charges, 82 
by relaxation method, 267 
near rounded corner, 375, 376 
for spheres, concentric, 151 
Electric intensity, 2; see also Field 
strength, electric 
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Electrolytic trough, 187-193 
use for axial symmetry, 190 
Electromotive force, 73 
Electron lens, 421 
paraboloidal, 513 
two-cylinder, 421 

Electron optical field, in aperture, 
circular, 431-433 
electric, 416, 417 
magnetic, 419, 420 
Electrostatic equipotential surfaces, 
4, 72 
of dipole, 93 

of line charge, finite, 107 
of line charges, parallel, 117 
mapping of, 170-173 
in axisymmetrical system, 204 
by conformal mapping, 303, 304 
by conjugate functions, 281 
by current sheet model, 183-185 
by curvilinear squares, 201 
by electrolytic trough, 189-192 
by images, 216-229 
by relaxation method, 267 
by rubber membrane, 193 
of point charges, 84 
Electrostatic potential, 4, 72 
in aperture, circular, 433, 434 
in axisymmetrical system, 416, 420 
by relaxation method, 268, 269 
singular points of, 417, 418 
by circular harmonics, 399-401 
of circular ring, 125, 126, 467, 489, 
490 

in conical space, 494 
by conjugate fun(;tions, 281, 285 
of cylinders, coaxial, 147, 149 
in cylindrical lens, 423-431 
in cylindrical ring, 458-461 
differential equation, of, 6 
formal solution of, 8, 12 
of dipole, 92 
line, 123, 124 

of disk, circular, 452, 501; 467, 490 
of double layer, 36: 6 
of ellipsoids, 449-452 
by Fourier integral, 393-399 
by Fourier series, 388, 389, 437, 438 


Electrostatic potential, by Greenes 
functions, 519-525 
of hyperboloids, 509 
in inverse system, 247 
of line charges, 106, 107, 116, 285- 
288 

of gratings, 290, 292-298 
above ground. 111, 114, 116 
between planes, 216 
maximum value of, 38: 18 
of Maxwell grating, 292 
measurement of, 170-174 

in current sheet model, 183-185 
in electrolytic trough, 189-192 
of paraboloid, 512, 513 
in parallelepiped, 436-438 
of point charges, 4, 82, 84, 95 
in Ijegendre functions, 487 
between planes, 88, 216 
near sphere, 90, 91 
of quasi point charges, 105 
in rectangle, 388, 389 
by relaxation method, 260-270 
of spheres, concentric, 151 
intersecting, 250 
of spherical shells, 254, 480, 481 
of spheroid, conducting, oblate, 499 
prolate, 506 
dielectric, oblate, 502 
prolate, 508 

of toroid, conducting, 516 
uniqueness theorem of, 37: 12 
Ellipsoidal coordinates, 446-448 
Laplac^e equation in, 449 
Elliptic cylinder, 298, 300 

capacitance of, per unit length, 320, 
406 

conformal mapping of, 319, 320 
coordinates, 404 -407, 432, 468-472 
comparative notation, 470 
split, potential in, 471, 472 
Elliptic disk, 451 

charge density on, 451 
Equipotential surfaces, nee Electro¬ 
static equipotential surfaces 

Field analogies, 72, 73 

Field energy, electrostatic, 19, 20 
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Field energy, electrostatic, of con¬ 
denser, 13, 15 
as minimum, 38: 17 
magnetostatic, 61, 62 
of current loops, 57, 59 
system of, 60 

Field lines, see Electric field lines; 

Magnetic field lines 
Field strength, electric, 2, 72, 73; see 
also Electric field strength 
magnetic, 40; see also Magnetic 
flux density 

Fluid dynamic field, 73, 76 
Flux function, 284, 303 
for source line, 285, 286 
for vortex line, 285, 286 
Flux tube, dielectric, 6, 197 
magnetic, 206 

Force, electric, on conductors, 21, 22 
on dipole, 94 

on line charge, by dielectric, 221 
on point charges, 1 

near dielectric plane, 220 
magnetic, on current loop, 64: 14 
on line currents, 39 
in magnetic duct, 243 
near magnetic plane, 238 
Force function, 73 
Fourier integral, 393-399, 424 
Camj)bell-Fostcr tables of, 395 
in cartesian coordinates, 393, 394 
coefficients, 395, 396 
complex form of, 395 
in cylinder coordinates, 424, 465 
evaluation by residues, 396, 397 
of unit stej), 398 

Fourier series, 387-392, 422, 437, 
461 

in cartesian coordinates, 387-389, 
436, 437 

in cylinder coordinates, 422, 423, 
461, 462 
elliptic, 472 
double, 437, 438, 464 
generalized, 386 
norm of, 488 

as orthogonal system, 388 
in polar coordinates, 399, 400 


Fringing flux, in condenser, plane, 
336, 338 

correction factor for, 336, 337 
in machines, 344, 349, 350 
correction factor for, 349, 350 

Gauss’s flux theorem, 5 
Gauss’s theorem, 543 
Geometric mean distance, 156 
Gradient, 540 

in cylinder coordinates, 545 
elliptic, 469 
parabolic, 473 

in orthogonal coordinates, 441, 442 
of potential, 4, 72, 73 
in spherical coordinates, 545 
Grading of insulation, 150 
Grating of line charges, cylindrical, 
291 

plane, infinite, 292, 295-298 
Gravitational field, 73, 78 
Green’s function, of first kind, 519 
for cylinder, 523, 524 
for plane, 520 
for sphere, 521 
of second kind, 525 
for sphere, 525 

for two-dimensional problems, 526 
Green’s reciprocation theorem, 37: 10 
electric current analogue, 80: 7 
magnetic analogue, 63: 10 
Green’s theorem, first, 544 
second, 544 
vector analogue, 544 
Ground in electrostatics, 14, 102, 122, 
125 

Grounding rods, 111, 113 
Grounding spheres, 100 
Guard rings, 145, 148 

Hankel functions, 558, 559 
Harmonic function, 7 
Harmonics, circular, 399 
surface, 480, 573 
tesseral, 480, 573 
zonal, 480 

Heat power flow, 75 
in coaxial cable, 148 
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Hermite polynomials, 474 
Hodograph, 379, 380 
Hydraulic flow lines, 194 

Image, of line charge, in cylinder, 118, 
119, 223 

dielectric, 226, 228 
in planes, 216, 221 
dielectric, 219 

of line currents, in cylinder, 240, 
242, 243 

in planes, 234, 236, 238, 243 
intersecting, 235 
parallel, 236, 239 
in plate, 240 

of point charges, in planes, 86 
dielectric, 219 
intersecting, 88 
parallel, 216, 221 
in spheres, grounded, 89 
insulated, 91 
intersecting, 248, 249 
of ring, in plane, 127, 128 
of rod, horizontal, in ground. 111 
vertical, in ground, 114 
of wire in sphere, 230 
Image force, 87 

Induced charge, by electron, in diode, 
37: 11 

by point charge, in plane, 88 
in sphere, 91 

by wire, charged, in sphere, 231 
Induced charge density, on cylinder, 
by line charge, 119 
on ground, by rod, 112 
on plane, by cylinder, 122 
by point charge, 87 
by ring of charge, 128 
on sphere, by point charge, 91, 
100 

Inductance, of coil, cylindrical, 162 
toroidal, 164 
of loop, 57 
circular, 142 
rectangular, 133 

per unit length, of conductors, 155 
coaxial, 157 
external, of wires, 136 


Inductance, per unit length, of wires, 
near magnetic plane, 234, 
238 

between magnetic planes, 239 
in magnetic plate, 240 
internal, of round wire, 131 
from vector potential, 57 
Inductances, leakage, 59 
loop, of system of wires, 139 
mutual, of loops, 58-60 
circular, 144 
self, of loops, 58 
Insulators, 1, 4 
breakdown strength of, 24, 25 
dielectric properties of, 24, 25 
resistivity of, surface, 24, 25 
volume, 24, 25 

Inversion, in complex plane, 310, 311 
in cylinder, 255-259 
of cylinders, intersecting, 257 
in sphere, 244-253 

of potential values, 247 
of sphere, 244, 245 
of spherical bowl, 252 
of spheres, contacting, 251 
intersecting, 247-250 
Ionization, of gases, 27, 28 
of liquids, 32, 33 
of solids, 36 

Irrotational fluid flow, 77 
Isotherms, 73, 75 
Isotropic medium, dielectric, 1 
magnetic, 40, 45 

Joule^s law, 70 

Kelvin transformation, 244 
“Kernel” of magnetic field, 210 

Lamellar field, 543 
Laplace transform, 396 
of unit step, 398 

Laplace’s equation, 7, 45, 68, 75, 77, 
541, 545 

for axisymmetrical fields, 268, 414, 
420, 422 

solution, approximate, 415 
by relaxation, 268, 269 
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Laplace’s equation, in cartesian co¬ 
ordinates, 387, 435, 541 
for conjugate functions, 281 
in cylinder coordinates, 414, 455 
circular, 457, 475, 545 
elliptic, 405, 432 
general, 455 
for electric currents, 68 
for electrostatics, 7 
in ellipsoidal coordinates, 449 
for fluid dynamics, 77 
invariance of, 303 
in inverse system, 247, 256 
for magnetostatics, 45 
in orthogonal coordinates, 442, 443 
in polar coordinates, 399 
solution of, by circular harmonics, 
399-402 

by conjugate functions, 281-284 
by Fourier integral, 397, 398 
by Fourier series, 388-390 
by orthogonal functions, 384 
by relaxation method, 260-266 
on sphere, surface of, 253 
in spherical coordinates, 420, 478, 
545 

in spheroidal coordinates, 475, 476 
for st-ereographic projection, 253 
for temperature, 75 
transformation of, by analytic 
functions, 303 

in orthogonal coordinates, 440- 
443 

Leakage, magnetic, 59 
Legendre functions, associated, 479, 
480; see also Associated 
Legendre functions 
comparative notation of, 575 
differential equation of, 480, 565 
general solution, 566, 567 
of first kind, 480, 485, 489, 565 
explicit form of, 565 
modified, 502 
non-integral, 574 
norm of, 569 

as orthogonal system, 568, 569 
relations between, 568 
of second kind, 480, 494, 566 


Legendre functions, of second kind, 
explicit form of, 566 
modified, 499, 502, 566, 567 
Legendre polynomials, 480, 488, 565; 

see also Legendre functions 
Legendre series, 480, 569 
expansion into, 481, 569 
Line charge, 106, 198, 205 
in cylinder, slotted, 368, 369 
field plot of, 199 
pair, 116, 286, 288 
field plot of, 200 
parallel to cylinder, conducting, 
223 

dielectric, 227 

parallel to cylinder, conducting 
117-119 

dielectric, 226, 228 
parallel to cylinders, intersecting, 
257, 258, 312 

parallel to plane, conducting, 122 
dielectric, 219 

parallel to planes, conducting, 216, 
326 

parallel to plate, dielectric, 221 
Line charges, grating, cylindrical, 
291 

plane, 291-298 
system of, 124, 125 
Line current, 40, 285-288, 402, 403 
in channel, magnetic, 236 
in cylinder, magnetic, 242, 243 
dipole, 136 
field, plot of, 207 
in uniform, 287 
pair, 134, 286 

in cylindrical shell, 403, 404 
field plot of, 200 
parallel to planes, magnetic, 234, 
238, 239 

parallel to plate, magnetic, 239 
parallel to cylinder, magnetic, 240 
parallel to plane, magnetic, 234, 
236, 243 

parallel to planes, magnetic, 236, 
238, 346 

Line currents, system of parallel, 
139 
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Magnetic field lines, 42, 135, 141 
for axisymmetrical fields, 141 
for conductors, circular section, 
153-155 

differential equation of, 42, 135 
of dipole, 143 
‘‘kerner’ of, 210, 211 
mapping of, in axisymmetrical 
fields, 214 

in current-carrying regions, 210 
by current sheet model, 187 
by curvilinear squares, 209 
in electrolytic trough, 192 
by hydraulic flow lines, 194 
by images, 234-243 
by iron filings, 180 
for large cross sections, 213 
for line currents, 207, 208 
by superposition, 212, 213 
for two-dimensional fields, 135 
Magnetic field strength, 40; see also 
Magnetic flux density 
Magnetic flux, 42, 72 
of loop, filament, 52 
rectangular, 133 
mutual, of loops, 59, 60, 138 
usefully linked, 59, 60 
Magnetic flux density, 40, 72 
in axisymmetrical fields, 419, 491, 
492 

near axis, 419 
of bar, thin, 159 

from Biot-Savart law, 52, 53, 129 
of coil, cylindrical, 162 
of cylinder, magnetic, in uniform 
field, 242 

of cylindrical coaxial conductors, 
156 

of cylindrical shell in uniform field, 
401 

of dipole, 143 
of dipole line current, 136 
of filament, helical, 162 
of large cross section, circular, 152, 
153 

of line current, 40, 41 
pair, 42, 135 

of loop, circular, 141, 493 


Magnetic flux density, measurement 
of, 177-180 

of quasi line current, 130, 131 
Magnetic flux linkages, 52 
of coils, search, 178 
toroidal, 164 
from field plot, 208 
of loops, 57, 58 
system of, 60 
measurement of, 183 
Magnetic induction, see Magnetic 
flux density 

Magnetic intensity, 44; sec o/so Mag¬ 
netizing force 

Magnetic moment of dipole, 143 
line current, 137 
Magnetic North quantity, 143 
Magnetic scalar potential, see Mag¬ 
netostatic potential 
Magnetic shell, 63: 1 
Magnetic vector potential, 48 
in axisymmetrical fields, 419, 491, 
492 

near axis, 419, 420 
of bar, thin, 158 
differential equation of, 48 
in orthogonal coordinates, 443 
of dipole, 143 
line current, 136, 137 
of filament, 50, 51, 60, 129 
for flux plotting, 209 
of large cross section, circular, 152, 
153 

rectangular, 160 

of line current, in circular har¬ 
monics, 402, 40? 
pair, 134 

parallel magnetic, cylinder, 
240 

planes, 239 

parallel magnetic, cylinder, 240 
plane, 237 
planes, 239 

of loop, circular, 132, 133 
rectangular, 140 
in orthogonal coordinates, 443 
solution for, formal, 49, 55 
uniqueness theorem for, 63: 7 
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Magnetization, 53 
Magnetizing force, 44, 72 
Magnetomotive force, 45, 72 
measurement of, 181 
Magnetostatic potential, 45, 72 
* ^barrier” surface for, 44 
differential equation of, 45 
formal solution of, 54 
of dipole, 143 
line current, 137 
for field plotting, 208 
of line current, 285 
of shell, magnetic, 63: 1 
uniqueness theorem for, 63: 2 
Magnetostatic potential difference, 45 
measurement of, 181, 182 

by current sheet model, 185-187 
in electrolytic trough, 189-193 
by rubber membrane, 193 
Magnetostriction, 62 
Main flux linkage, 59 
Mathieu functions, 469, 470 
differential equation of, 469 
radial, 470 

Maxwell grating, 292 
capacitance of, 293 
Maxwell’s coefficients, of induction, 17 
for two spheres, 232 
of potential, 18 

for quasi point cliarges, 99 
near plane, 101 
near sphere, 101 
for wires, system of, 125 
Measurement, of charge, surface dis¬ 
tribution, 175 

of electric potential, 169-174 
with probe, 170-172 
with spark gap, 173 
of magnetic flux density, 177-180 
by Hall effect, 180 
by resistance change, 180 
bj^ search coil, 177-179 
of magnetic flux linkage, 183 

Nabla, 540 

cross product of, 541, 542 
dot product of, 541, 542 
Neumann funidion, 557, 561 


Neumann^s problem, 367 
Norm, of a function, 385, 386 
of associated Legendre functions, 
572, 573 

of Bessel functions, 429, 563 
of Fourier series, 488 
of Legendre functions, 569 
Normalized functions, 387 

Ohm’s law, 66 

differential form of, 68 
Orthogonal coordinate systems, 435, 
440-446 
list of, 445 

Orthogonal function system, 385 
Fourier series as, 388 
Orthogonality, of associated Legendre 
functions, 571 

of Bessel functions, 429, 459, 563 
condition of, 385 
of Legendre functions, 568 
Orthonormal functions, 386 
Fourier sines as, 388 
Orthonormal system, 386 

Parabolic cylinder coordinates, 407, 
472 

comparative notation of, 474 
Parabolic cylinder functions, 473 
Paraboloidal coordinates, 510, 511 
Paraboloidal electron lens, 512, 513 
Paramagnetic materials, 42, 43 
Parseval theorem, 387 
Permeance, 72 

from curvilinear squares, 210 
measurement of, 186, 192 
by current sheet model, 186 
in electrolytic trough, 192, 193 
Point charge, 2, 82, 83 
near conducting plane, 86 
near conducting planes, intersect¬ 
ing, 88 
parallel, 216 

near conducting sphere, grounded, 
89 

insulated, 91, 489 
near conducting spheres, intersect^ 
ing 250, 251 
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Point charge, near dielectric plane, 
219 

near dielectric plate, 221, 465, 
466 

near dielectric sphere, 487, 488 
electrostatic field of, 3, 82 
field plot of, 205 
in Fourier integral form, 465 
quasi, 97; see also Quasi point 
charge 

Point charges, collinear, 94 
field plot for, 206 

quasi, 98; see also Quasi point 
charges 

near sphere, conducting, 229 
Poisson’s equation, 8 

in conformal geometry, 305 
for fluid dynamic field, 78 
for gravitational field, 79 
solution for, formal, 8 

by relaxation method, 206 
for temperature, 76 
vector equivalent of, 49 
formal solution of, 49 
Poisson’s integral, 363 
for half plane, 365 
for sphere, 522, 523 
Polarization, electric, 11 
magnetic, 53 

Pole of complex function, 309 
Potential, from conjugate functions, 
281-284 

electric current, 68, 73 
in cylinder, 462, 463 
in sphere, 483, 484 
uniqueness theorem for, 80: 3 
electrostatic, see Electrostatic po¬ 
tential 

gravitational, 73, 79 
magnetic vector, see Magnetic vec¬ 
tor potential 

magnetostatic, see Magnetostatic 
potential 

by relaxation method, 260-269 
velocity, 73, 77 

uniqueness theorem for, 80: 17 
Potential difference, 13, 66, 72, 73 
Potential gradient, 72 


Probe, capacitance, 172 
charge, 2 
current, 40 
emission, 71 

for measurement, of charge density, 
175 

of potential, 170, 195: 1 
straw, 177 
tungsten wire, 171 

Quasi line charge, 106 
circular ring as, 127 
Quasi line current, 130 
Quasi point charge, 97 
capacitance of, 97 
near plane, conducting, 101 
dielectric, 220 

Quasi point charges, collinear, 105 
near ground, 101 
two, 98 

Refraction, of current lines, electric, 70 
of field lines, electric, 11 
magnetic, 47 

Regular function, 279; see also 
Analytic function 
Regular path, 280, 542 
Regular point, 280 
Regular region, 306 
Regular surface, 543 
Relative dielectric constant, 1 
of insulators, 24 
Relative permeability, 39, 40 
Relaxation method, 259 

for axisymmetrical fields, 268, 269 
computing aids for, 269, 270 
improvement formula for, 264 
for Laplace’s equation, 260-266 
for Poisson’s equation, 266 
two-dimensional, 260 
Resistance, electric, 66 

capacitance, relation to, 68 
of cylinder, finite, 463 
between hemisphere and plane, 
218 

of plane strip, 295 
of rod, electrodes, 113, 115 
grounding, 111 
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Resist^ce, electric, of sphere, 484 
between spheres, 100 
of spherical shell, 255 
thermal, 75 

Rubber membrane model, 193 

Saddle point of potential, 86, 418, 433 
in aperture, circular, 433 
in axisymmetrical fields, 418 
for two point charges, 86, 90 
Scalar, 538 
gradient of, 540 
Scalar product, 539 
Schumann’s criterion, 28 
Schwarz-Christoffel function, 325, 
329 

Schwarz’s complex potential, 363 
Search coil, 177-178 
Self capacitances, 17 
Self inductances, 58 
Semiconductor, 71 
Semidielectric, 71 
Separability of variables, 444, 445 
in cylindrical coordinates, 454- 
456 

in spheroidal coordinates, 475, 476 
Separation of variables, 444, 445 
in cartesian coordinates, plane, 387 
three-dimensional, 435, 436 
in cylinder coordinates, 454-456 
axisymmetrical, 414, 421, 428 
elliptic, 432, 469 
parabolic, 473 

in orthogonal coordinates, 444, 445 
in polar coordinates, 399 
in spherical coordinates, 478, 479 
in spheroidal coordinates, 475-477 
Singularity of complex function, 308 
branch point as, 322 
essential, 309 
isolated, 309 
pole as, 309 

Singular point of potential, see Saddle 
point of potential 
Solenoidal field, 544 
Source line, 285, 286 
pair, 286, 288 
Source lines, 286 


Source lines, grating of, cylindrical, 
290 

plane, 291-298 

Southwell’s relaxation method, see 
Relaxation method 
Space charge, electric, 5, 8 

density, see Electric charge 
density 

fictitious, from polarization, 11, 

l5 

magnetic, fictitious, 54 
Spectrum of characteristic numbers, 
continuous, 393 
discrete, 384 

Sphere, conducting, current in, 482- 
484 

and point charges, 89, 91, 229 
and quasi point charge, 103 
in uniform field, 486, 487 
and wire, finite, 230 
dielectric, and point charge, 487, 
488 

and quasi point charge, 488, 489 
in uniform field, 486, 487 
inversion in, 244-253; see also 
Inversion 

magnetic, in uniform field, 486, 487 
Spheres, concentric, 151 
contacting, 251 

and point charge, 251 
induction coefficients of, 231 
intersecting, 247-250 

and point charge, 250, 251 
Spherical bowl, 252 

stereographic projection of, 255 
Spherical coordinates, 477-479 
with axial symmetry, 420 
Spherical shell, conducting, current 
in, 254 

potential of, 481, 482 
stereographic projection of, 253 
dielectric, shielding efficiency of, 
486 

in uniform field, 484, 485 
magnetic, in uniform field, 486 
Spheroid, conducting, oblate, 451, 
498-500 

prolate, 452, 506 
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Spheroid, dielectric in uniform field, 
oblate, 501, 502 
prolate, 507, 508 

Spheroidal coordinates, 474, 475, 496, 
504 

oblate, 496, 497 
comparative notation of, 499 
inverse to, 503 
prolate, 504, 505 
comparative notation of, 505 
inverse to, 509 

Stereographic projection, 253 
of spherical, bowl, 255 
shell, 254, 255 
Stokeses theorem, 542, 543 
Stream function, 284; see also Flux 
function 
Stream lines, 77 

Stresses, in field, electrostatic, 22 
magnetostatic, 62 
on surface, of conductor, 23 
of dielectric, 23 
of magnetic materials, 62 
Sturm-Liouville, problem of, 384, 
385 

Sturm-Liouville theorem, 310 
Surface harmonics, 480 
expansion into, 573 

Temperature distribution, in cable, 
148, 149 

in plane rectangle, 391, 392 
in sphere, 482 
Temperature field, 73, 74 
uniqueness theorem for, 80: 11 
Temperature gradient, 73, 74 
Tesseral harmonics, 480 
Thermal ohm, 75 
Thomson’s theorem, 38: 17 
Toroid, conducting, 515, 516 
Toroidal coil, 163, 178 
Toroidal coordinates, 513, 514 
comparative notation of, 515 
Torque, on current loop, 60 
on electric dipole, 93 


Torque, on electrostatic conductor, 

21, 22 

on magnetic dipole, 144 
Townsend’s theory, 27, 28 
Triode, amplification factor of, 291 
by conjugate functions, 291 
measurement of, 192 
cylindrical, 290, 291 
conformal mapping of, 318 
potential in, 290 
Two-conductor cable, 225 
capacitance of, 225 

Uniqueness theorem for potential, 
37: 1^ 

Unitary relations, 535 
Units, MKSC, 532, 533 

conversion factors from, 534, 536 
to CGS electromagnetic units, 
536 

to CGS electrostatic units, 
536 

to Gaussian units, 536 
Unit vectors, 538 
in cartesian coordinates, 539 

Vector, 538 
Vector algebra, 538 
Vector differential operator, 540 
Vector differentiation, 540, 541 
Vector integral theorems, 542-545 
Vector potential, 48, 544; see also 
Magnetic vector potential 
Vector product, 540 
Vortex flow, 78 

Vortex line, 285, 286, 288, 289 
circular, 141 
pair, 286, 289 

Weight function, 385 
Work, on current element, 41 
on point charge, 3 

Zonal harmonics, 480; see also 
Legendre functions 





